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PEErAOE. 



This treatise on the Special or Elementary Oeonietry consists of 
four parts. 

Pabt I. is designed as an introduction. In it the student is made 
familiar with the geometrical concepts, and with the fuudamental 
definitions and fects of the science. The definitions here given, are 
given once for all. It is thought that the pupil can obtain his first 
conception of a geometrical fact, as well, at least, from a correct, 
scientific statement of it, as from some crude, colloquial form, the 
language of which he will be obliged to replace by better, after the 
former shall have become so firmly fixed in his mind, as not to be 
easily eradicated. No attempt at demonstration is made in this part, 
although most of the fundamental facts of Elementary Plane Geom- 
etry are here presented, and amply and familiarly illustrated. This 
course has been taken in obedience to the canon of the teadher's art, 
which prescribes " facts before theories.^' Moreover, such has been 
the historic order of development of this, and most other sciences ; 
viz., the facts have been known, or conjectured, long before men have 
been able to give any logical account of them. And does not this 
indicate what may be the natural order in which the individual mind 
will receive science ? When the student has become familiar with 
the things (concepts) about which his mind is to be occupied, and 
knows some of the more important of their properties and relations, 
he is better prepared to reason upon them. 

Part II. contains all the essential propositions in Plane, Solid, and 
Spherical Geometry, which are found in our common text-books, with 
their demonstrations. The subject of triedrals and the doctrine of 
the sphere are treated with more than the ordinary fullness. The 
earlier sections of this part are made short, each treating of a single 
subject, and the propositions are made to stand out prominently. At 
the close of each section are Exercises designed to illustrate and 
apply the principles contained in the section, rather than to extend 
the pupil^s knowledge of geometrical facts. These features, together 
with the synopses at the close of the sections, practical teachers can- 
not fail to appreciate. 

Part III., which is contained only in the University Edition^ has 
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been written with special reference to the needs of students in the 
University of Michigan. Onr admirable system of public High- 
Schools, of which schools there is now one in almost every consid- 
erable village, promises ere long to become to us something near 
what the German Gymnasia are to their Universities. In order to 
promote the legitimate development of these schools, it is necessary 
that the University resign to them the work of instruction in the 
elements of the various branches, as fast and as far as they are pre- 
pared in suflRcient numbers to undertake it It is thought that 
these schools should now give the instruction in Elementary Geom- 
etry, which has hitherto been given in our ordinary college course. 
The first two parts of this volume furnish this amount of instruc- 
tion, and students are expected to pass examination upon it on their 
entrance into the University. This amount of preparation enables 
students to extend their knowledge of Geometry, during the Fresh- 
man year in the University, considerably beyond what has hitherto 
been practicable. As a text-book for such students, Part IIL has 
been written. At this stage of his progress, the student is prepared 
to learn to investigate for himself. Hence he is here furnished with 
a large collection of well classified theorems and problems, which 
afford a review of all that has gone before, extend his knowledge of 
geometrical truth, and give him the needed discipline in original 
demonstration. To develop the power of independent thought, is 
the most diflScult, while it is the most important part of the teach- 
er's work. Great pains have therefore been taken, in this part 
of the work, to render such aid, and only suchy as a student ought to 
require in advancing from the stage in which he has been follow- 
ing the processes of others, to that of independent reasoning. In 
the second place, this part contains what is usually styled Applica^ 
tions of Algebra to Geometry^ with an extended and carefully selected 
range of examples in this important subject. A third purpose has 
been to present in this part an introduction to what is often spoken 
of as the Modern Geometry^ by which is meant the results of modem 
thought in developing geometrical truth upon the direct method. 
While, as a system of geometrical reasoning, this Geometry is not 
philosophically different from that with which the student of Euclid 
is familiar, and wlych is properly distinguished as the special or direct 
method, the character of the facts developed is quite novel. So 
much so, indeed, that the student who has no knowledge of Geometry 
but that which our common text-books furnish, knows absolutely 
nothing of the domain into which most of the brilliant advances of 
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the present century have been made. He knows not even the terms 
in which the ideas of such writers as Poncelet, Chasles, and Sal- 
mon, are expressed, and he is quite as much a stranger to the thought. 
In this part are presented the fundamental ideas concerning Lociy 
Symmetry, Maxima and Minima, Isoperimetry, the theory of Trans- 
versals, Anharmonic Ratio, Polars, Radical Axes^ and other modem 
views concerning the circle. 

Pabt IV. is Plane and Spherical Trigonometry, with the requisite 
Tables. While this Part, as a whole, is much more complete than the 
treatises in common use in our schools, it is so arranged that a shorter 
course can be taken by such as desire it. Thus, for a shorter course in 
Plane Trigonometry, see Note on page 55. In Spherical Trigono- 
metry, the first three sections, either with or without the Introduc- 
tion on Projection, will aflfbrd a very satisfactory elementary course. 

A few words as to the manner in which this plan has been executed, 
may be important. In general, the Definitions are those usually given, 
witii such slight alterations as have been suggested by reflection and 
experience. There are, however, a few exceptions. Among these is 
the definition of an Angle. I can but regard the attempt to define 
an angle as The difference in direction letween two- lines, or The 
amount of divergence, as needlessly vague, abstract, and perplexing 
to a student, as well as questionable on philosophical grounds. The 
definition given in the text will be seen to be, at bottom, the old 
one, the conception being slightly altered to bring it into more close 
connection with common thought, and also with the idea of an angle 
as generated by the revolution of a line. As to Parallels, and the 
definition of similarity, my experience as a teacher is decidedly in 
fevor of retaining the old notions. So also in adopting a definition 
of a Trigonometrical Function, I am compelled to adhere to the 
geometrical conception. A ratio is a complex concept, and conse- 
quently not so easy of application as a simple one. For this reason,. 
among others, I prefer the differential to the differential coefficient,. 
in the calculus, and a line to a ratio, in Trigonometry. Moreover, I 
have found that students invariably rely upon the geometrical con- 
ception, even when first taught the other; hence I am not surprised. 
that all our writers who define a trigonometrical function as a ratio,, 
hasten to tell the pupil what it means, by giving him the geometrical] 
illustrations. Nor are the superior facility which the geometrical 
conception aflfords for a full elucidation of the doctrine of the signs 
of the functions, and its admirable adaptation to fix these laws in the- 
mind, considerations to be lost sight of in selecting the definition. 
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Surely no apology is needed, at the present day, for introducing 
the idea of motion into Elementary Geometry, notwithstanding the 
rigorous and disdainful manner with which its entrance was long re- 
sisted by the old Geometers. And, having admitted this idea, the 
conception of loci as generated by motion would seem to follow as a 
logical necessity. In like manner, I take it, the Infinitesimal 
method must come in. Its directness, simplicity, and necessity in 
applied mathematics, demand its recognition in the elements. In 
two or three instances, I have presented the reductio ad absurdum, 
where the methods are equivalents, and have always in presenting the 
infinitesimal method woven in the idea of limits^ which I conceive to 
be fundamentally the same as the infinitesimal Thus we bring the 
lower and higher mathematics into closer connection. 

The order of arrangement in Plane Geometry (Chap. I.), is thought 
to be simple, philosophical, and practical A glance at the table of 
contents will show what it is. This arrangement secures the 
very important result, that each section presents some particulai 
method of proof and holds the student to it, until it is familiar. 
True, it requires that a larger number of propositions be demonstrated 
from fundamental truths ; but who will consider this an objection ? 

To such as consider it the sole province of geometrical demonstra- 
tion, to convince the mind of the truth of a proposition, not a few 
theorems in these and ordinary pages must seem quite superfluous. To 
them. Prop. I., page 121, may afford some merriment. But those who, 
with myself, consider Geometry as a branch of practical logic, the 
aim of which is to detect and state the steps which actually lie be- 
tween premise and conclusion, will see the propriety of such demonstra- 
tions; and for each individual of the other class, a separate treatise 
will be needed, since no two minds will intuitively grant exactly the 
same propositions. 

To Ex-President Hill, of Harvard, I am indebted for the confir- 
mation of an opinion which had been previously forming in my mind, 
that the study of Geometry as a branch of logic, should be preceded 
by a presentation of its leading facts. The works of Compagnok, 
Tappan, and our lamented countryman, Chauvenet, have been 
within reach during the entire work of preparation, and this volume 
would have been different, in some respects, if any one of these able 
treatises bad not appeared before it. 

In the preparation of Part III. the works of Eotjohe et Oombb- 
EOUSSB and Mulcahy have been freely used. For the very concise 
and elegant form in which the principle of Delambre, for the pre- 
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cise calculations of Trigonometrical Functions near their limits, is 
embodied in Table IIL, I am indebted to the recent work of Presi- 
dent Eli T. Tappan, of Kenyon College, Ohio. 

My long and intimate intercourse with Professor G. B. Merbiman, 
now of the department of Physics in the University, has been a 
source of great profit to me in the preparation of the entire work. 
His sound, practical judgment as a teacher of Geometry, and culti- 
vated taste and skill as a Mathematician, have been ever at my ser- 
vice, and have done more than I can tell, in giving form to the work, 
both as respects its matter and its spirit 

^ Edwaed OLNEy. 

Uniyebsitt or Michigan, 

AiTM Abbob, January^ 187S. 
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SECTION I. 

lOGICO-MATHEMATICAL TERIES.* 

1. A Proposition is a statement of something to be considered! 
or done, 

iLii. — Thus, the common statement, "Life is short" is a proposition; so, 
also, we make, or state a proposition, when we say, " Let us seek earnestly after 
truth." — ** The product of the divisor and quotient, plus the remainder, equals 
the dividend," and the requirement, *' To reduce a fraction to its lowest terms," 
are examples of Arithmetical propositions. 

2. Propositions are distinguished as AmomSy TheoremSy LemmaSy, 
Corollaries, Postulates, and Problems. 

3. An Axiom is a proposition which states a principle that 
is so simple, elementary, and evident as to require no proof. 

iLii. — Thus, " A part of a thing is less than the whole of it," " Equimultiples 
of equals are equal," are examples of axioms. If any one does not admit the 
truth of axioms, when he understands the terms used, we say that his mind is 
not sound,, and that we cannot reason with him. 

4. A Theorem is a proposition which states a real or supposed 
fact, whose truth or falsity we are to determine by reasoning. 

111. — ** If the same quantity be added to both numerator and denominator 
of a proper fraction, the value of the fraction will be increased," is a theorem. 
It is a statement the truth or falsity of which we are to determine by a com^e 
of reasoning. 

* That if>, terms nsed in the science in consequence of its logical character. The science of ^ 
the Pore Mathematics may be considered as a department of practical logic. 
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5, A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
term is also applied to a logical statement of the reasons for the 
processes of a rule. A solution tells Jiow a thing is done : a demon- 
stration tells why it is so done. A demonstration is often called 
'proof. 

6, A Lemma is a theorem demonstrated for 4he purpose of 
using it in the demonstration of another theorem. 

III. — Thus, in order to demonstrate the rule for finding the greatest common 
divisor of two or more numbers, it may be best first to prove that " A divisor 
of two numbers is a divisor of their sum, and also of their difTerence." This 
theorem, when proved for such a purpose, is called a Lemrrut, 

The term Lemma is not much used, and is not very important, since most 
theorems, once proved, become in turn auxiliary to tbe proof of others, and 
hence might be called lemmas. 

7. A Corollary is a subordinate theorem which is suggested, 
or the truth of which is made evident, in the course of the demon- 
stration of a more general theorem, or which is a direct inference 
from a proposition, or a definition. 

III.— Thus, by the discussion of the ordinary process of performing subtrac- 
tion in Arithmetic, the following CoroUary might be suggested : " Subtraction 
may also be performed by addition, as we can readily observe what number 
must be added to the subtrahend to produce the minuend.'' 

8. A Fostulate is a proposition which states that something 
can be done, and which is so evidently true as to require no process 
of reasoning to show that it is possible to be done. We may or may 
not know how to perform the operation. 

III.— Quantities of the same kind can be added together. 

9. A JProblem is a proposition to do some specified thing, and 
is stated with reference to developing the method of doing it. 

III. — A problem is often stated as an incomplete sentence, as, " To reduce 
fractions to a common denominator." — This incomplete statement means that 
" We propose to show how to reduce fractions to a common denominator." 
Again, the problem " To construct a square," means that " We propose to draw 
a figure which is called a square, and to tell how it is done." 

10, A Utile is a formal statement of the method of solving a 
general problem, and is designed for practical application in solving 
special examples of the same class. Of course a rule requires a 
^demonstration. 
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11. A Solution is the process of performing a problem or an 
example. It should usually be accompanied by a demonstration of 
the process. 

12. A Scholium is a remark made at the close of a discussion, 
and designed to call attention to some particular feature or features 
of it. 

III. — Thus, after having discussed the subject of multiplication and divisioik 
in Arithmetic, the remark that '* Division is the converse of multiplication," is 
a scholium. 
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SECTION II 

THE GEOMETRICAL CONCEPTS.* 



POINTS. 



13. A Point is a place without size. Points are designated by 
letters. 

III.— If we wish to designate any particular point (place) on the paper, we 
put a letter by it, and sometimes a dot on it Thus, ^ 

in Fig. 3, the ends of the line, which are points, are hp 

designated as " point A," " point D ;" or, simply, 
as A and D. The points marked on the line are 

designated as " point B," " point 0," or as B and g, g g q 

C. F and E are two points above the line. Fie. 8. 



* A concept is a thing tbongbt aboat ;— a thoaght-object Thus, In Arithmetic, nnmber is 
the concept ; in Botany, plants ; in Geometry, as will appear in this section, points, lines, and 
solids. These may alec be said to constitate the wf^ect-matUr of the science. 
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LINES. 



14:. A Line is the path of a point in motion. Lines are repre- 
sented npon paper by marks made with a pen or pencil, the point of 
the pen or pencil representing the moving point. A line is desig- 
nated by naming the letters written at its extremities, or somewhere 
upon it. 

III. — ^In each case in Fig. 4, conceive a point to start fh>m A and move along 
the path indicated by the mark to B. The path 
thus traced is a line. Since a irtie point has no 
size, a line has no breadth^ though the marks by 
which we represent lines have some J[}readth. 
The first and third lines in the figure are each 
designated as **the line AB.'* The second line 
is considered as traced by a point starting from 
A and coming around to A again, so that B and A 
coincide. This line may be designated as the 
line AmnAy or kmnB, In the fourth case, there 
are three lines represented, which are designated, 
respectively, as AniB, AnB, and AcB; or, the 
last, as AB. 

15. Lines are of Two Kinds, 

Straight and Curved. A straight line is 
also called a Right Line. A curved line 
is often called simply a Curve. 

16. A Straight Line* is a line 
traced by a point which moves constantly 
in the same direction. 




Fie. 4. 



17. A Curved Line is. a line traced by a point which con- 
stantly changes its direction of motion. 

iLL'a— Thus in 1, JFig, 4, if the line AB is conceived as traced by a point 
moving from A to B, it is evident that this point moves in tAe same direction 
throughout its course; hence AB is a straight line. If a body, as a stone, be 
let fkll, it moves constantly toward the centre of the earth ; hence its path 
represents a straight line. If a weight be suspended by a string, the string 
represents a straight line. Considering the line represented by AiB, Fig. 4, a8 
the path of a point moving from A to B, we see that the direction of motion is 
constantly changing. For example, if this were a line traced on a map, we 

* The word *'line^' used alone Bignifies *' straight line." 
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would say, that, starting from A, the point begms to move nearly north, but 
keeps changing its direction more and more toward the east, until at 8 it moves 
directly east; and from 8 it continues to change its course and moves 
more and more toward the south, till at i it is moving directly south. The 
same general truth is illustrated in 2 and 4, Mg, 4. The path of a ball thrown 
into the air, in any direction except directly up, represents a curved line. Most 
of the lines seen in nature are curved, as 
the edges of leaves, the shore of a river 
or lake, etc. Sometimes a path like that 
represented in F^. 5 is called, though im- 
properly, a Broken Ime, It is not a line 
at all ; that is, not one line : it is a series of straight lines. 




SURFACES. 
18. A Surface is the path of a line in motion.* 
±9* Surfaces are of Two JKinds, Plane and Curved, 

20. A Plane Surface, or simply a Plane, is a surface with 
which a straight line may be made to coincide in any direction. 
Such a surface may always be conceived as the path of a straight 
line in motion. 

21. A Curved Surface is a surface in which, if lines are 
conceived to be drawn in all directions, some or all of them will 
be curved lines. 

Ill's. — Let AB, Fig, 6, be supposed to move to the right, so that its extremi- 
ties A and B move at the same rate and in the 
same direction, A tracing the line AD, and B, the 
line BC. The path of the line, the figure ABCD, 
IS a surface. This page is a surface, and may be 
conceived as the path of a line sliding like a ruler 
from top to bottom of it, or from one side to the 
other. Such a path will have length and breadth, 
being in the latter respect unlike a line, which has ^^' ^• 

only length. 

As a second illustration, suppose a fine wu-e bent into the form of the 
curve AmB, Fig, 7, and its ends A and B stuck into a rod, XY. Now, taking the 
rod XY in the fingers and rolling it, it is evident that the path of the line 
represented by the wire AwiB, will be the surface of a ball (sphere). 

* Should it be said that irregular sarfoces are not incladed in this definition, the Budicient 
Teply is, that eoch sarfiices are not sabjects of Geometrical investigation, except approzi* 
nately, by meane of regular 8nrface». 
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Again, suppose the rod XY be placed on the surface of this paper so 

that the wire AmB shall stand straight up 
from the paper, just as it would be if we 
could take hold of the curve at m and raise 
it right up, letting XY lie as it does in the 
figure. Now slide the rod straight up or 
down the page, making both ends move at the 
same rate. The path of AmB will be like the 
surface of a half-round rod (a semi-cylinder). 

Thus we see how surfaces plane and curved may be conceived as the paths of 

lines in motion. 

Ex. 1. If the curve A»B, Fig. 8, 
be conceived as revolved about 
the line XY, the surfiace of what 
object will its path be like ? 




Fig. 8. 




Ex. 2. If the figure OMNP, Fig. 9, be 
conceived as revolved about OP, what kind 
of a path will MN trace? What kind of 
paths will FN and OM trace? 

Ans. One path will be like the surface 
of a joint of stove-pipe, t. e., a cylindrical 
surface; and one will be like a flat wheel, 
t. e., a circle. 



Fig. 9. 



Ex. 3. If you fasten one end of a cord at a point in the ceiling and 
hang a ball on the other end, and then make the ball swing around 
in a circle, what kind of a surface will the string describe ? c^-^^d 

[Note.— The student is not necessarily expected to give the geometrical 
name of the surface, but rather to tell in his own way what it is like, so as to 
make it clear that he conceives the thing itself] 

Ex. 4. If you were to draw lines in all directions on the surface of 
the stove-pipe, might any of them be straight ? ^ Could all of them 
be straight ?.^^ What kind of a surface is this, therefore ? c- v n^t 

Ex. 6. Can you draw a straight line on the surface of a ball ?Aw.On 
the surface of an egg ? . What kind of surfaces are these ? - 

Ex. 6. When the carpenter wishes to make the surface of a board 
perfectly flat, he takes a ruler whose edge is a straight line, and lays 
this straight edge on the surface in all directions, watching closely 
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to see if ir, always touches. Which of our definitions is he illus- 
trating by his practice ? ,, , u. -^.^ya c ^ 

Ex, 7. When the miller wishes to make flat the surface of one of 
the large stones with which wheat is ground into flour^ he sometimes 
takes a ruler with a straight edge, and smearing the edge with paint, 
applies it in all directions to the surface, and then chips off the stone 
where the paint is left on it What principles is he illustrating ? ;!,(^..- 

Ex. 8. How can you conceive a straight line to move so that it 
shall not generate a surface ? 



ANGLES. 

22. A Plane Angle, or simply an Angle, is the opening be- 
tween two lines which meet each other. The point in which the 
lines meet is called the vertex, and the lines are called the aides. 
An angle is designated by placing a letter at its vertex, and one at 
each of its sides. In reading, we name the letter at the vertex when 
there is but one vertex at the point, and the three letters when there 
are two or more vertices at the same point. In the latter case, the 
letter at the vertex is put between the other two. 

III. — In common language an 
angle is called a comer. The 
opening between the two lines 
AB and AC, in which the figure 1 
stands, is called the angle A ; or, 
if we choose, we may call it the 
angle BAC. At L there are two 
vertices, so that were we to say 
the angle L, one would not know 
whether we meant the angle (cor- 
ner) in which 4 stands, or that in 
which 5 stands. To avoid this 
ambiguity, we say the angle HLR 
for the former, and RLT for the 
latter. The angle ZAY is the cor- 
ner in which 11 stands ; that is, 
the opening between the two 
Unes AY and AZ. In designating 
an angle by three letters, it is im- 
material which letter stands first 
so that the one at the vertex is 
pat between the other two. Thus, 
PQS and SQP are both designa- 
tions of the angle in which 6 
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Stands. . An angle is also frequently designated by putting a letter or figme in 
it and near the vertex. 

23» The Size of an Angle depends upon the rapidity with 
which its sides separate, and not upon their length. 

III. — The angles BAC and MON, Ftg. 10, are equal, since the sides separate 
at the same rate, although the sides of the latter are more prolonged than those 
of the former. The sides DF and DE separate faster than AB and AC, hence the 
angle EOF is greater than the angle BAC. 

24. Adjacent Angles are angles so situated as to have a com- 
mon vertex and one common side lying between them. 

III. — In Fig. 10, angles 4 and 5 are adjacent, since they have the common 
vertex L, and the common side LR. Angles 9 and 10 are also adjacent, as are 
also 8 and 9. 

25. Angles are distinguished as Right Angles and Oblique Angles. 
Oblique angles are either Acute or Obtuse. 

26. A Right Angle is an angle included between two straight 
lines which meet each other in such a manner as to make the adja- 
cent angles equal. An Acute Angle is an angle which is less 
than a right angle, i. e., one whose sides separate less rapidly. 
An Obtuse Angle is an angle which is greater than a right angle, 
e. e.^ one whose sides separate more rapidly. 

B III. — As in common language an angle is called 

a comer, so a right angle is called a square comer ; 
an acute, a sharp corrier; and an obtuse angle might 
be called a blunt corner. In Fig, 11, BAC and 
DAB are right angles. In Fig. 10, 1, 2, 8, 5, 8, 0, 
and 10 are acute angles, 4 and 6 are obtuse, and 7 is 
a right angle. 



Fig. 11. 



A SOLID. 

27 • A Solid is a limited portion of space. It may also be con- 
ceived as the path of a surface in motion. 

III. — Suppose you have a block of wood like that represented in Fig. 12, 
with all its corners (angles) square comers (right angles). Hold it still in your 
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fingers a moment, and fix yo\)r mind 
npon it Now take the block away and 
think of the space (place) where it was. 
This space will be of just the same form 
as the block of wood, and by a little ef- 
fort you can think of it just as well as of 
the wood. This space is an example of 
what we call a SoUd in Geometry. In 
&ct, the solids of Geometry are not solids 
at all in the common sense of solids ; they are only ixist places ofdertain sTiapes. 

Again, hold your ball still a moment in your fingers and then let it drop, and 
think of the place it filled when you had it in your fingere. It is this placdf 
shaped just like your ball, that we think about, and talk about as a sUid, in 
Creometry. 

In order to see how a solid may be conceived as the path of a surface, sup- 
pose you cut out a piece of paper of just the same size as the end of the block 
represented in Fig. 13. Let ABCD represent this piece of paper. Now, holding 
the paper in a perpendicular position, as ABCD is represented in the figure, 
move it along to the right, so that its angles shall trace the lines AC, BH, DE, 
and Cr. When the paper has moved to the position CHFE, its path will be 
just the same space as the block of wood occupied. This path, or the space 
through which the surface represented by the piece of paper moved, is the solid. 

Ex. 1. If a semicircle is conceived as revolved around its diameter, 
what is the path through which it moves ? See Fig. 7. 

Ex. 2. If the surface omnp, Fig. 9, is conceived as revolved around 
OP, what is the path through which it moves ? 

Caution. — The student needs to be careful and distinguish between the 
gufface traced by the Une MN, and the solid traced by the mrface OMNP. 

Ex. 3. If the surface represented by ABC be con- 
ceived as revolved about its side CA, what kind of 
a solid is its path ? (ir^^D 

[Note. — As has been said before, the student is not 
necessarily expected to name these solids, but rather to 
show, in his own language, that he has the conception.] 

Ex. 4. As you fill a vessel with water, what is the a^ 
solid traced by the surface of the water ? 
Ans. The same as the space within the vessel. 

Ex. 5. If a circle is conceived as lying horizontally, and then 
moved directly up, what will be the solid described, i. «., its path ? < 
Do not confound the surface described with the solid. What de- 
scribes the surface ? What the solid ? 
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EXTENSION AND FORM. 

28. JBkctension means a stretching or reaching out. Hence, a 
Point has no extension. It has only position (place). A Line 
stretches or reaches out, but only in length, as it has no width. 
Hence, a line is said to have One Dimension, viz., length. A Hurface 
extends not only in length, but also in breadth; and hence has 
Two Dimensions, viz., length and breadth. A Solid has TJiree Di- 
mensions, viz., length, breadth, and thickness. 

III. — Suppose we think of a point as capable of stretching out (extending) 
in one direction. It would become a line. Now suppose the line to stretch out 
(extend) in another direction — ^to widen. It would become a surface. Finally, 
suppose the surface capable of thickening, that is, extending in another direc- 
tion. It would become a solid. 

290 The Limits (extremities) of a line are points. 
The Limits (boundaries) of a surface are lines. 
The Limits (boundaries) of a solid are surfaces. 

SO* Magnitude (size) is the result of extension. Lines, sur- 
faces, and solids are the geometrical magnitudes. A point is not a 
magnitude, since it has no size. The magnitude of a line is its 
length; of a surface, its area ; of a solid, its volume. 

31» Figure or Form (shape) is the result of position of 
points. The form of a line (as straight or curved) depends upon the 
relative position of the points in the line. The form of a surface (as 
plane or curved) depends upon the relative position of the points 
in it The form of a solid depends upon the relative position of the 
points in its surface. Lines, surfaces, and solids are the geometrical 
figures.* 

III.— In Fig. 14, it is easy to conceive the form of the lines by knowing the 

position of points in the lines. By taking a 

quantity of common pins of different lengths, 
sticking them upright in a board, and conceiT- 
ing the heads to represent points in a surface, 
we can readily see how the position of the pomts 
in a surface determine its form. 




Pio. 14. 




Ex. 1. Suppose a line to begin to con- 



* Line?, Borface?, and Bolids are called ma^tades when reference Ib bad to their extent^ 
and figures when reference is had to their form. 
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tract in length, and continue the operation till it can contract no 
longer, what does it become ? That, is, what is the minor limit of a 
line? '/v^^-tr 

Ex. 2. H a surfiEfcce contracts in one dimension, as width, till it 
•reaches its limit, what does it become ?/ Jf it contracts to its limit 
in both dimensions, what doe^ it become ?^ /. r. t 

Ex. 3. If a solid contracts to its limit in one dimension, what does 
it pass into Pv, If in two dimensions ?/ If in three dimensions ? / f^^ 

Ex. 4 What kind of a surface is that, every point in which is 
equally distant from a given point ? ^^; ^ 

32^ Geometry treats of magnitude and form as the result of 
extension and position. 

^The Geometrical Concepts are points, lines, surfaces (including 
plane and spherical angles), and solids (including solid angles). 

The Object of the science is the measurement and comparison of 
these concepts. 

Plane Geometry treats of figures all of whose parts are confined to one plane. 
SoUd Geometry, called also Geometry of Space, and Geometry of Three Dimensions^ 
treats of figures whose parts lie in different planes. The division of Fart II. 
mto two chapters is founded upon this distinction. In the Higher or General 
Geometiy these divisions are marked by the terms " Of Loci in a Plane,'' and 
'' Cf Lodin Space:' • , 
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SYNOPSIS. 

What. — How designated. — lU, 
Point ....•{ Dimensions of. 

limit of line. — Surface. — Solid. 
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What 

How designated. 
Dimensions of. 
Limit of Surface. 

( Straight.— What— iff. 
Kuids-^ Curved.— What— J«. 

( Broken (?). 

What 

Dimensions o£ 
Limit of Solid. 
SuKPACB..-( Tri„^a j Plane.— What— iB. 
^^^ \ Curved.— What— iff. 

i What— Size depends on what— Adjacent 
L Angle \ ( Right— What— /tt. 

( Kinds \ ohiione i Acute.-What— iK. 
( ^ohque. j obtuse.-What-/«. 



, SoMD What— iB.— Examples. 

I Treats of 



Gbometey . . ^ concepts.-What 
t Object— What 



j Magnitude.— What— Result of what 
( Figure or form.— What— Result of what 
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A FEW OF THE MOKE IMPORTANT PACTS OF THE 

SCIENCE- 



SECTION L 
ABOUT STBAIOHT LINES. « 

3Sm JProb* — To measure a straight line with the dividers and 

scale. 

Solution. — ^Let AB, Fig. 15, be the line to be measnred. Take the dividers, 

.^ Fig. 2 (frontispiece), and placing 

' the sharp point A firmly upon 

Ci •[) the end A of the line AB, open 

the dividers till the other point 
^' ^^ B (the pencil point) just reaches 

^ ^ ^u the other end of the line B. 

Then letting the dividers re- 

1 ' ■ ■ ^ ( K main open just this amount, 

^^' ^^* place the point A on the lower 

end of the left hand scale, as at o, Fig. 1, and notice where the point B reaches. 

In this case it reaches 3 spaces beyond the figure 1. Now, as this scale i» 

ict^hes and terUhs of inches,* the line A B is 1.3 inches long. 

Ex. 1. What is the length of CD ? Ans. .15 of a foot. 

Ex. 2. What is the length of EF ? Ans. .75 of an inch. 

Ex. 3. What is the length of CH ? Ans. 1^ inches. 

Ex. 4. What is the length of IK ? Ans. .18 of a foot 

Ex. 5. Draw a line 3 inches long. 
Ex. 6. Draw a line 2.15 inches long. 
Ex. 7. Draw a line 1.25 inches long. 

Ex. 8. Draw a Lne .85 of an inch long. 

w*. - ■ ,.. ■ II I ■ 

* The next scale *x*^ the right Is divided into lOths and lOOthB of a foot. Thus ftomp to ]£ 
1 tenth of M foot. JUL.U the pmallur divit>ic>uB are hundredths. 
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[Note.— Suppose a fine elastic cord were attached by each of its ends to the 
points A and B of the dividei-s ; when they were opened so as to reach from 
C to D, F^, 15, the cord would represent the line CD. Now applying the di- 
viders to the scale is the same as laying this cord on the scale. Without the 
cord, we can imagine the distance between the points of the dividers to be a line 
of the same length as CD.] 

Ex. 9. Find in the same way as above the length and width of this 
page. Also the distance from one comer (angle) to the opposite one 
(the diagonal). 



34. Froh. — To find the sum of two lines. 

Solution.— To find the sum of AB and CD, I* first draw the indefinite line 
Ex, With the dividers I obtam the length of AB, by placmg one point on A 

find extending the other to B. ai — *B 

This length I now lay off on the ^ 

indefinite line Eo;, by putting one 

point of the dividers at E and E' ^ g JC 

with the other marking the point Fio. 18. 

F. EF is thus made equal to AB. 

In the same manner taking the length of CD with the dividers, I lay it off from 

F on the line Faj. Thus I obtam EC=EF + FC=AB + CD. Hence, the sum of 

AB and CD is EG. 

[NoTK — ^The student may measure EG by (S3>) and find the sum of AB and 
CD in inches or feet ; but it is most important that he be able to look upon EG 
jBfiLth^sum itself.] 

Ex. 1. Find the sum of AB and EF, Fig. 15, 
Ex. 2. Find the sum of EF, CD, and GH, Fig. 15. 

Ex. 3. Make a line twice as long as CD, Fig. 16* Three times as 
long. 



3S. Frob* — To find the difference ofttoo lines. 

Solution.— To find the difference of AB and CD, I take the length of the 

less line AB with the dividers ; and placing 

one point of the dividers at one extremity 

of CD, as C, make Ce = AB. Then is eO Ci ■ — — ID 

the difference of AB and CD, since «D = Fig. 17. 

CD — Ca = CD - AB. 

Ex. 1. Fiijd the difference of IK and EF, Fig. 15. 
Ex. 2. Find the difference of GH and CD, Fig. 15. 

• These elementary solations are Bometimee pat in the eingnlar, as the more simple style. 
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Ex. 3. Find how much longer IK, Fig. 15, is than the sum of EF, 
Fig. 15, and CD, Fig. 16. 

Ex. 4. Find the difference of the sum of AB and CH, and the 
sum of CD and EF, Fig. 15. 



36. Proh* — To compare the lengths of two lines ; that is, to find 
their ratio (ajpproximately*). 

Solution.— To compare the lengths of AB and CD, I lay off AB, the shorter, 

upon CD, as Co. (K AB could be 

Ci jp ?^ — ^ — ?WD applied two or more times to CO, 

I should apply it as many times as 

. 3 a- CD would contain it) Now I apply 

35—^^ J # / ■ the remainder of CD, viz., aO, to AB, 

^^®* ^®- as many times as AB will contain it, 

which is once with the remainder &B. This remainder I now apply to oO, and 

find it contained once with a remainder cD. Agaui, I apply this last remainder 

to 6B, and find it contained twice with a remainder dB. This last remainder I 

now apply to cD, and find it contained 8 times, without any remainder. This 

last measure, (26, is a common measure of the two lines. Calling dB 1, 1 now 

observe that 

cfB = l; 

cD =8(fB=S; 

hd =2cD=6; 

ac =6B=M+dB = 7; 

aD = oc + oD = 10; 

AB = Ad + 6B = oD + ac = 17; 

CD = Ca + oD = AB + aD = 27. 

Hence the lines AB and CD are to each other as the numbers 17 and 27 ; AB 
is H of CD ; or, expressed in the form of a proportion, AB : CD : : 17 : 27. 

[Note.— This process will be seen to be the same as that developed in Arith- 
metic and Algebra for finding the greatest or highest Common Measure of two 
numbers, and should be studied in connection with a review of those processes. 
See CoMPLBTB Artthmbtic (115), and Complbtb School Alobbra (157).] 

Ex. 1. Find, as above, the approximate ratio of AB to CD, Fig, 15. 

Ratio, 13 : 18. 
Ex. 2. Find, as above, the approximate ratio of CD and IK, Mg. 15. 

Ratio, 5:6. 



* This method does oot get the exact ratio, because of the imperftsction of measarement, and 
aSeo because lines are sometimes hicommeDsarable, as will appear hereafter. 
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Ex. 3. Find, as above, the approximate ratio of EF to CH, Fig. 15. 

Ratio, 1 : 2. 

Ex. 4 Find, as above, the approximate ratio of EF to CD, Fig. 15. 

Ratio, 5:12. 



37 • To Intersect is to cross; and a crossing is called an 
Jntersection. 

38. To JBisect anything is to divide it into two equal parts. 
39* Froh.—To Used a given line. 



>^ 



Solution.— To bisect the line AB, I take the dividers; and opening them 
so that the line between their points is more than 
half as long as AB, I place the sharp point A on 
the point A, and holding it firmly there, make a 
little mark with the pencil point B, as nearly as I 
can gness, opposite the middle of the line. Then, 

being careful to keep the dividers open just the j [0 g 

same, I place the sharp point on B, and make a 
mark intersecting the first one, as at m. Now, 
doing just the same on the other side of the line, 
I make two marks intersecting each other, as at n. ^ 

Fmally, I draw a line fi'om m to n, and where this Fw- in- 

line crosses AB is its middle point; that is, AO is equal to OB. [Why this is 
so we do not propose to tell now. The student needs only to learn how to do 
it He should measure AO and OB, and thus test the accuracy of his work.] 



Ex. 1. Is it necessary that the dividers he opened just as wide 
when the marks are made through w, as when they are made 
through m? Try it 



>^ 



Ex. 2. Suppose you make the marks through m as directed, hut, 
in making those through n, you have tfie 
dividers wider open when you put the point 
on A than when you put it on B ; will the 
line joining in and n then cross AB in the 
middle ? If not, on which side of the mid- 
dle will o be ? Try it. 

Ex. 3. Can you bisect a line' by making ^ 
the marks all on one side of it ?* If so, do it. 



Fig. 90. 
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40. Axiom** — A straight line is the shortest path between two 
points. 

III. — If a cord is itretched across the table, it marks a straight line. In this 
way the carpenter marks a straight line. Haying rubbed a cord, called a chalk- 
line, with chalk, he stretches it tightly from one point to another on the surfaces 
upon which he wishes to mark the line, and then raising the middle of the 
cord, lets it snap upon the sur&ce. So the gardener makes the edges of his 
paths «traight by stretching a cord along them. These operations depend upon 
the principle that when tlie line between the points is the shortest possible, it 
is straight 

4:1m Axiom. — Two points in a straight line determine its 
position, 

III.— If the farmer wants a straight fence built, he sets two stakes to mark 
its ends. From these its entire coune becomes known. This is the principle 
upon which aligning (or sighting) depends. Haying giyen two points in the 
required line, by looking in the direction of one from the other, we look along a 
straight line, and are thus able to locate other points in the line. If the pomts 

A and B are marked, by 
^ ^ ^ putting the eye at A and 

^j^ 5 ^ — i k looking steadily towards 

'C^ B, we can tell whether D 

and E are in the same 
straight line with A and B, or not So we can obserye that Z' and C" are Tiot 
in the Une ; but that C is. This process of discoyering other points in a line 
with two giyen points is called aligning, or sighting. In this way a row of 
trees is made straight', or a line of stakes set It is the principle upon which 
the suryeyor runs his lines, and the hunter aims his gun. In the latter case, 
the two sights are the giyen points, and the mark, or game, is a third point, 
which the marksman wishes to haye in the same straight line as the sights. 
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4i2. Axiom* — Between the same two points there is one straight 
line, and only one. 

III.— Let any two letters on this page represent the situation of two points ; 
we readily see that there is bne, and only one, straight path between them. 
Again, let a comer of the desk represent one point and a corner of the ceiling 
of the room represent another point ; we perceive at once that, if a point is 
conceiyed to pass in a straight line from one to the other, it will always trace 

• An axiom may be ittusirated, but it needs no demcnHraUM, We may explain the terme 
used and elaborate the condensed statement ; bat if, when its meaning is clearly understood, 
any one does not grant the tnUh of its statement, he has not a sound mind, and we cannot 
reason with him. 
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the same path. In short, as soon as two pomts are mentioned, we tMnk of the 
distance between them as a single straight line, — for example, the centre of the 
earth and the centi'e of the sun. 

Once more, conceive A and B, Fig. 21, to be two points "in the path of a point 
moving from A in the direction of B. Now aU the points in the same direction 
from A as B is, are in this path ; and any point out of this line, as C or C'\ is 
in a different direction from A. 

In this manner we draw a straight line on paper by laying the straight edge 
of a ruler on two points through which we wish the line to pass, and passing a 
pen or pencil along this edge. 

Cor. — Two straight lines can intersect in but one point; for, if 
they had tivo points common, they would coincide and not intersect. 

Ex.- 1. A railroad is to be run from the town A to town B. ,If it is 
made straight, through what points will it J)ass ? Can it pass through 
any points not in the same direction from A as B is ? 

Ex. 2. If I live on the south side of a straight railroad, and my 
friend on the north side, but five miles farther east, and two miles^ 
farther north, and the road from my house to his is straight, hoir 
many times does it cross the railroad ? .r ' 

Ex. 3. Can you always draw a straight line which shall cut a 
curre (whatever curve it may be) in two points ? Try it. 

Ex. 4. Detroit is directly east of where I live. How could I drive 
my horse there and never turn his head to the east ? Would he have- 
to travel in straight lines or in a curve ? If I driv§ him on a curve,, 
how can I manage it so that his head will be 
east for but an instant ? If his head is all 
the time east, what is the line in which I 
drive him ? 

Sue. — The figure will suggest how the first may ^m. 22. 

be accomplished. 




4:3. A JPerpendictiZar to a given line is a line which makes 
a right angle {26) with the given line. The latter is also perpen- 
dicular to the former. Oblique Lines are such as are not perpen- 
dicular to each other, and which meet if sufficiently extended. 

III.— In Fig. 11, BA is perpendicular to DC ; so also AC is perpendicular to 
BA. In Fig, 10, KG and Kl are perpendicular to each other. The other lines 
in F^. 10 are oblique to each other. 

2 
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44. Prob. — To erect a perpendicular to a given line ai a given 
point in the line, 

SoLUTiON.^Suppose I want to erect a perpendicular to the line XY, at the 

point A. With the dividers I measure 
off a distance AB on one side of the point 
A, and an equal distance AC on the other 
side. Then opening the dividers a little 

^ wider, I put the sharp point on B and 

i V make a mark with the pencil point, as 

^^' ^' at 0, about where I think the perpen- 

dicular will go. Then, keeping the dividers open just the 9ame^ I put the sharp 
point on C, and make a mark intersecting the former one at 0. Now, drawing 
a line through and A, it is the perpendicular sought 

Ex. 1. Suppose I make a mistake and close up the dividers a 
little after making the first mark through 0, and then make the sec- 
ond mark ; which way will the line lean ? Will it be a perpendicu- 
lar or an olilique line in this case ?' 'What kind of an angle would 
OAY be rb What OAX ?c ■ What kind of angles are these when o A is a 
perpendicular ? < 

Ex. 2. Suppose I should mistake a point nearer to A than B was 
taken^ and use it as I did C, having the dividers open just alike when 
I made the two marks through ; which way would the line lean 
(incline) P (Same questions as in the last.) 




Fig. 34. 



III.— A carpenter wishes to get the 
piece of timber AF at right angles to 
MN, into which it is mortised at A. So he 
measures o^ AB and ACy equal distances 
from A; and taking two poles of equal 
length (say 10 feet long), has the end of one 
held steadily at B and the end of the other 
at C, and moves (racks, as he calls it) the 
end F to the ri^ht or left until the ends E 
and of the poles are exactly opposite, as 
in the figure. AF is then perpendicular to 
MN. 



4S. JProb.—From a point without a given line,to drawaperpen* 
dicular to the line. 
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Solution.— I wish to draw a perpendicular from to the line XY. I first 
open the dividers wide enough, so that when I q 

place the sharp point on O the pencil will mark 
the line XY in two points, as B and C, when it 
swings around. Marking these two points, I 
jmt the sharp point first on B and afterward on 
C, keeping them open just alike in both cases, ^ ^v^ 
and make the two marks intersecting at D. 
Placing the straight edge of the ruler on the 
points O and D, I draw the line OA along its 
edge. OA is the perpendicular required. 



S.B 



"7^ 



S^ 




Fig. S5. 

Ez. 1. Let fall a perpendicular from a pointy as 0, upon a straight 
line, as XY, without making any marks on the opposite side of XY 
fiomo. 

Ex. 2. A mason wishes to build a Agp^BOBDHBRnnMiB 
wall from o,in the wall AB," straight " " 

across'^ (perpendicular) to the wall 
CD, which is 8 feet from AB. He has 
only his 10-foot pole, which is subdi- C iffHlHlrtifwh— nhoBOD 
vided into feet and inches, with which ^'•- *• 

to find the point in the opposite wall at which the cross wall must 
join. How shall he find it ? 



SECTION II. 

ABOUT CmCLES. 

4S* A Cira^ is a plane surface bounded by a curved line everj 
])oint in which is equally distant from a point within. 

4f7. The Circumference of a Circle is the curved line every 
point in which is equally distant from a point within. 

4:8. The Centre of a Circle is the point within, which is 
equally distant from every point in the circumference. 

4:9 • An Arc is a part of a circumference. 

50. A JEtaditis is a line drawn from the centre to any point 
in the circumference of a Circle. 

51. A Dinmeter of a Circle is a line passing through the 
centre and terminating in the circumference. 
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Pig. 87. 



III. —A circle may be conceived as the path of a 
line, like OB, Ftg. 27, one end of which, O, remains 
at the same point, while the other end, B, moyea 
around it in the plane (say of the paper). OB is the 
Badius, and the path described by the point B is the 
drcuntferenee, AB is a diameter. In Fig. 28, the 
curved line ABCDA (going clear around) is the Cir- 
euntferenee^ O is the Centre^ and the space within the 
circumference is the Girele, Any part of a circum- 
ference as AB, or any of the curved lines BB, Fig. 27, 
is an arc. So also AM and EF, Fig, 29, are arcs. EF 
is an arc drawn from O' as a centre, with the radius 
O'B. 

52. A Chord is a straight line joining 
any two points in a drcumference, but not 
passing through the centre^ as BC or ad» 
Fig. 28. The portion of the circle included 
between the chord and its arc, as AmD, is a 
Segment. 

53. A Tangent to a circle is a straight 
line which touches the circumference, but 
does not intersect it, how fiar soever the line 
be produced. 

54. A Secant is a straight line which intersects the circumfer- 
ence in two points. 




Fig. 29. 



Ex. 1. Suppose DC, Fig. 11, to represent a small wooden rod, and 
BA a wire stuck into it at right angles. Now if you take the end c 
of the rod in your fingers and place the end D on the table so that 
the rod shall stand upright, and then revolve the rod once arounj^. 
like a shaft, what will the wire describe ? What the end B rt^ What 
any point in BA ? If ypu only revolve the rod a little way, what will 
the point B describe ?^ What does BA represent ? 

Ex. 2. If you take a string, OP, and hold one end at a particular 
point, O, on your slate or blackboard, while 
with the other hand you hold the other 
end, p, of the string upon the end of a 
pencil or crayon, and then move the end 
P around o, making a mark as it goes, 
what will the mark made represent when 
the pencil or crayon has gone clear 




*^^ 
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C/'*' '''' ^d- '^ 

aronnd? What will the strmg represent? What is the surface 
passed over by the string ? . ■ ,. 

Ex. 3. If you take the dividers, Fig. 1, and open them (say 2 
inches), and then place the sharp point. A, firmly on the paper while 
yon turn them around, making the pencil point,. B,^ mark the paper 
as it goes, what kind of a line will be d^rgjed ?C^^ What is the line 
joining the points of the dividers P*/"^ What line describes the cir- 
cle ? If the dividers only turn a little way, what is the line 
described ? oc\c 

Ex. 4 K a boy skating on the ice makes a curve which bends 
everywhere just alike, what kind of a path will he make ?^ Does 
the boy describe a circle ?? How might you conceive the circle in- 
closed by his path, as described ? Is a circle described by a point or 
by a line ? /( ^ 

[Note. — ^The word "circle" is used in common language as equivalent to 
" circumference." It is also thus used in General Gteometry. But, however the 
words may be used, the pupil should be taught to mark the distinction between 
the plane sur&ce inclosed and the bounding line.] 

Ex. 6. In -how many points can a straight line intersect a circum- 
fei-encept^v-tln how many points can one circumference intersect 
another? .i^-v 

Ex. 6. There is a piece of ground in the form of a circle, the 
radius of which is 100 rods, by which run two roads; one road 
runs within 80 rods of the centre,, and the other within 100 rods. 
How do the roads lie with reference to the ground ? ,1c.. 

Ex. 7. When you unwind a thread by drawing it off a spool in 
the ordinary way, what geometrical line does the unwound thread 
represent? Ct \ . ■. i j ; ///u-a 

Ex. 8. In a circle whose diameter is 50 feet, there are drawn two 
chords, one is 20 feet long, and the other 30 feet. Which is nearer 
the centre? Au yc ■ ■ 

Ex. 9. There are two' circles whose radii are respectively 12 and 
18 feet. The distance from the centre of one to the centre of the 
other is 25 feet. Do the circumferences intersect ? Would they in- 
tersect if the centres were 3 feet apart ? How would they lie in ref- 
erence to each other in the latter case ? How if their centres were • 
30 feet apart ? How if they were 35 feet apart ? 

♦ The imagination may be aided by Buppoeing a fine elastic cord stretched between the 
points of the dividers and carried by them. 
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Ex. 10. What kind of a liue is repr^ented by water flying from a 
swiftly-revolying grindstone ? .u^v^ \L\ ict 

Ex. 11. If you draw two chords in the same circle, one of which 
is twice as long as the other, will the arc cut off by the longer chord 
be twice as long as the arc cut off by the shorter F WiU it be more 
than twice as long, or less ? ^ 




SS* Theorem. — The chord of a sixth part of the circumference 
of a circle is just equal to the radius of the saine circle. 

III.— If I draw a circle, and then, being carefUl not to open or dose the di- 
viders, place the sharp point on the drcumfcrence 
at some point, as A, and mark the dicamference at 
another point, as B, with the pencil point, and then 
move the sharp point to B and mariL again, as C, I 
find that when I have measured off eix such chords, 
each equal to the radius, I return exactly to A, the 
point of starting. 

Moreover, if I draw the chords AB, BC, etc., I 

have a regular figure with six equal sides. A figure 

Fio. 81. ^th six sides is called a hexagon. This hexagon is 

called reguiar, because its sides are equal each to each, and its angles are also 

mutually equaL 

Again, if I unite the alternate angles of the regular hexa^n, as FB, BD, and 
DF, I have a regular triangle, called an equilateral triangle. 

S6. Inscribed Figures are figures drawn in a curcle, and 
having the vertices of all their angles in the circumference, as the 
hexagon and triangle in the last illustration. When the figure is 
without, and all its sides touch but do not cut the circumference, it 
is circumscribed about the circle. 

Ei. 1. Draw a regular hexagon whose side is two inches. 

Ex. 2. Inscribe an equilateral triangle in a circle whose radius is 
one inch. 



S7* Proh. — To find the centre of a circle when the circumference 
is drawn (or, as we usually say, known). 

Solution.— The circumference of my circle is drawn, but the centre is not 
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marked. So I want to find the centre. I draw 
any two chords, as AB and CD (the nearer they are 
at right angles to each other the better for accu- 
mpyV I then bisect each chord with a perpen* 
dicolar, as AB with the perpendicular MN, and 
CD with RS (39), The intersection of these two 
perpendiculars, as 0, is the centre of the circle. 
[The pupil must do everything with his pencil, 
ruler, and dividers, just as he says. He must not 
be of those who ** say and do not.*' He must do the 
things told, *' over and over,'' till he can do them neatly and 





58 • Proh. — Top€L88 a circumference thrcmgh three given points. 

Solution.— I wish to pass a circumference through the three given points 
A, B, and C. [The pupil should first designate three 
pomts by dots on his paper, slate, or board, and then 
proceed according to the solution.] In order to do this, 
I join A and B with a line, and also B and C. I now 
bisect these lines with the perpendiculars MN and RS, 
as in the last problem. The intersection of these per- 
pendiculars, O, is the centre of the required drcle. 
Kow settmg the sharp point of the dividers upon and 
opening them till the pencil point just reaches A (B or 
C will answer as well), I draw the circumference with F^o- 88. 

as its centre and the radius OA, and find that it passes through the three 
given points A, B, and C. 

Ex. 1. To pass a circumference through the three vertices of a 
triangle, i. e., to circumscribe a circumference about a triangle, as 
this operation is technically called. 

Sue.— This is Just like the last. A, B, and C being the vertices of the triangle. 
The four figures in the margin 
represent the successive steps in 
the solution. First draw the given 
triangle. Then take the first step 
in the solution, then the second, 
etc. 



Ex. 2. Given the centre of 
a circle and a point in the 
circumference, to draw the 
circle. 

Sua.— Make a dot on the board 
to indicate the centre, and an- 
other dot to indicate the point 
in the circumference to be found. 
This is what is given. You are 



FI9.81 
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then to draw the drcumferenoe, which shall pass throngh the latter pomt, and 
have the foraier for its centre. 

Ex. 3. Draw an arc of a circle, and rub out the mark, if you make 
any, at the centre, so that you cannot see where the centre is. Then 
find the centre, and complete the circumference according to these 
problems* 

Sua— Mark three points in the given arc, and tben the example is jast like 
the last [Do not fail to do it, '^ over and over " tiU you can do it quickly and 
neatly. These exercises require much care in order to get good figures.] 



S9* Theorem. — The circumference of a circle is about 3.1416 
times its diameter. The Greek letter n (called p) is used to repre- 
sent this number j and hence the circumference is said to be n times 
the diameter. 

III.— The pupil can illustrate this fact by taking any wheel which is a true 
circle, and measuring the diameter with a narrow band of paper (something 
that will not stretch), and then wrapping this measure about the circumference. 
He will find that it takes a Utile more than three diameters to go around. Of 
course he cannot tell exactly how much more. In fact, nobody knows exactly. 
But the number given above is near enough for most purposes. For many pur- 
poses 8f \b sufficiently accurate. 

By drawing a circle very carefhlly, say 1 inch in 
diameter, as in the margin, and dividing the diameter 
into lOths inches, a nice pair of dividers can be 
opened one 10th inch and made to step around the 
circumference. If it is all done with nicety, it will be 
found to be a little over 81 steps around, when it is 
10 across. 

Ex. 1. The distance across a wagon-wheel 
Fig. 85. (the diameter) is 4 feet, how long a bar of iron 

will it take to make the tire ? y . / '"^ - f 

Ex. 2. Suppose the crown of your hat is a circular cylinder 7 
inches in diameter, how much ribbon will it take for a band, allow- 
ing i- of a yard for the knot ? 

Ex. 3. How many times will the driving-wheel of an engine, which 
is 6 feet in diameter, revolve in going. from Detroit to Chicago, a 
distance of 288 miles, allowing nothing for slipping ? , j ; / 

Ex, 4. A boy's hoop revolved 200 times in going around a city- 
square, a distance of 140 rods. What was the diameter of his hoop ? ^ 
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Ex. 5. What is the radius of a circle whose semi-circum^renoe is 
«r ? In a circle whose radius is 1, what part of the circumference 

does -^ represent ? What part ^ ? What part does 2;r represent ? 



SECTION III. 



ABOUT ANGLES. 
QO* Frob* — To show how angles are generated and measured. 

iLii. — An angle is generated by a line revolving about one of its extremities. 
Thus, suppose OB to have started from coincidence with OA, and, remaining 
fixed, the line to have revolved to the position OB, 
the angle BOA would have been generated. When 
the revolving line has passed one-quarter the way 
around, as to DO, it has generated a right angle ; 
when one-half way around, as to FO, two right 
angles ; when entirely around, four right angles. 

Now, if any circle be described from O as a cen- 
tre, ike arc included hy tJie sides of any angle having 
its vertex at O, is the same part of a quarter of this 
circumference as the angle is of a right angle. Hence 
the angle is said to be measured by the arc included 
by its sides. Thus, the angle COA is measured by 

thearc otf ; t. ^., it is the same part of a right angle tliat arc oc is of arc od 
(See Trigonometry, 3-10.) 




Fig. 36. 



61. Theorem. — TTie relative lengths of arcs described with the 
same radius can be fottnd in a manner altogether similar to that 
given in {36) for comparing straight lines, 

III. — If I wish to compare the two arcs ab and cd described mth the same 
radiiy I take the dividers, and placing the sharp point on 
d (one end of the shorter arc), open them till the other 
point is at 6. I then measure this distance off on od as 
many times as I can,~in this case 2 times, with a remain- 
der^. This remainder, fb, I measure off in the same 
way upon de, and find it goes once with a remainder gc. 
This remainder, gc^ I apply to the axe fb, and find it goes 
once with a remainder hb. This last remainder I find is 
contained in the last preceding, ge, 2 times. Then, count- 
ing up the parts, I find that dc is made up of 5 parts each 
equal to hb, and db of 18 such parts. Therefore, db is 2} 
tames as long as dc. [The angle O is therefore 2} times the 

Pro. 87. 
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Ex. 1. Draw an acate angle and also an obtuse angle, and then 
compare them as above. 

Ex. 2. Draw a small acute angle and a large acute one, and then 
compare them as above. 

Ex. 3. Draw a small acute angle, and then draw another angle 
3 times as large. 

Ex. 4. Draw an acute angle, and also a right angle, and com- 
pare them as above. 

Sue.— Article (39) shows how to draw a right angle. 

Ex. 5. Draw any angle, and then draw another equal to it 

Ex. 6. Show that the angles a, i, and c are respectively |, |, and 
.6 of a right angle.* 





Fu». 89. 
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Ex. 7. Show that angles a and J, Fig. 39, are respectively 1^ and 
1^ times a right angle. 

Ex. 8. Draw a regular inscribed hexagon, as in Fig. 31, and then 
comparing any one of its angles with a right angle, find that it is 
1^ times a right angle. 

Ex. 9. Draw an equilateral triangle, as 
in Fig. 31, and find that any angle of it 
is f of a right angle. 

Ex. 10. Show that a right angle is 
-g measured by ^ of a circumference. 

Solution.— If CD is perpendicular to AB, 
the four angles formed are equal, and each is a 
right angle. Bnt,as aU of them taken together 
are measured by the whole circumference, one 
of them is measured by i of the circumference. 




* Of coarse, absolate accaracy is not to be expected io sach Bolations. 
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62, An Inscribed Angle is an angle whose vertex is in 
the circumference of a circle^ and whose sides are chords, as A, 
JP'iff. 41. 

63. Theorem^ — An inscribed angle is measured ly one-half (he 
arc included between its sides, 

lUi. — The meaning of this is that an inscribed angle like A, which includes 
any particular arc, as ed^ is only half as large as an angle would be at the centre, 
as cOd^ whose sides included the same arc, ed, or an equal arc Thus, in this 
case, drawing the arc ab from A as a centre^ with the same radius, 0(2, as a? is 
drawn with, I find that ab which measures k\aioicd which me&sures cOd 





Fis. 43. 

Ex. 1. Which of the angles a, *, e?, d, e is the largest ? What is a 
measured by? What*? Whate;? Whatrf? Whate? Fig.A:% 

Ex. 2. Which is the greatest angle, «, I, or c, Fig. 43 ? By what 
is a measured ? By what J ? By what c ? What is the measure 
of a right angle ? [See Example 10 in the preceding set.] 





Fie. 43. 



Fxfi. 44. 



Ex. 3. Suppose I take a square card like CEDF, with a hole in one 
comer as at c, and sticking two pins firmly in my paper, as at A and 
B, place the comer of the card between them, as in Fig. 44, and 
then, keeping the sides of the card snug against the pins, put a 
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pencil through the hole c and moye it around to A and then back 
to B ; what kind of a line will the -pencil trace ? Will it make any 
difference whether c is a right angle or not ? If any difference, 
what? 

Ex. 4. By what part of a circumference is an angle of a regular 
inscribed hexagon measured ? See (SS), and Fig, 31. How many 
right angles is the angle of the hexagon equal to ? What is the 
sum of the six angles equal to ? Ans. to last, 8 right angles. 

Ex. 5. Show, from the way in which an equilateral triangle is 
constructed in Mg. 31, that one of its angles is measured by J- of a 
circumference, and hence is f of a right angle. 



^64. Theorem.— When two lines Inter sect^ they form either four 
right angles^ or two equal acute and two equal obtuse angles, 

III. — [The pupil can iUostrate this for himself by drawing lines and noticing 
what angles are equal.] 

Ex. 1. Having a carpenter's square, an instrument represented by 
MON, I wish to test theangle t^nd ascer- 
" tain whether it is, as it should be, a right 

angle. I draw an indefinite right line AB, 
and placing the angle at some point c on 
this line with ON extending to the right on 
CB, I draw a line along OM. Turning the 
square oyer so that ON shall lie on CA, I 
draw another line along OM. Three cases 
may occur. — 1st. Suppose the first line 
drawn along OM is CF, and the second CE ; 
what kind of an angle is T 2d. Suppose 



c 
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the first line drawn is CE and the second CF ; what kind of an angle ^ 
is ? 3d. Suppose the first and second lines drawn along OM coin- 
cide and are CD ; what kind of an angle is ?. ■ r 

/ /' 

Ex. 2. Show that the sum of all the angles formed by drawing 

lines on one side of a given line, and to the same point in the line, 
is two right angles. 



65* Proh* — To bisect a given angle. 

Solution.— I wish to divide the angle AOB Into two equal parts, & «., to 
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bisect it With 0, the vertex, as a centre, and any convenient radius, as Oa, I 
strike an arc/ as ba, cutting the sides of the angle. 
Then from a and b as centres, with the same radius 
in each case, I strike two arcs intersecting as at P. 
Drawing a line through P and 0, it bisects the 
angle ; t. e., the angle POA = angle BOP. [Let 
the pupil try this Ijy cutting out the angle AOB, 
and then folding the paper along the line P, or cut- 
ting it through in the line OP, and then putting one **' * 
angle on the other, and thus see if they do not fit. ] 

Ex. 1. Draw an angle equal to ^ of a right angle. 

Bug.— First draw a right angle and then bisect it 

Ex. 2f Draw an angle equal to ^ of a right angle. 

Bug.— Draw a circle. Inscribe an equilateral triangle. [Do it neatly, by 
rule, as in (65).] Then bisect any angle of 'this triangle. This will be i of a 
right angle, since the whole angle is f. Bee Ex. 9 {61). 

Ex. 3. How does it appear that the angle EOF, Fig, 31, is ^ of a 
right angle ? 



K 66. ParaUel Straight Lines are such as, lying in the same 
plane, will not meet how far soever they are produced either way. 



Ill, — The sides of this page are parallel lines, 

as are also the top and bottom. The lines in 

Fig. 47 are parallel. 

67. Proh.—To draw a line through ^^^' *^* 

a given point and parallel to a given line, 

SoLTTTiOK.— I wish to draw a line through the point and parallel to the 
line AB. [The pupil should first draw some . 

line, as AB, and mark some point, as 0.] Ic — £|- 

take as a centre, and with a radius * greater I 

than the shortest distance to AB, as Oa, draw an . \ . 

indefinite arc aP, Then with a as a centre, and ^ I ~ ^ 

ihs same radius, I draw an arc fh>m to the 

line AB at b. Taking the distance 05 (the chord) in the dividers, I put the sharp 
point on a and strike a small arc intersecting this indefinite arc, as at P. Fi- 
nally, drawing a line through O and P, it is the parallel sought 

* ThiB means " pat the sharp point of the diYiders on O &nd open them till the distance be* 
tween the points (the radian) is mote than the distance from O to AB<** 
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68» Theorem. — Two parallel lines are everywhere the same dis- 
tance apart. 

III.— Let AB and CD be two parallel lines. I will examine them at the two 
^ points O and P. To find how fer apart the 

— B lines are at these points I draw the perpen- 
dicnlars OM and PN. [The pupil should not 

-^ l^j ^ guess at these, but actually draw them as in- 

Fie.49. structedin(^).] Measuring these, I find them 

equal 

We can understand that this proposition must be true, since the lines could 

not approach each other for awhile and £h^ separate more and more without 

being crooked ; or, if they kept on approaching each other, they would meet 

after awhile, and so not be parallel. 



69* Theorem. — Parallel lines make no angle with each other. 

lLL.~Let AB be a straight line, and suppose CD another straight line 

passing through the point O. Now let 
CD turn around, first into the position 
D'C, then into D"C'', etc., all the time 
passing through 0. It is evident that 
the angle which this line makes with 
the line AB is all the time growing less, 
i, «., a'< a, and a" < a\ It is also evi- 
dent that this angle will become 
when the lines become parallel ; for it 

becomes less and less all the time, but is always something so long as the lines 

are not parallel. 




70* Theorem. — Parallel lines have the same direction «mh 
each other. 

III.— Thus, in Iitg. 47, the paralld lines all extend to the right and left, i. «., 
in the same direction. 

Ex. 1. How shall the farmer tell whether the opposite sides of 
his farm are parallel ? 

Ex. 2. If we wish to cross over from one parallel road to another, 
is it of any use to travel farther in the hope that the distance across 
will be less ? 

Ex. 3. If a straight line intersects two parallel lines, how many 
angles are formed F 1 How many angles of the same size ? May 
they all be of the same size ? When ? When will they not be aH 
of the same size ? " /.i^'y.. u^ . 
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SECTION IV. 



ABOUT TBIANGLES. 

7i. A Plane Triangle^ or simply A Triangle^ is a plane 
figure bounded by three straight lines* 

72* With respect to their sides, triangles are 
distinguished as Scalene, Isosceles, and Equilateral. 
A sedene triangle has no two sides equal. An 
isosceles triangle has two sides equal. An equi- 
lateral triangle has all its sides equal. 

73. With respect to their angles, triangles are 
distinguished as acute angled, Hgkt angled, and 
obtuse angled. An acute angled triangle has.three 
acute angles. A right angled triangle has one right 
angle, and the side opposite the right angle is called 
the hypotenuse. An obtuse angled triangle has one 
obtuse angle. 

Ex. Fig, 51 affords illustrations of all the different kinds of 
triangles. Let the pupil point them out until he is perfectly familiar 
with the terms. He should also practise drawing the different kinds 
of triangles, for the purpose of familiarizing the names applied to 
the different kinds. 




Fi«. 5L 



74. Theorem. — The sum of the angles of a triangle is two 
right angles, 

III. — Gat out any triangle from a piece of paper. 
Then cut off two of the angles, as 1 and 2, and turn 
them about and place them by the side of the other 
angle, as in the lower figure. Tou will then see that 
(he Une OP is straight, and that the three angles of 
the triangle just make up the two right angles OED 
and PED. 

Ex. 1. If one angle of a triangle is a right 
angle, what is the sum of the other two ? 

Ex. 2. Can a triangle have more than one 
right angle ? If two of its angles were right angles, what would 
the third angle be ? 
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Ex. 3. Can a triangle have more than one obtuse angle ? 

Sno.— Tiy and see if you can draw a triangle with two right angles, or two 
obtuse angles. 

Ex. 4. Construct any triangle, and draw 
arcs measuring its angles. Then diaw a circle 
with the same radius as the one used to 
measure the angles, and lay off upon the cir- 
cumference the arcs measuring the angles. 
The sum of these arcs will always make up 
just a semi-circumference. What does this 
show? 

^^- "• Ex. 5. If two angles of one triangle are 

equal to two angles of another, 6«n the third angles be unequal ? 
Why? 




75. Prob.—To make two triangles just aiike. 




Fio. 64. 




Fm. 65. 



SoLunoH.— There are three ways of doing this : 

tut TTay.— Suppose I have any triangle, as ABC, 
and want to maJte another Just like it I first draw 
an arc measuring any one of the angles, as A, of the 
given triangle. Then I make an angle D equal to 
the angle A, and draw the sides De and D/. Now I 
measure DE = AB, and DF= AC. If I now draw EF, 
the triangle DEF wiU be Just like ABC, so that, were 
I to cut them out, I could apply one like a pattern to 
the other, and it would Just fit 

2d Way,—! have a triangle A, and wish to make 
another Just like it I draw arcs measuring any too 
of its angles, as O and P. Then, making a line MN 
equal to OP, I make an angle at M equal to 0, and 
one at N, on the same side of MN, equal to P. 
Now making these two sides M6 and Ha long enough 
to meet (or, as we say, •* producing them till they 
meet**), I have a second triangle, B, Just like the first 
triangle, A. Were I to cut out the first triangle, it 
would fit on the second Just like a pattern 

Zd Way,—! have a triangle ACB, and want to make 
another just like it I make a line DE equal to some 
side of the given triangle, as AB. Then taking AC as 
radius, I describe an arc from D as a centre, and in 
like manner, with BC as radius and E as a centre, 
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describe another arc. Through the mtersec- 
tions of these arcs, as F, I draw DF and EF. 
The triangle DEF is just like ABC. [Try it by 
drawmg as described, and then cutting out one 
triangle, and seeing if you cannot fit it as a 
pattern on the other.] 

Ex. 1. In any triangle, Ti^hich^de is 
opposite the greatest angle P'^WKich op- 
posite the least angle ? . • 

Ex. 2. If you have two triangles with an angle in each equal, but 
the sides about this angle longer in one triangle than in the other, 
can you make one fit on the other as a pattern ? Cut out two such 
triangles and try it. • 

Ex. 3. Can you make a triangle so that one of its sides shall be 
as long as both the others, or longer than both ? ( | > . 

Ex. 4. Can you make a triangle so that one of its sides shall be 
less than the difference between the other two, or equal to the 
difference ? l^ ,- 

Ex. 5. If you have two triangles with only one side and one angle 
in the one equal to one side and one angle in the other, can you 
apply one as a pattern and make it fit on the other ?, i 6»t out two 
such triangles and try it. ^^ 

Ex. 6. If you have two triangles with only two sides of one re- 
spectively equal to two sides of the other, can you make one fit as a 
pattern on the other? Try it. "; - » 

Ex. 7. If you have two triangles with two sides in one equal re- 
spectively to two sides in the other, and the included angle in one 
greater than in the other, how is it with the third sides of the 
triangles ? 



. 76. Thetyrem. — The lines which Used the angles of a trian^e 
meet within the triangle at a common point 

III.— Try it, by drawing a triangle, and then bisect- 
ing its angles, as taught in {SHy Tou will need to do 
it very neatly, or the lines will not meet It is a 
delicate operation. Try it in various forms of triangles, 
88 equilateral, right angled, scalene, obtuse angled, etc. 

3 
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yy. Theorem* — The lines drawn from the vertices of a triangle 
to the middle of the opposite sides meet in a 
common point within the triangle. 

III. — ^Draw a triangle. Bisect each of the sides 
as tanght in {39). Then Join each angle and the 
middle of its opplbsite side with a straight line. If 
you do the work well, the three lines will cross 
each other at a common point within the triangle. 




Fig. 58. 




78. Theorem^ — The perpendiculars which bisect the sides of a 
triangle meet at a common point, which may he 
)^ within or without the triangle, or in one of its 

sides, iSteoordif^f t6 ihefohn of the triangle. 

III. — ^Draw an acute angled triangle^ and bisect its 
sides by perpendioolare. If yon do it with accuracy, 
they will meet at a common point witMn the triangle. 

Draw an obtuse angled triangle^ bisect its sides with 
perpendiculars, and they wUl meet at a common 
point toiSAbtf^ the trianglei ' 

Draw a rigU ofngM triang^^ and the perpendiculars 
will meet in the side opposite the ,ri^ht angle (the 
hypotenuse). 

Ex. • 1. Drfew ah equilaieral triangle, aaid find 

the three points oharactemed in the last three 

articles. Are they all in one placej or are they 

Pig. 69. in different places ? . . .^ 

Ex. 3. Draw, a scalene triangle, and find the three points as aibove. 

Are they all in the same place,. or are they in diflTerent placej ? 




79. JProh. — To inscribe a circle in a given triangle. 
C 




: Soi*xJTiozf:r-I wish to inscribe a ciiide in 
the triangle ABC ; that is, a circle to which 
the sides of the triangle shall be tangents. 
[Fh«t draw the trianglej I bisect the angles 
as taught in {6i5) ; and then from the point 
0^ where these intersect, I let fall perpen* 
dicnlars upon the sides, as taught in {'AS). 
Then from as a centre, with a radiiu eqaai 
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to one of these perpendiculars (they are all equal), t draw a circle, and it is the 
circle required. 



80. JProb. — To circumscribe a circle about a given triangle. 

Solution.— I wish to circumscribe a circle 
about the triangle ABC which I have drawn. To 
do this, I bisect the iides with perpendiculars, and 
find their common intersection Oi as taught in 
(78). With as a centre and a radius equal to 
OB, the distance from O to the vertex of any one 
of the angles, as these distances are all equal, I 
draw a circle. This is the circumscribed circle, 
tJia^is, the circle in whose circumference the ver- 
tices of the triangle lie. [This is really the same 
as Pbob. {58).] Fig. «i. 




SECTION V. 

ABOUT EQUAL FIGURES. 

81m Hqual, in geomelry, signifies alike in all respects, i. e,, of the 
same ^hape and the same size. 

82» JEquivalent figures are such as have the same area, u e., are 
of the same size, irrespective of their form. 

Ex. 1. Can a triangle be equal to a circle ? v^^Can it be equivalent f y c^.. 
Can a circle be equivalent to a square ^Can it be equal to a square ?,^-,.r 
. Ex, ^.. Can a right angled triangle^^ee^ual to an equilateral tri- 
angle ? Can a right angled triangle be eqiial to an isosceles triangle ? y c ^ 
If either is possible, construct figures illustrating it ^ 



83. Probm-^Ta apply one straight line to another. 

SOLTTTiON. — [App^ng tgVLTes to each other is a very important thing in 
geometry, and may seem a little curious at first ; 
but it is, in reality, very simple. The pupil must ^ ] "^° 

become perfectly familiar with it] "We will first ^' — ^D 

apply the line AB to the equal line CD. Take 

the line A6,* and placing the end A upon the £ p 

end C of the line CD, make the line AB take the ^ ^ 

feanie direction as CD, and put the former upon * 

the latter. Now, since the lines are equal, the ^»- ^ 

* ThAt is, think aboat it just &s if it were a little rod which yoa could pick np and handle. 
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extremity (or the point) B will fall upon D, and the two lines wHl coincide 
throughout their whole extent 

Again, we will apply the line EF to the line CH. Taking the line EF {think 
of it as a little rod which you can pick up and handle), put the point E upon 
C, and making the line EF take the same direction as CH, put the former upon 
the latter. Now, since EF is shorter than CH, the pobit (extremity) F will fall 
somewhere on the line CH, as at i. Therefore the lines do not coincide 
throughout their whole extent, and are not equal. 



^84. JProb* — To apply one plane angle to another. 

Solution.— First we will apply one angle to another equal angle. Thus, to 
apply BAG to the equal angle EDF. Take the 
angle BAG (tMnk of it as if it were two little rods 
put firmly together at this angle, and so that you 
could pick them up and handle them), and placing 
the vertex (point) A upon the vertex (point) D, 
make the side AG take the direction DF. As 
AC happens to be longer than DF, the extremity 
C will &11 beyond F, at some point, as 0. But we 
do not care for this, as the size of an angle does 
not depend upon the length of the sides. Now, 
while A lies on D, and the line AG on DF, let the 
line AB be conceived as lying in the plane of the 
paper also (t. «., on it). Since the angle BAC is 
equal to EDF, the line AB will take the direction 
DE, and will fall on it, though the point B will 
fall somewhere beyond E, as at N, as AB 
chances to be longer than DE. The two angles 
therefore coincide, and are equal. [Notice care- 
fhlly Just what is meant by saying that the angles 
are equal. We do not mean that the sides are 
of the same length, but that the opening between 
them is the same, t. 0., that one is Just as sharp 
a comer as the other.] 
QumML— If BAG were greater than EDF, and 
we should begin by putting A upon D, and make AG fall upon DF, where would 
AB fall, without the angle EDF or within it ? If BAC were less than EDF, and 
we proceed as before, placing the vertex A on D, and AC on DF, would AB &11 
without EDF or within it ? ' 

Again, let us attempt to apply the angle HCI to LKM. Placing the vertex C 
on the vertex K, making the side CI take the direction KM, and then bringing 
CH mto the plane of the paper, the side CH will fall within the angle LKM (aa 
in the line KR), since the angle HCI is less than LKM. The angles, therefore^ 
do not coincide. 
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85. Proh. — When two triangles have two sides and the included 
angle of one equal to two sides and the included angle of the other ^ to 
apply one triangle to the other. 

SoLTTTiON.— la the two triangles ABC and DEF, let the angle A be equal to 
the angle D, the side AB = the side DE, and AC = DF. We 
will apply the triangle ABC* to DCF. Take the triangle 
ABC and place the vertex A upon the vertex D, making the 
side AC take the direction DF. Since AC = DF, the ex- 
tremity C will then fall on F.f Now bring the triangle ABC 
into the plane of DEF, keeping AC in DF, and the line AB 
will take the direction DE, since the angle A = the angle D. 
Again, as AB = DE, the extremity B will fall upon E. Thus 
we have placed ABC upon DEF, so that A falls upon D, 
C upon F, and B upon E, and find that they exactly 
coincide. ^ ^, 

Fi«. 64. 

Ex. 1. Suppose you attempt to apply ABC in the last figure to 
DEF by placing B on D, and letting BC fell upon DF. Where will C 
fall ?z, Measure it and find out. Which side will then fall nearly or 
quite on DE PA^TiU i* ^U exactly on it?Wn which side will it fell hi L 
Can you make the triangles coincide (fit) in this way ? j v.c i J-. 

Ex. 2. Can you make the triangles in the last fi^re coincide by 
placing C upon D, and letting CA fell upon DF ?^)|5Piere will A fell ?c^^J. 
What line will fell on or near DE ? Will it fell without DE, or 
within? r.' .:. .^A- ^^' 

Ex. 3. Construct two isosceles triangles,! as ACB and DEF, in 
which AC = CB ^ DE = EF. Can you ap- 
ply DEF to ABC by putting D upon A?] 
Describe the process. Can you put D 
upon A and DE upon AB, and make the 

triangles coincide ?f>j(^n you make the A B D F 

triangles coincide by putting F upon A? ^k- \ ^*®- ^' 

If so, describe the process. Can you mak6 them coincide by putting 
E upon A ? I If not, point out the diflSculties. 

* Think of ABC ^ made of little rods, so that yon can pick it ap and place it upon DEF 
in the manner described. 

t It will make it clearer if the pnpil thinks of ABCi <^t this stage of the operation, as 
bftTing the side AC on DFi bat the angle B not down on the paper ; Just as if he were to cat 
^^ ABC* and set the edge AC on the line DF* ai^cI afterward bring the triangle ABC down 
on to DEFt keeping the edge AC on the line DF< 

t The teacher mnst insist npon the figures being drawn, and that accurately, according to 
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Ex, 4. CoDBixuct two equal trapezimns,* 
as ABCO and EFCH, and describe the process 
of applying one to the othec 

BoLunoN.— I will apply EFCH to ABCD. As 
the angle E is equal to the angle B, I will begin by 
putting the vertex E on B, and making EH fall upon 
BC. Since EH = BC, H will fall on C. . Now, as 
angle H = angle C, HG will take the direction (&11 
on) CD ; and since HC = CD, C will fall on D. 
Again, as C = D, OF will take the direction DA ; 
and since OF = DA, F will fall on A. Finally, as 
F = A, FE will take the direction AB; and since 

FE = AB, E will fkll on B, as it ought, since I started by conceiving E as 

placed on B. 

Ex. 5. Describe the application of ABCD in the last figure to EFGH^ 
by beginning with C npon H. 

Ex. 6. Having two equal equilateral triangles, can you apply one 
to the other by beginning indifferently with any one angle of one 
upon any one angle of the other ? Draw two such triangles, and go 
through with the details of the application. 



Fig. 66. 



"^ 86» Frob* — Given two triangles with two angles and the included 
side of the one respectively equal to two angles and the included side 
of the other, to apply one triangle to the other. 

Solution.— [The pupil should first draw any triangle, as 
ABC. Then make a line DF equal to AB, and at the ez< 
tremities D and F make angles, as D and F, reapectiyely 
equal to A and B. This is preliminary.] Haying the two 
triangles ABC and DEF, in which A = D, B = F, and AB = DF, 
I propose to apply one to the other. I will apply ABC to 
DEF. Taking ABC, I place A upon D, and make AB take 
the direcaon and fall upon DF. Bhice AB = DF, B will foil 
upon F. Now keei^Mng the line AB in DF, I conceive the 
triangle ABC to ccime into the plane of DEF. Since A = D, 
the side AC will take the direction DE, and the extremity C 
of AC will fell sottnewhere in the line DE,or in DE produced. 
Also, since B= F, the Ihie BC will take the direction FE, and the extremity C 
of BC will fall somewhere m FE or FE produced. Finally, as C falls in DE and 
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* The teacher mast insist apon the figures being drawn, and that accorately, accordiDg to 
vcUe. 
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Ft hsthf it^ust be at E, tibelr izLierseot^xni. Tlius I £ud that the triangle ABC, 
Ttii^JIP^ll^d to DEF, comcide& with it tlur^ 

Ex. 1.. Given the two triangles DEF and ABC, in which DE=AB, 
D = A,- but E > B ; fihiow how an itttempt 
to apply one to the other fails. 

SoiiirnoiT,— Since angle D = angle A* I ap' 
ply the vertex P to the yertex A, and make DE 
take the direction AB» As DE =r AB, E will fall 
on B, and the 8ide& DE and AB will comcide. 
A^am/ since D = A> the side DF will take the 
direcdon AC when the planes of the triangles 
comcide ; and the extremity F will fall in AC, 
or in AC produced (really in AC produced, in 
thia case). Finally, smce E > B, EF will fall to 
the right of BC, aud the application fails. yiq. 68. 

Ex. 2, Co^struQt; two trapeziums with their respective sides equal, 
as AC=i=HE, AB = HG, BD = CF, and CD = EF, ^ 

but with their angles unequal ; and show how C^ ^ 

an attempt to apply one to the other fails. 

Ex. 3. If the sides of two trapeziums, as in 
the last figure, are equal, and two of the 
angles including a side in one are respectirely 
equal to the corresponding angles in the other, 
as A =;;>!, and. B = C, can gn^ be applied to the 
o&ei^? If soj give the details of the process. 





SECTION VL 

. ABOUT Smn^AB FIGUKES, ESPECIALLY TRIANGLES. 

87. Similar Figures are such as are shaped alike— t. e., have 
the same form. 

A more scientific definition is, Similar Figures are such as have 
their angles respectively equal, and their homologous (correspond- 
ing) sides proportional. 



• Be careftil to di^tingiiieh between the vertex, which is a point, and the angle, ^hich is the 
opening between the linee. 
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88. Homologous^ or Corresponding Sides of similar figures^ 
are those which are included between equal angles in the respective 
figures. 

In Similar Triangles, the Homologous Sides are those 

OPPOSITE THE equal ANGLES. 

III.— The triangles ABC and DEF are similar, for they are of the same 

shape. But it is easy to see that 
ABC is not similar to IHK or 
MON. The pupil should notice 
that A = D, C = F, and B = E, 
Also, side e\aX\ times b, side /is 
1\ times Cy and side <2 is 1^ times 
a; so ^at / : c : : « : 6, and 
f:e::d:a, and d :a : : e :b. 
Now there are no such relations 
existing between the. parts of 
ABC and IHK. The angles B 
and K are nearly equal, but A is 
much larger tlian H, and C is 
smaller than I. Bo these triangles are not mutually equiangular, t. e,, each angle 
in one has not an equal angle in the other. Again, as to their sides, IH is a > 
little less than AC, but HK is greater than AB. These two triangles are, there?^ 
fore, not similar. 

In the similar triangles ABC and DEF, d is homologous with «, since they are 
opposite the equal angles B and E. For a like reason a is homologous with <2, 
and e with f. It may also be observed, that the shortest sides in two similar 
triangles are homologous with each other ; the longest sides are also homolo- 
gous with each other, and the sides intermediate in length are homologous 
with each other. 

Ex. 1. Can a scalene triangle be similar to an isosceles triangle ?<]' 
Can an obtuse angled triangle be similar to a right angled triangle ? . 

Ex. 2. Are all squares similar figures? 

Sua. — First, are the angles equal? Second, is any one side of one square to 
some side of another square as a second side of the first is to a second side of the 
second, etc. ? 

Ex. 3. A farmer has two fields, each of which has 4 sides and 4 
right angles. The first field is 20 rods by 50, and the other 40 by 
80. Are they similar? '-. ^ . 

Suo.— Are they mutually equiangular? Then are the lengths in the same 
ratio as the widths? If they are not similar, how long would the second have 
to be in order to make them similai*? Draw two such figures, and see if they 
look alike in shape> 
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89* Froh. — To find a fourth proportional to three given lines. 



Solution. — I have the three given lines 

A, B, and C, and wish to find a fourth line 
such that 

A shall be to B as C is to ihe^ fourth line, f. e., 
A : B : : C : fourth Une, 

To do this, I draw two indefinite lines OX 
and OY, from a common point 0. On one 
of these, as OX, I lay off Oa = A, and Oc = 

B. Then on th^ other I make Ob = C, and 
drawod. Finally, drawing a parallel to ab 
through the point c (67), I have Od as the line 
sought Thus, calling Ody D, the proportion is 



Ah- 




Fig. 71. 



Oa : Oo : 
A : B 



06 

: C 



Ody or 
D. 



N.B. — The order in which the lines are taken, and the way ofdromin^ the linee 
ab and ed, a/re eesenUal, The following directions will insure correctness : Lay 
off the FiBST and second on the bamb line, as on OX ; and the third on the 
OTHER UNB, as on OY. Tlien join the extremities of the first and third, and 
draw the parallel through the extremity of the second. 



Ex. 1. Show that if the order of the proportionals in Fig. 71 is 
B : A : : C : fourth line, the fourth 
proportional is E, Fig. 71. 

Ex. 2. Show th|it a fourth propor- 
tional to A, B, and C is D. Also^ that 
a fourth proportional to C, A, and B 
is E. Show that, if the order be 
A : C : : B : fourth line, D is still the 
fourth proportional. Show that 
B : c : : A : 2C, nearly. 



B*- 



Dh 



E>- 
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Ex. 3. Solye the proportion 3 : 8 : : 5 : tc, and find x geometrically. 



Bug.— Using the scale of lOOths of a 
foot, the figure is that in the margin. OD 
is the fourth proportional, or aj = OD, 
which is found by measurement to be 18^, 
as it is by arithmetic. 




Fio. 78. 
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90* JProb* — To draw a iriangU similar to a given MangUy dnd 
having a given side. 

8ohxrnoTs.—l»t Method.— 1 havea triflogle. ACB, ^od want tx> make aaotii^r 
similar to it, but having the side homologous to BC equal to a. I ckaw an 
indefinite line, and on it take EF, equal to a. Then at F I make an angle equal 
to C, and make the side indefinite. Now I find 
a fourth proportional to BC, EF; and AC. Haying 
found thia, as in the last article, I lay it off fW)m 
F, as FD. Drawing DE» I have DEF, the triangle 
required. 

I can readUy satisfy xnyself that DEF is simi- 
lar to ABC, to besides the &ct that it looks aa if 
it were of the same shape, hj measuring the other 
two angles, I find that E :=: B, and D = A. Mojre* 
over, I know that BC, EF, AC, and DF are pro- 
poi^ional, because I made them so. And, by 
finding a. fourth proportional to BC, EF, and AB, 
I find it exactly equal to DE. In like manner 
constructing a fourth proportioned to AC, DF, and 
AB, I find it to be DE. 8o that the two triangles 
are mutually equiangular, and have their homolo- 
gous sides (those opposite the equal angles) pro- 
portional. Hence, the triangles are similar.- 

« 
2(2 Method.— But an easier way to constnict DEF la to make the angle F = 
C as before, and then make E = B, and produce the sides till they meet in D. 
The triangles will then be similar, and tlie proportionality of the sides can be 
tested. 

Ex. 1. Given a triangle whose sides are 7, 11, and 15, to construct 
a similar triangle having the side corresponding to the one which is 
11 in the given triangle,. 8. 

Ex. 2. Construct two triangles with equal angles, and then com* 

pare the sides, and see whether 
you can make two triangles whose 
angles shall be respectively equal, 
and their sides not be pn>ppr- 
tional. 



SuG.—Having the triangle ABC, make 
DEF equiangular with it, and then 
compare the homologous sides. In the 
figure D is made equal to C, and F to 
A; whence E = B. DE and BC are 
homologous sides, because opposite the 
equal angles F and A. DF is homolo- 
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gou9 with- AC, becai^e it is opposite, augle E, which equals 3. For a simi- 
lar reason £F is homologous with AB. Now, taking two sides of ABC, as BC 
aud AB, and a side of DEf homologous with one of them, as DE,'and finding a 
fourth proportional O0, it will be found exactly equal to EF ; so that 
. . BC : DE : i AB : EF {^ 0<:/>. ^ 

Ex. 3. Make two triangles, two of whose angles shall be, one | 
and the other J of a right angle ; but make the side included between 
these angles twice as great in the second triangle as in the first. 
W^at will be the ratio of the side oppoi^te the angle f in the first 
triangle to thq homologous side in the sec6nd ? What the relation 
of the sides opposite the a&gles i ? -. 

Ex. 4. If you make one triangle whose sides are 5, 8, and 3; and 
a second whose sides are 15, 24, and 9, Will they be mutually equi- 
angular? Which angles are the equal ones ? Which are the homol- 
ogous sides? 

Ex. 5. There are three paits of similar 
triaugies in Fig. 76. Can you point them 
out? Also point out ^feif homologous 
parts. Are all the triangles which you 
can make out from the figure similar to 
each other? ' ^ '• Fi^/to.-" 

Ex. 6. Wishing to know the height EC of a house, I set up a 
stake DB 5 feet long; and putting my 
eye close to the ground, I moved back 
from the stake to A, so that the top of 
the stake and the top of t^e house were 
just in range (in a line).' Tfien by meas- 
uring I found AB = 10 feetj and AC = 80 
feet. What was the height of the house ? A 

Ex. 7. If you take three sticks of difiereht lengths atid pul^ them 
together by joining their ends two and two, so as to represent a 
trijBttigle ; can you, by putting tpgether the same sticks in. a .different 
order, make a triangle of different form from the first ? Will the 
angles opposite the same sticks always be the same? 

Ex. 8. If you take more thah three sticks (say 4), and make of 
them the boundary of a figure, by putting their ends together two 
and two, can you put therii together so as to make another figure of 
different form ? Can you make figures having difierent angles ? 

Ex. 9. K you take three sticks, A 3 inches long, B 5 inches, 
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and C 6 inches ; and also three other sticks, D 9 inches long, E 15 
inches, and F 18 inches ;* can you place them together so as to make 
dissimilar triangles ? Will the corresponding angles of the two tri- 
angles be equal howeyer you may arrange the sticks ? K the sides 
of two triangles are proportional, will their angles be equal and the 
triangles similar? 

Ex. 10. If you take four sticks, A 3 inches long, B 5 inches, C 6 
inches, and K 4 inches; and also four other sticks, D 9 inches long, 
E 15 inches, F 18 inches, and L 12 inches ;* can you glace them to- 
gether so as to make four-sided figures which shall be dissimilar 
(i. e.y not of the same shape) ? Will the corresponding angles of the 
two figures be necessarily equal? If the sides of a four-sided figure 
are proportional, does it follow that the corresponding angles are 
equal, and the figures similar? 

Ex. 11. Why do the braces in the frame 
of a building stiflfen it? Is a four-sided 
figure stiff? t. «., are its angles incapable 
of change while its sides remain of the 
same length ? Can the angles of a triangle 
be changed while the sides remain un- 
changed ? 
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SECT/ON VII. 

ABOUT AREAS. 

91. A Quadrilateral is a plane surface inclosed by four 
right lines. 

92. There are three Classes of quadrilaterals, viz., Trapeziums^ 
Trapezoids, and Parallelograms. 

93 o A Trapezium is a quadrilateral which has no two of its 
sides parallel to each other. 

94:. A Trapezoid is a quadrilateral which has but two of its 
sides parallel to each other. 



• Notice that the Bides arc proportional, i. €., in the same ratio taken two and two. 
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95. A ParoMelografn is a quadrilateral which has its oppo- 
site sides parallel. 

96. A Rectangle is a parallelogram whose angles are right 
angles. 

97. A Squa/re is an equilateral rectangle.* 

98. A JBhontbtis is a parallelogram whose angles af^not right 
angles, and all of whose sides are equal \ 

v/ 

99* A Mhonibaid is a parallelogram whose angles are not 
right angles, and two of whose sides are greater than the other two. 



iLii. — The figures in the 
margm are all quadrilat- 
erals. A is a trapezium. 
(Why?) B is a trapezoid. 
(Why?) C,D,E, and Fare 
parallelograms. (Why ?) 
and E are rectangles, 
although D is the form 
usually referred to by the 
term rectangle. So C is 
the form usually referred 
to when a parallelogram is 
spoken of, without saying 
what kind of a parallel- 
ogram. C is also a rhom- 
boid. (Why?) E is a square. 
(Why?) F is a rhombus. 
(Why?) This page is a 
rectangle; so also are the 
common panes of glass. 




Fio. 79. 



100* A JDi-agonal is a line joining two angles of a figure, not 
adjacent. 

III.— In common language, a diagonal is a line rmming " from comer to 
comer." 

Ex. 1. To construct a square, having given a side ; or, in other 
words, to construct a square on a given line. 



* The papil ehotild be able to give this and all similar definitions at length. Thus, A Squaie 
ia a Boiftce inckMed by four equal right lines making right angles with each other. 
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l8i Meihod.'^Let A be the given side/ Draw 
the indefinite line OX, and lay off OM =r A. At 
M erect a perpendicular MY, as taught in (44). 
On this take MN = A. From N arid as centres, 
with a radius equal to A, describe arcs intersect- 
ing, as at P. Draw NP and PO. 

. 2d Method.-^hei Q be the given ade. Con- 
struct equal angles at the extremities of Q, and 
produce the sides till they meet, and one of 
them till it will meet another side of the square 
proposed. With S as a centre, and ST or SR as 
radius, describe a semicircle. Draw RV, and it 
forms a right angle at R. The construction can 
now be finished as before. 

Ex. 2. Construct a rhombns whose side 
is 2 inches, and one of whose acute angles 
is I of a right angle. 

^'®- ^' Ex. 3. Construct a rectangle whose ad- 

jacent sides are 3 and 5.* 

Ex. 4. Construct a rhomboid whose adjacent sides are 3 and 7, 
and their included angle ^ a right angle. 

Ex. 5. How many diagonals has a triangle pi' How many hag a 
quadrilateral P-?' How many has a figure with five sides (a pentagon) ? £^ 
Of six ?> Of eight ?^ J 

101» The Area of a surface is the number of timos it contains 
some other surface taken as a unit of measure ; or it is the ratio of 
one surface to another assumed as a standard of measure. 

102. The Unit of Area usually assumed is a square, a side of 
which is some linear unit: thus, a square inch, a sqtcare foot, a 
square yard, a square mih, etc. By tjigse terms is meant a square 1 
inch on a side, one foot on a side, one yard on a side, etc. 

The acre is an exception to the general rule of assuming the 
square on some linear unit as the unit of area, there being no linear 
unit in use whose length is the side of a square acre. 

III. — ^The area of a board la the number of squares 1 foot on a ^ide whlidi it 
would take to coyer it The area of a floor may be ^M)ken of in squicre yai'ds, 
and is the same as the number of square yards of carpeting it would take to 
cover it. 



* *f aVp any convenieiit nnit, w | inch, 1 inch. 
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103. The Altitude of a parallelogram is the distance between 
its opposite sides ; of a trapezoid, it is the distance between its parallel 
sides; of a triangle, it is the distance from any vertex to the side 
opposite or to that side produced. 

104* The JBases of a parallelogram or of a trapezoid are the 
sides between which the altitude is conceived as taken ; of a triangle, 
it is the side to which the altitude is perpendicular. 

III. — The dotted lines in B, C, D, and F, i%. 79, represent altitudes. 
]WTien the altitude is the distance between two parallels, the figure has two 
l)ases. The altitude of a parallelogram may 
be reckoned between either pah* of parallel 
sides, but it is most common to conceive it as 
the distance between the two longer sides. 
The altitude of ^ rectangle Ib the same as 
either side to which it. is parallel. A triangle 
may have three altitudes, and any side of a 
triangle may be conceived as its base. In 
Fig. 81, AB is conceived as the base in each case, and CD the altitude. 

Ex» What side of a triangle must you conceive as the base, in 
order that the altitude shall fall upon it, and not upon its pro- 
longation ? From what angle will the altitude be reckoned in such 
a case? 




'j^lO&. Theorem. — The area of a rectangle is the product of its 
two adjacent sides/ or, what is the same thingy the product of its 
altitude and iase, 

III.— tet ABCD represent a rectangle, of which AB is 8 units long, and 
AC 5. Now, let ua conceive a square a constructed on one of these units. 
Using this surface as the unit of area, it is evident 
that in the rectangle ckBd there win be 8 such. 
Hence, the area of this rectangle is 8 (square imits). 
Now, drawing parallels to the base . through the 
several points of division of the altitude, it is evident 
that the whole rectangle ABCD is made up of as 
many rectangles like ckBd as there are units in the 
altitude— in this case 6. Hence the wliole area is 6 
times the area of cAB(2, t «., 5 times 8. (square imits) 
= 40 (square units). 

N.B.— 7%e pupil ahovM he careful to observe that the language ^^produet of 
6a« inio akitudey^ ia ordtf a convenient farm cf abbremated expreaaan,. It is 






■H"4-T"i-^''^!^ 
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Just as absurd to talk about multiplying a line by a line, as to talk about multi- 
plying doUars by dollars. Thus 8 inches in length can be taken 5 times, and 
makes 40 inches in length. But what does 9 inches in length, multiplied by 5 
inches in length mean ? Or what is 8 dollars taken 5 dollars times ? The multi- 
plier must always be an abstract number, and the product be like the maltipli- 
cand, from the very nature of multiplication. With this the explanation given 
above agrees. When we say that the area of ABCD = 8 x 5, we mean 5 times 
8 square units, wliich equals 40 square units. 



106» Theorem, — Tfie area of any parallelogram is the same as 
the area of a rectangle having the same base and altitude as theparah 
lelogramy and hence is the product of its base and altitude. 

III.— This truth is easily illustrated by cutting out a parallelogram, as 

ABCD. Then, cutting off the triangle DEC, 
being careftd to make DE perpendicuhu* to 
EC, and placing DC upon AS so as to bring 
the triangle DEC into the position AFB, the 
two parts will Just make up the rectangle 
AFED. Hence we see that the area of ABCD 
is the same as the area of AFED, which latter 

is a rectangle having the same base AD, and the same altitude ED, as the given 

parallelogram. 
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107. Theorem* — The area of a triangle is half the product of 
its base and altitude. 

III.— To illustrate this truth, cat out two triangles A and B just aUke, By 

placing them together, a 

7 parallelogram can be 

A / formed whose base and 

B ^^ altitude are the same as 

the base and altitude of 

F»o- 84. the triangle. The area of 

the parallelogram is the product of its base and altitude. Hence the area of 

one of the triangles is one-half the product of its base and altitude. 

In fkct, by cutting one of the triangles, as A, into two triangles, its parts can 
be put with B so as to make a rectangle having the same base and altitude as 
the triangles. [The pupil should do it.] 




'^08. Theorem^— The area of a trapezoid is the product of its 
altitude into the line joining the middle points of its inclined sides. 

III.— To illustrate this truth, cut out any trapezoid, as ABCD, and through 
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the middle of the inclined sides, as a and d, cut 
off the triangles Aam and 3bn, being careful to 
cut in lines am and hn perpendicular to the 

base. These can be applied as indicated in the 

figure, so as to fill out the rectangle omnp, A nv tv B 

Hence we see that the area of the trapezoid is Fig. 86. 

just equal to the product of its altitude into the line joining the middle points 
of its inclined sides, as ab, 

Ex. 1. How many square yards of plastering in the walls of a 
room 20 feet by 30, and 15 feet high, including the 'ceiling? 

Ans. 233^. 
Ex. 2. A salesman is selling a piece of velvet which is worth $8 
per yard. The velvet is cut " on the bias/' as the technical phrase 
is, t. e,y obliquely, instead of square across. The piece he is selling is 
measured along the selvedge in the usual way half a yard. He is 
disposed to charge the customer somewhat more than 14. Is he 
right ? . The customer claims that he is getting but half a yard of 
velvet, and so ought to pay but $4. Is he right ? 

Ans. Both are right, — the salesman in his demand, and the 
customer in his statement. How is it ? ^,'|^- ^^ 

Ex. 3. There are two parallel roads one mile apart. A has a farm 
which extends along^aP ^^ the roads half a mile, and the lines run 
perpendicularly from orje road to the other. B has a farm Ijing be- 
tween the same roads, and half a mile front on each road, but run- 
ning obliquely across. Whicja 
has the larger farm ? .itU^9 

Ex. 4. Of the four triangles 
ACB, ADB, AEB, and AFB, Fig, 
86, which has the greatest 
area, CF being parallel to AB ? i < ^ , ^t . 

Ex. 5.. Which is the largest triangle which 
can be inscribed in a semicircle, having the 
diameter for its base ? 

Ex. 6. Can you vary the area of a triangle 
while the sides remain of the same length ? 
Can you vary the area of a quadrilateral while the sides remain of the 
same length ?/]/^^ 

Ex. 7. If you have two lines each 5 inches long, and two each 3 
inches long ; into what kind of a parallelogram must you form them 
in order to have its area the greatest ? , \^ . .- 

4 




Fig. 86. 
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Ex. 8. Eough boards are usually narrower at one end than at the 
other, for which reason the lumberman measures their width in the 
middle. What is the number of square feet in the following ; 

12 boards 16 feet long, 10 inches wide (in the middle) ; -^^^3^ 
15 boards 11 feet long, 9 inches wide " " ; .^yT 
8 boards 10 feet long, 13 inches wide " ^^-^ " ? +^Ut£L 
What principle is involved in such measurement ? ^ '^unir^^fci^ 

Ex. 9. What is the area of a triangle whose altitude is 6 &et, and 
base 10 feet ^iDAre these elements suflBcient to fix the fann of the 
triangle? . Ho, 

Ex. 10. If a line be drawn from any angle of a triangle to the 
middle of the opposite side, what is the relation of the areas of 
the two partial triangles ? , Why ? 



THE PYTHAGOREAN PROPOSITION. 

>109. Theorem. — The square described on the hypotenuse of a 
right angled triangle is equivalent to the sum of the two squares 
described on the other two sides. 

III. — ^The meaning of this proposition may be illustrated thus : Let ABC be 
a right augled triangle, right angled at C, and the 
sides AC and CB be 4 and 3 respectively. Then 
measuring AB, it will be found to be 5, and we 
observe that 4' + 8' = 5*. This is also seen from 
the figure, in which the square on AC contains 
4'= 16 square units, and that on CB 3'= 9 ; while 
that on AB contains 5' = 25, t. «., as many as on 
both the other sides. We cannot so readily illus- 
trate the truth of the proposition when the ratio 
of the sides is any other than that of 3, 4, and 5, 
but it is equally true in all cases, as will be proved 
IPio. 88. in the next part of this book. 

Ex. 1. Can you make a right angled triangle whose sides shall be 
5, 8, and 10? 

SuG.— As 10 is the longest side, it will have to be the hypotenuse. Now 5* 
+ 8» = 25 + 64 = 89. But 10* = 100. Hence, 10 is too long for the hypote- 
nuse of a right angled triangle whose other sides are 5 and 8. 

Ex. 2. Can you make a right angled triangle whose sides shall be 
9, 12, and 15? 
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Ex, 3. A carpenter has framed the four sills of a building to- 
gether, and placed them on the foundation. He then wishes to 
adjust them so that the angles shall be 
right angles. He places one end of his 
ten foot pole ah at a, 6 feet from c; and, 
holding it in position^ jorders his attendants 
to move the sill AB to the right. How far 
will the end h of the pole be from c wh^n ; 
the angle B is a right angle? 6^ i - 'f^/ /^ ^ > f!**^- 'iL^ ^ ^ 

Ex. 4. A gate is to be 10 feet long and 4 feet hign. How long 
must the brace be to go in as a diagonal and hold the gate in the 
form of a rectangle ? /J, // 

Ex. 5. The angles of a room are all right angles, and its dimen- 
sions are 20 feet by 30 on the floor, and 15 feet high. What is the 
length of the longest diagonal extending from one comer on the 
floor to the opposite comer in the ceiling ? 
r^^\^ V^^"^^ ' . '* r'i^ns. A little more than 39 feet. 

Ex. 6. The numbers 3, 4, ana 5 are much used by artizans as 
parts of a right angled triangle. Will any equi-multiples of them 
answer the same purpose, as twice them, t. e., 6, 8, and 10 ; or three 
times them, as 9, 12, and 15, etc.? %a^ t- '^ v 4 » . .. ^ > y . 

Ex. 7. In an obtuse angled triangle, is the square of the side oppo- 
site the obtuse angle grater or less than the sum of the squares of 
the other two sides ? flow is it with the square of the side opposite 
an acute angle ? 



SuG.-^n the right angled triangle ABC, AC = 
6B' + AB*. In the obtuse angled triangle C^is 
equal to CB in ^e right angled triangle. But AC'" 
is greater than AC"; hence AC" > BC" + AB'. 
By a similar inspection the other case may be 
detennined. 
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110. JProh. — To find a mean proportional between two lines. 

Solution. — ^I wish to find a mean propor- 
tional hetween the lines M and N, i, «., a line 
«, such that 

M : a; :: a; : N, whence «" = M X N, and 
«= VM X N. 

I draw a line^AB equal to the sum of M and 
K makmg DB = M, and AD = N. I draw a 
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semicircnmference on AB, and at D erect CD perpendicular to AB. CD is x^ 
the mean proportional required. 

Ex. 1. To constmct a square which shall be equal in area to a 
given rectangle. 

Sno.— Draw any rectangle. Then find a mean proportional between its 
adjacent sides as described above. A square constructed on this line will be 
equal in area to the rectangle; since, ifxiB the side of the square, and M and N 
are the adjacent sides of the rectangle, a:* = M x N. But a^ is the area of the 

square, and M x N is the area of the rectangle. 

• 

Ex. 2. To find the square root of 15 by means of the niler and 
compasses. 

SuG^Since 15 = 8 x 6, if DB =: 8 and AD = 6, Ftg. 91, x (CD) = -^/YITE 
= V 15. Therefore, making a figure having DB and AD at these lengths, 
CD can be measured, and thus the square root of 15 obtained, approximately, in 
numbers. 

N. B. — In meh u case CD repretenU exa/eUy the reqtiired rooty aUh/ntgh tM 
may not be able to express the wdue exactly in numbers. In this case geometry 
does exactly what arithmetic can only do approximately. 

Ex. 3. Draw a line which shall represent, exactly, the square root 
of 6. 

SuG.— Make DB = 1, and AD = 5. 

Ex. 4. Draw a rectangle whose adjacent sides are 2 and 3, and 
then draw a square of the same area. 



'^111. Theorem.— The areas of similar triangles are to each 
other as the squares of their homologous sides. 

^ III.— The meaning of this is, that if ABC and DEF 

»< are similar, and any side of ABC is 2 times as great as the 

In. ■ homologous side of DEF (as is the case in the figure, CB 

\ N. being = 2FE, CA to 2FD and AB to 2DE) the area of 

U-- — -^V. ABC is 4 times the area of DEF. In fact, in a simple 

\ \.^ 1 >v case like this, we can divide ABC into four triangles 

\ ^^"v.\ N^ exactly equal to DEF, as is done by the dotted lines. 

A B 

Ex. 1. A and B have triangular pieces of land, 

K which are similar to each other, and similarly 

1 N. situated. But A's front is to B's as 5 to 3 ; how 

' ^ much more land has A than B ? 

jfi^y^ . . Ans. 2| times as macli. 
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Ex. 2. In order that one triangle may be similar to and 4 times as 
great as another, how must any side 
of the first compare with the ho- 
mologons side of the second?. ^\ \^ 

Ex. 3. In order that the areas of 
two similar triangles may be to 
each other as 4 to 9, what must 
be the ratio of their homologous 
sides? <^ ! J 
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112m Theorem, — The homologous sides of similar triangles are 
to each other as the square roots of their areas. 

This theorem is involved in the theorem that the areas of similar triangles 
are to each other as the squares of their homologous sides. It is Illustrated in 
the preceding examples, 

Ex. Construct a^ triangle with one of its sides 2 in length. 
Then construct a similar triangle 1^ times as large. What must be 
the length of the side of the second triangle which is homologous 
with the side 2 of the first. 



Solution.— Let CAB be the given triangle, whose side AB i^ 2. Since the 
second is to be H times as great as the firsts the ratio of the areas is 2 : 3. 
Hence, v^- V^ 

:: AB (o^ S) : a?, \ A. 

the side of the re- 
quired triangle ho- 
mologous with side 
2 of the given tri- 
angle. Construct 
the square roots of 
2 and 8, as a5 and 
ac in the figure, 
and then find a 
fourthproportional 
to aby ae, and AB, 
This is found to be 
ay. Taking DE =z 

ay J construct on it a triangle DEF similar to ABC, and it will be 1^ times as 
large. 
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THE AREA OF A CIRCXE. 

' 113. Theorem. — The area of a circle whose radius is r, is ;rr*, 
f. e,y 3.1416 times the square of its radius. 

III.— If we take a circle whose radios is r and circumscribe about it a square 
ABCD, we obserye that the area of this square is ir*. Hence we see that the 
area of a circle is 2688 than 4 times the square of its radius. Again, drawing two 
diameters EF and CH at right angles to each other, 
^ and joining their extremities, we have the inscribed 

square CEHF. The area of this square is equal to 
the area of the two triangles CEF and EHF. But^ 
area CEF = iCO x EF = irxar = r»; and in like 
manner EHF = r». Hence area CEHF = 2r*. 
We thus see that the area of a circle is more than 
two times the square of the radius.. The area 
of a circle is therefore somewhere between vtwo 
and four times the square of its radius. Just how 
many times r* the area is, we do not propose to find 
in this place, but only say that it has been found to 
be 8.1416 times r*. We must also remark that this 
is noieoDoet; but it is near enough for practical purposes. In fact, nobody 
knows exactly how many times the square of the radius the area of a circle is. 

Ex. 1. If you cut &om ^ square the largest possible circle, show 
that you cut away a little less than J of the square, or more exactly 
.2146ofit. ^^'IW ^|-'l- ^j '\ V Pv '« '- /ijtipi^ 

Ex. 2. What is the area in acres (ff a circle wh6se dftdmeter^s 3 

miles? ' J / . . ^ I j\ 5 ^ -^ K ] ^ •-,- ^na. 4523.904. 

Ex. 3. A horfee is so tied ^o a tree^tfiai he can graze on every side 
of it to a distance of 100 feet. What is the area in acres oyer which 
he can gr^ze? ' ' ' ^ >' , -^^** A ^^^J® le^ &an f of an acre. 
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Ex. 4. What is the area of a circle whose radius 



[Remember this result] 

Ex. 6. What is the area of a circle whose radius is 2 ? 3 ? 4 ? 
How do these areas compare with the area of a circle whose radius 

isl? : \ I ^' '.\ . A 

' \ \'^^' ') 

114. Theorem'.— ^e^ei 
squares of their radii. 

III. — This is readily seen from the last theorem. Thus the area of a circle 
whose radius is 5 is 259r ; and of one whose radius is 6, the area is Z^ie. Now, 



ureas of circles are to each other as the 
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the ratio of these areas 257r : 36;r is tke same as 25 : 86, i, e.^ as the squares of 
the radii of the two circles. 

Ex. 1. In the figure the radius of the outer 
circle is twice thatof the inner. How do their ^ — j — ^s. 
areas compare ? ^ How do' tnel^^parfs into which /^ \ >. 

the larger cirple is ^divided compare with €ach / s /^ "\ ^\ 

other? cp^J ^^iU^ I f ^ J J 

Ex. 2. The radii of 2 circles are 3 and 5 re- V* -^ — / 
spectively ; what is the relation of their areas ? ^v^_^_^.-'^ 

Ans. 9 : 25 ; or one is 2| times as large as the ^j^ ^ 

other. i^.-9 .^2 .,; ^ ,o,^- ^ .. ;.; ^. .- - 

Ex. 3. I have a circle whose radius is 5, and wish to make another 
whose area is twice as great ; what must he its radius ? 

i'^-lol^lz ^6 V ^( - l.'^Jl -4w5. \/50, or 7.071 nearly. 

Ex. 4. Can we compare the areas of circles hy means of the squares 
of their diameters as well as by means of the squares of their radii ? ' • 
How much greater is the square of the diameter of any circle than 
the square of the radius? L r ^ ^ , ^, - 

Ex. 5. Two 5-inQh stovepipes run together into one 7-inch pipe. 
Is the capacity of the one pipe equal to that of the two ? i^ 1'^ ^7 ^ 

Ex. 6. Two men bought grindstones of "^iqual miclmess. ^ 'The 
stones cost $4 and $9 respectively. One was 2 feet in diameter and 
the other 3. . What was the diflference in the rates paid ? ^ v r ("^a > y 

X SECTION VIIL 

OF POLYGONS. 

lis. A Polygon is a portion of a plane bounded by straight 
lines. 

The word polygon means many-angled ; so that with strict propriety we 
might limit the definition to plane figures with five or more sides. Tliis limita- 
tion in the use of the word is frequently made. 

tlQ^ A polygon of three sides is a triangle; of four, a quadrilat- 
eral; of five, s, pentagon ; of six, a hexagon; of seven, a heptagon; 
of eight, an octagon; of nine, a nonagon; of ten, a decagon; of 
twelve, a dodecagon. 
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117* A Mefftdar Polygon is a polygon whose sides are 
equal each to each, and whose angles are equal each to each. 

118, The Perimeter of a polygon is the distance around it, 
or the sum of the bounding lines. 



119 • Theorem. — Any polygon may ie divided ly diagonals 
drawn from any angle, into as many triangles as the polygon has 
sidesy less two sides. 

III. — Iq the figure the polygon has 7 sides. 
By drawing the diagonals from C to the other 
angles, we divide the polygon into 5 (7—2) 
triangles. 




Fie. 97. 



120. Theorem.— The sum of the an- 
gles of any polygon is twice as many right 
angles as the polygon has angles {or sides), 
less four rig^t angles. 



III.— Draw a polygon, as ABCDEFC, and the arcs a, ft, c, d, e,f, g, measuring 

its angles. With the same radius draw a 
circle. Beginning at some point, as O, 
lay off OA = a, AB = b, BC = c, CD = d, 
DE = «, EF =/, and PC = g. It is found 
in this case that the sum of these meas- 
ures is two circumferences and a hal£ 
Now, one circumference is the measure 
of 4 right angles. Hence, 2i circumfer- 
ences measure 3^ x 4 = 10 right angles. 
Thus it appears that the sum of all the 
angles of the polygon is 10 right angles. 
This agrees with the theorem; for, by 
that, the sum should be 2 right angles x 7 
— 4 right angles, which is 10 right angles. 




121. Prob.- 

lar polygon. 



•To draw a regu- 



Fia. 96. 



as the polygon has sides, 
of the polygon. 



Solution. — Draw a circle, and divide 

the circumference into as many eqiud ares 

The chords of these arcs will constitute the perimeter 
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The practical difficulty lies in dividing the circumference as required. The 
circumference can be divided into 6 equal arcs by {55). Drawing radii to these 
points of division, and bisecting the included angle, a division into 12 equal 
parts is effected. These can be again bisected, and the division into 24 equal parts 
effected, etc. Again, the circumfei-ence can be divided into 4 equal parts by 
drawing two diametera at right angles to each other (see Fig. 95). These arcs 
can be bisected as indicated above, and the division into 8 equal piarts effected. 
Bisecting the latter arcs, we have 16 equal parts, etc. There is also a way to 
divide the circumference into 10 equal parts, but it is too difficult to be given 
here. For all regular polygons except those of 8, 6, 12, 24, etc., and 4, 8, 16, etc., 
sides, the pupil, at this stage of his progress, is expected to effect the division 
bytriat. 



EXERCISES. 

1. By drawing diagonals from any one angle, into how many tri- 
angles can a pentagon* be divided? J Show it with a figure. Into 
how many an octagon ?i> A dodecagon ?jtf A nonagon ? *! A hexagon ? 4 

2. What is the sum of the angles of a hexagon ? STDetermine the 
number mentally, and then measure the angles geometrically, as in 
the solution of {120), observing that the latter result verifies the 
former. In like manner determine the sum of the angles of a pen- 
tagon.^ Of an octagon-y^Of a decagon.//pf a nonagon./ (.Of a tri- 
angle. ^ Of a quadrilateral. 2f 

3. If the angles of a hexagon are equal each to each — that is, if 
the hexagon is equiangular — what is the value of any one angle ? 

Ans. IJ right angles. 
[Note.— A regular polygon is equiangular.] 

4. What is the V9;lue of any angle of a regular octagon?/^ Of a 
regular pentagon ?/^ Of a regular dodecagon ? ^ 

Anstoer to the last. If right angles. 

5. Construct a regular dodecagon, 

6. Construct a regular heptagon. 

SuG'a— Observing that as the chord for the hexagon 
Is the radius, and hence the chord for the heptagon is 
a UtUe less, we can readily find by ^no^ just how wide 
to open the dividers so that they shall step around 
the circumference at 7 steps. This is not a veiy 
scientific way of constructing a figure, it is true, but 
it is the only way we can get the chord in this case. ^FigToq. 

* Polygons are not to be asaume^egalar unless they are so designat^. 
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7. Construct a regular octagon. 
Bug.— See the general solution (121), 




Fxa. 101. 



8. Construct a regular nonagon. 

Solution.— First get a quarter of the cir- 
cumference by marking the points where two 
diameters at right angles to each other would 
cut the circumference. AX is an arc of 90°. 
Then from A take AY = 60** by using radius as 
a chord. YX is therefore an arc of SO"*. Divide 
this into three equal parts by trial. Measure 
YB equal to two-thirds of YX, and AB and BC 
are arcs of 40°, and the chords AB and BC are 
chords of the regular nonagon. 



9. To draw a five-point star. 

Solution.— Draw a circle, and dividing the 
circumference into five equal parts, join the 
alternate points of division, as in the figure. 



10. To circumscribe a square about a circle (36). Also an equi- 
lateral triangle, and a regular hexagon. 



SYNOPSIS OP PLANE FIGURES. 
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Oh 



What? 



o 

GO 

m 

O 



OQ 

o 

O 



GQ 

% 
a 

O 



What? 



Triangles. 



Sides. Perimeter. 
What? Altitude.^ 
' Scalene. ^ 






Isosceles. > 



3 -^ [Equilateral.* J S ^ I^Obtusi 



Diagonal. - 
Base. 

'2 g f Acute. V 

1 1 j Right. - 

7^ ^ 



QUADR^LAT- ^ 
ERALS. 



Pentagon. 
Hexagon.^ 
Heptagon. ^ 
Octagon. 
Nonagon, etc. 



What? 
Trapezium. ^ 
Trapezoid. 

I^arallelo- 
gram. 



Ehombus. ' 
Ehomboid. 

■R^^+o« ( ^1*^ unequal 
9^^^^-^ sides, 
g^l^^'l Square. 



Eegular. What? 



I Circle. < 



r What? 

Circumference. 

Centre. ^ 
j^Kadius, Diameter. 



r Ellipse. 
Conic Sections.* \ Parabola. . 
( Hyperbola. • 

Higher Plane Curves.* 



♦ Thepe are inserted simply to give completeneea. Of couree, the utudent is not expected 
to know more than their names. 



PART II. 



THE FUNDAMENTAL PEOPOSITIONS OP ELEMENT- 
AEY GEOMETEY, DEMONSTRATED, ILLUS- 
TRATED, AND APPLIED. 



OHAPTEEL 

PLANE QEOMETBY. 



SECTION I. 

OF PERPENDICULAR STRAIGHT LINES. 



PROPOSITION L 

122. Theorem. — At any pmit in a straight line, one perpen-- 
dicuhr can be erected to the line, and only one, which shall lie on the 
same side of the line. 

Dem.— Let AB* represent any line, and P be 
/O any point therein ; then, on the same side of 
f AB there can be one and only one perpendic^ 

ular erected at P. For from P draw any ob- 
lique line, as PC, forming with AB the two 
angles CPB and CPA. Now, while the ex- 

Q tremity P, of PC, remains at P, conceive the 

line PC to revolve so as to increase the less of 
^^®- ^^' the two angles, as CPB, and decrease the 

greater, as CPA. It is evident that for a certain position of CP, aa C'P, these 

* In class recitation the papil Bhonld ^ to the blackboard, after having had h!s proposition, 
assigned him, and first draw the figure required for the demonstration. This shoald be done 
neatly, accurately, with dispatch, and leithout any aids. The figure being complete, he 
stands at the board, pointer in hand, enunciates the proposition, and then gives the demon- 
stration as it is in the text, pointing to the several parts of the figure as they are referred to. 



^ 



OF PERPENDICXJLAB LINES. 



61 



angles will become equal. In this position C'P becomes perpendicular to AB 
(26)n* Again, if the line C'P revolve from the position in which the angles 
are equal, one angle will increase and the other diminish ; hence there is only 
(me position of the line on this side of AB in which the adjacent angles 
are equal. Therefore there can be one and only one perpendicular erected to 
AB at P, which shall lie on the same side of AB. q. e. d. 

123* Cor. 1. — On the other 8ide of the line a second perpen- 
dicular, and only one, can he drawn from the same point in the line. 

124:, Cor. 2. — If one straight line meets another so as to make 
ike angle on one side of it a right angle, the angle on the other side is 
also a right angle, and the first line is perpendicular to the second. 

125. Cor. 3. — If two lines intersect so as to make one of the 
four angles formed a right angle, the otJier three are right angles, and 
the lines are mutually perpendicular to each other. 

n 
Dem.— Thus, if CEB is a right angle, CEA, 

being equal to it, is also a right angle. Then, 

as AEC is a right angle, the adjacent angle 

AED is a right angle, since they are equal. 

Also, as CEB is a right angle, and BED equal 

to itjJBED is a right angle. Hence CD being A 

perpendicular to AB, AB is perpendicular to 

CD, as it meets CD so 'as to make the adjacent 

angles AEC and AED, or CEB and BED equal to 

each other (43). _^ 

Fig. lOa. 



PROPOSITION n. 

126. Theorem. — When two straight 
li7ies intersect at right angles, if the por^ 
tion of the plane of the lines on one side 
of either line he conceived as revolved on 
that line as an axis until it coincides 
with the portion of the plane on the other i 
side, the parts of the second line will coin- 
cide. 



"B 



D 

Fig. 104. 



Dem.— Let the two lines AB and CD intersect 
at right angles at E ; and let the portion of the 
plane of the lines on the side of CD oif which 
B lies be conceived to revolve on the line CD as an axis,t until it falls in the 

♦ When a preceding principle is referred to, it should be accurately quoted by the pupU., «' i, 
t As if the x>aper, which may represent the plane of the lines, were folded in the line CD. 

It is important that this process be clearly conceived, as it is to be made the basis of many 

fabeeqnent demonstrations. 
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portion of the plane on the other side of CD. Then will EB fall in and coincide 
with AE. 

For, the point E being in CD, does not change position in the reyolntion ; 
and, as EB remains perpendicular to CD, it must coincide with EA after the 
revolution, or there would be two perpendiculars to CD on the same side and 
from the same point, E, which is impossible (122). Hence EB coincides with. 
£A. q. b. d. 



>k 



PROPOSITION in. 



127. Theorem* — From any point without a straight line, one 
perpendicular can he let fall upon that line, and only one. 



p 



/ 



Dbh. — Let AB be any line, and P any point without the line ; then one per- 
pendicular, and only one, can be let fall from P 
upon AB. 

For, conceive any oblique line, as PC, drawn, 
making the angle PCB>PCA. Now, while the 
extremity P of this line remains fixed, conceive 
the line to revolve so as to make the greater angle 
PCB decrease, and the less angle PCA increase. 
At some position of the revolving line, as PD, the 
two angles which it makes with the line AB will 
become equal. When these adjacent angles are equal, the line, as PD, is per- 
pendicular to AB {20 f 43). Moreover, there is ordy one position of the line in 
which these angles are equal ; hence, only one perpendicular can be drawn 
from a given point to a given line. q. e. D. 



, r,-s 



D E 
Fio. 106. 



C 8 



*-c 



pV 



Pig. 106. 



PROPOSITION IV. 

128. Theorem. — From a point with- 
out a straight line, a perpendicular is the 
shortest distance to the line. 

Deh. — Let AB be any straight line, P any point 
without it, PD a perpendicular, and PC any 
oblique line ; then is PD < PC. 

Produce PD» making DP' = PD, and draw PO- 
Then let the portion of the plane of the lines 
above AB be revolved upon A B as an axis, until It 
coincides with the portion below AB. Since PP' 
and AB intersect at right angles, PD will fall in 
DP' (126) ; and, since PD = DP', P will fall at P\ 
and PC = P'C, since they coincide when applied. 
Finally, PP' being a straight line, is shorter than 
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PCP, which is a broken line, since a straight line is the shortest distance be- 
tween two points. Hence PD, the half of PR', is less than PC, the half of the 
broken line POP'. Q. B. d. 




% PROPOSITION V. 

/ 129. Uieorem. — If a perpendicular he erected at the middle 
point of a straight line, 

1st Any point in the perpendicular is equally distant from the 
extremities of the line. 

2d. Any point without the perpendicular is nearer the extremity of 
the line on its own side of the perpendicular. 

Dem.— let. Let PD be a perpendicular to AB at its middle point D. Then, 
being any point in the perpendicular, OA = OB. 

For, revolve the figure OBD upon OD as an axis 
until it falls in the plane on the other side of PD. 
Since ODB and ODA are right angles, DB will fall 
in DA {12e) ; and, since DB = DA, B will fall at A. 
Hence, OA and OB coincide, and OA = 08. 

2d. O' being any point without the perpendicular 
on the same side as B, O'B <0'A. 

For, drawing O'A and O'B, let be the point at 
which O'A cuts the perpendicular. Draw OB. Now 
O'B < BO + 00', since O'B is a straight and O'OB is a broken Ime. But, as 
0A=OB, we may substitute it inp the inequality, and have O'B <0A + 00', which 
sum = O'A. 

130. Cor. — If each of two points in one line is equally distant 
from the extremities of another tine, the former line is perpendicular 
to the latter at its middle point. 

Dem.— Every point equally distant from the extremities of a straight line lies 
in a perpendicular to that line at its middle pomt, by the proposition. But, 
two points determine the position of a straight line. Hence, two points, each 
equally distant from the extremities of a straight line, determine the position 
of the perpendicular at the middle point of the line. 



EXEBCISE8. 

1. Proh. — To erect a perpendicular to a given line at a given 
foint in the line. 



61 



ELEMENTABI PLANE GEOMETBT. 



^ 



X— r 



A 
Fxo. 108. 



Solution. — [The process is given in 
(44)^ and should be repeated here ex- 
actly as given there, with the reasons for 
ths solution^ as follows.] A is one point 
in the Ime OA, which is equally distant 
from B and C, by construction, and O is 
another. Hence OA is perpendicular to 
BC at A, by (130), 



2. JProb. — To bisect a given line. 



)^ 



Fig. 109. 



Solution.— [For the process see {39\ The 
student should first do it as he did then. The 
reason why this process bisects AS is as follows.] 
Since m is one point equally distant from the ex- 
tremities A and B, and n another, there are two 
pomts in mn each equally distant from the ex- 
tremities of AB. Hence mn is perpendicular to 
AB at its middle point 0, by {130), [The reason 
for the process in Fig, 20 is the same. Let the 
student give this method, and show how the cor- 
ollaiy (130) applies.] 



-4r 



Pig. 110. 



-S^ 



3. JPro6« — From a point without a 
given liney to let fall a perpendicular upon 
the line. 

Solution. — [Repeat the process as in (45)^ 
and give the reason for it as follows.] is one 
point equally distant from B and C, and D is 
another. Hence a Ime drawn from to D is 
perpendicular to BC by (130), 



P' 



4. Wishing to erect a line perpendicular to AB at its centre, I 

take a cord or chain somewhat 
longer than AB^ and^ fastening 
its ends at A and B^ take hold of 
the middle of the cord or chain 
^ and carry it as far from AB as I 
can, first on one side and then on 
the other, sticking pins at the 
most remote points, as at P and 
P'. These points determine the 



Pig. 111. 



perpendicular sought. What is the principle involved? J \. b 



5. Two boys are skating together on the ice, and both start from 
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the same point at the same time, one skating directly to the shore 

and the other obliquely. 'They both reach the shore at the same ^ 

time. Which skates the £aster ? What principle is inv-olved ? / . '•^^ 

' J >. :. . '> ''■«•'-'• '\' y 'y :j 

6. Several persons start at different timeskfrom the samfe poi^ in 

a straight road that runs along a wood, and each travels directly 
away from the road. Will they come out at the same, or- at different 
points on the opposite side of the wood ^ What principle is involved ?r^ . , 
What is the geometrical language for the colloquial phrase " Directly / Q i. 
away from the road" ? . 

7. If I go from A to B, Fig. Ill, by first passing over AP, will I 
gain or lose in distance by going on a little farther in the direction 
of AP before I turn and go straight to B Pg^What principle is in- 
volved ?/2.^ould I gain or lose by stopping sKoH of P on the line 
APrWhy? IH') 



^ SECTION II 



OF OBLIQUE STRAIGHT LINES. 



PEOPOsrrioN i. 

131. Theorem* — When an oblique line meets another straight 
line forming two adjacent angles, the sum of these angles is ttvo right 
angles. 

DeIc.— Let the oblique line CD meet the straight ^, 

ime AB foi-ming the two adjacent angles CDB and 
CD A; then CDB + CDA equals two right angles. 

For suppose CD to revolve toward the position of 
the perpendicular CD ; the angle CDB will increase 

at the same rate that CD A diminishes ; hence their -=^ — =^ 

turn will remain constant (*. 6., the same). But, f 112 

when CD becomes pei-pendicular, the sum of the 

adjacent angles formed with AB is two right angles by definitions (^^, 43\ 
Therefore CDB + CD A = two right angles. Q. B. d. 

132. Cor. — The sum of all the consecutive angles formed by any 
number of lines meeting a given line on the same side and at a given* 
point is ttvo right angles. 

5 
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Dbm.— Thus ADC^ + C^DC*^ + tf^DC" + C'DC' 
+ CDC + CDC + CD6 = ADC + CDB, wbich 
sum is two right angles by t|ie proposition. Or, in 
general terms, the angles thus formed can always be 
united into two groups, constituting respectively the 
two adjacent angles formed by one line meeting 
another. 



133* Def. — Two angles whose sum is two right angles, are 
called Supplemental Angles, Hence, the Supplement of an angle is 
what remains after subtracting it from two right angles. 



PROPOSITION n. 

134* Theorem. — When any two straight lines intersect^ the 
opposite or vertical angles are equal to each other, and the sum of the 
four angles formed is four right angles. 

Dem. — Let-AB and CE intersect at D ; then CDA = the opposite angle BDE, 
ADE = the opposite or vertical angle CDB, and ADC + CDB + BDE + EDA = 
four right angles. For, since CD meets AB, ADC is the supplement of CDB. 
{ISlf 133.) Also, smce BD meets CE, BDE is the 
B supplement of CDB. Hence ADC = BDE. In a sim- 
ilar manner ADE can be proved equal to CDB. [The 
student should give the proof.] 
p Again, since ADC + CDB = two right angles, and 
BDE + EDA = two right angles, by adding the cor- 
responding members together, we have ADC + CDB 
+ BDE + EDA = four right angles. 




Fxe. 114. 



13S. Con.— Tlie sum of all the consecutive angles formed by any 
number of lines meeting at a common point is four right angles. 

Dbm.— The truth of this corollary is rendered 
apparent by drawing a line through the commoa 

H vertex, and observing that the sum of all the angles on 
each side thereof is two right angles; whence the 

• 3 sum of all the angles on both sides, which is the 
same as the sum of all the consecutive angles formed 
by the line, is four right angles. [Let the student pat 
letters on the figure, and demonstrate by means of it] 
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136. Theorem.— If two supplemental angles are so situated as 
to be adjacent to each other y the two sides not common will fall in the 
same straight line. 

Dem.— Let the sum of the two angles 
BOA and CO'D be two right angles. 
Prolong CO', forming the angle DO'E. 
Then is DO'E supplemental to CO'D {131, 
133), and hence equal to BOA, which is 
supplemental to CO'D by hypothesis. 
Now, if AOB be placed adjacent to CO'D, 
the vertex being at 0', and the side OA 
falling in O'D, 08 will fall in O'E, since 
BOA = DO'E. Hence, when the angles 
are so situated, OB becomes the prolonga- 
tion of CO'. Q. E. D. 




PROPOSITION IV. 

137* Theorem* — If from a point without a straight line a per- 
pendicular he drawn, oblique lines frovh the same point cutting the 
line at equal distances from the foot of the perpendicular are equal to 
each f>ther; the angles which they form with the perpendicular are 
equal to each other; and the angles which they form with the line are 
eqtcal to each other. 

Dem.— Let AB be any straight line, P any point without it, PD a perpen- 
dicular, and PC and PE oblique lines cutting 
AB at C and E, so that DC=DE ; then PC=PE, 
nngle CPD = angle DPE, and angle PCD = 
angle PED. 

Revolve' the figure PDE upon PD as an 
axis, until it falls in the plane on the other 
nde of PD. Since AB is perpendicular to PD, 
DB will fall in DA ; and, since DE = DC, E 
^11 fall at C. Now, as P remains stationary, 
the triangles PDE and PDC coincide. Hence, 
PC = PE, angle CPD sr angle DPE, and 
angle PCD = an^le PED. q. e. d. 

Query. —How does the equality of PE and PC follow from {129) ? 




Fig. 117. 



-\- 



PROPOSITION V. 



138 • Theorem. — If from a point toithout a line a perpendicu- 
Jfir be drawn to the line, and also from the same point two oblique 
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lines making equal angles with the perpendicular, the oblique lines 
are eqtial to each other, cut the line at equal distances from the foot 
yf the perpendicular, and make equal angles with it,* 

Dbm.— PD being a perpendicular to AB, and angle CPD equal to angle 

DPE, PC equals PE, CD equals DE, and PCD 
equaU PED. 

Revolve the figure PDE upon PD as an 
axis, till it falls in the plane of PDC. Since 
angle EPD = angle CPD, PE will take the 
direction PC, and E will fall somewhere in 
the indefinite line PF. But, since PDE and 
PDC are right angles, DE will fall in DA (126) 
and E will fall somewhere in the indefinite 
line DA. Now, as E falls at the same time in 
PF and DA, it must fall at their intersection 

C. Hence, PE coincides with PC, and DE with DC. Therefore PE = PC, DE 

= DC, and angle PED =r PCD. q. e. d. 




Fio. 11& 




PROPOSITION TL 

139. Theorem. — Iffro^n a point without a line a perpendicular 
he let fall on the line, and two oblique 
lines be drawn, the oblique line wfiioh cuts 
off the greater distance from the foot of 
the perpendicular is the greater. 

Dem.— Let AB be any straight line, P any point 
without it, and PC and PF two oblique lines of 
which PF cuts off the, greater distance from the 
foot of the perpendicular; that is DF > DC, 
Then is PF > PC. 

Prodnce PD, maMng DP' = PD, and draw PT and P^C, produdng the latter 
until it meets PF in H. Revolve the figure FPD upon AB as an axis, until it 
' falls in the plane on the opposite side of AB. Since PP' is perpendicular to AB, 
PD will fall in DP' ; and, since PD = DP', P will faU at P'. Then P'C = PC 
and P'F = PF. Now the broken line POP' < than the broken line PHP', since 
the straight line PC < the broken line PHO. For a like reason the broken line 
PHP' < PFP', since HP' < HFP'. Hence PGP < PFP', and PC the half of 
PCP'<PFthehalfofPFP'. Q. B. D. 

ScH.— If the two oblique lines to be compared lie on different sides of the 
perpendicular, as PF and PE, DF being greater than DE, lay off DC = DE, and 
draw PC. Then since PC = PE, if it is found less than PF, as in the demon- 
Btration, PE is less than PF. 



♦ This proposition is the converse of the last, 
moreihily developed farther on (154). 



The eignlflcance of this statement will be 
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140» Cor. 1, — From a given point without a line, there can not 
be two equal oblique lines draivn to the line on the same side of a per* 
fendicular from the point to the line, 

141. Cor. 2. — Two equal oblique lines drawn from the same 
point in a perpendicular to a given lincy cut off equal distances 
on that line from the foot of the perpendicular. 

Dbm.— For, if the distances cut off were unequal, the lines would be unequal 



EXERCISES. 

1. Having aji angle given, how can you construct its supplement ? 
Draw any angle on the blackboard, and then construct its supple- 
ment. 




2. The several angles in the figure are such parts of a rignt angle 
as are indicated by the fractions placed in them. If these angles 
are added together by bringing the vertices together and causing 
the adjaQent jide^ of the angles to coincide, how will MA and CN 



lie FA^^^'CotSthic'Tseven consecutive angles of these severp'l magni- 
io the two sides not common lie ?. .5Vhy ?, '/-^ • \li» 

3. If two times A, B, two times. D, three times E, three times C, three 
times C, two times F, in the last figure, are added in order, how will 
AM and CN lie with reference to e^ch other ? Why ? ^-uwv ^ y.i , . . < 

Ans. They will coincide. 

4. If you place the vertices of any two equal angles together so 
that two of the sides shall extend in opposite directions and form 
one and the same straight line, the other two sides lying on opposite 
sides thereof, how will the latter sides lie ? , By what principle ? U 

5. Upon what principle in this section may the coiiftnon method 
of erecting a perpendicular at the middle of a straight line (39, 44) 
be explained rhXTpon what the method of letting fall a perpendicular 
upon a straight line from a point without {4:5) ? • 
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6. A and B start at the same time, from the same point in a certain 
road ; A travels directly to a point in another road at right angles to 
the first, and at ten miles from their intersection, and B travels di- 
rectly toward a second point in the second road, which point is seven 
miles &om the intersection. Both reach their destination at the 
same time. Which travels the faster ?/VjWhat principle ia involved ? | - ^i 



-SECTION III. 
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PROPOSITION L 

14z2. Theorem. — Two straight lines lying in the same plane 
and perpendicular to a third line are parallel to each other. 

DzM. — ^Let AB and CD be two straight lines 
f" lying in the same plane and each perpendicu- 

lar to FE ; then are they parallel. 

For if AB and CD are not parallel, they 
will meet at some point if sufficiently pro- 

Q duced ifiO). But, if they could meet, we should 

£ have two straight lines from one point (their 

Fig. 121. point of meeting), perpendicular to the same 

straight line, which is impossible (127)^ There- 
fore, as the lines lie in the same plane and cannot meet how far soever they be 
produced, they are parallel, q. b. d. 

14:3. CoR. 1. — Through the same point one parallel can always 
he drawn to a given line, and only one. 

Dkm. — ^Let A B be the given line, and C the given point, there can be one 
and only one perpendicular through C to AB {127.) Let this be FE. Kow 
through C one and only one perpendicular can be drawn to FE. Let this be 
CD. Then is CD parallel to AB by the proposition. That there is only one 
such parallel, we shall assume as axiomatic* 

144. CoE. 2. — If a strai()ht line is perpendicular to one of ttoo 
parallels, it is perpendicular to the other also. 

Dbm. — ^If FE is perpendicular to AB it is perpendicular to CD. For, if 
through C where FE intersects CD, a perpendicular be drawn to FE, it is par- 

"■Nons regarderons cette propoBition comme £tu>ente. P.-F. Compaonon. So alpo 
Chauybnbt. 
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allel to AB by the proposition. But, by Cor. 1, there can be but one line 
through C parallel to AB. Hence the perpendicular to FE at C coincides with, 
oris, the parallel CD. 



PKOPOSITION n. 

14:5. Theorem* — Two straight lines which are parallel to a 
third, are parallel to each other. 

Dbm.— Let AB and CD be each parallel to EF ; 
then are they parallel to each other. 

For draw HI perpendicular to EF ; then will it 
be perpendicular to CD because CD is parallel to 
EF. For a like reason HI is perpendicular to AB. 
Hence CD and AB are both perpendicular to HI, 
and consequently parallel, q. b. d. 

Fig. 122. 
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146* Defiis^itioks. — When two lines are cut by a third line 
the angles formed are named as follows : 

JExterior Angles are those without the two 
lines, as 1, 2, 7, and 8. 

Interior Angles are those within the two 
Unes, as 3, 4, 5, and 6. 

Alternate Exterior Angles are those 
without the two lines and on different sides of the 
secant line, but not adjacent, as 2 and 7, 1 and 8. 

Alternate Interior Angles are those 
within the two lines and on different sides of 
the secant line but not adjacent, as 3 and 6, 4 and 5. 

Corresponding Angles are one without and one within the 
two lines, and on the same side of the secant line but not adjacent, 
as 2 and 6, 4 and 8, 1 and 5, 3 and 7. 
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PROPOSITION m. 



147. Theorem. — If two lines are cut by a third line, making 
the sum of the interior angles on the same side of the secant line 
equal to two right^ angles, the two lines are parallel. 

Dem.— Let AB and CD be met by the line EF, making EGD + FKB = two 
right angles; then are AB and CD parallel. 
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For, tlm)ugh P, the middle of CK, dra^r HI 
perpendicular to AB. Since HPC and KPI are 
vertical angles, they are equal hy {134), Also, 
since CKB and CCK are both supplements of 
DCK, the former by hypothesis, and the latter 
by (133\ CKB = CCK. Now, conceive the 
portion of the figure below P, while remaining 
in the same plane (the plane of the paper), to 
revolve upon P (as a pivot) from right to left till 
PK falls in PC * Smce PK = PC, K will fall at C. Agam, since KPI = CPH 
PI will take the direction PH, and I will fall in PH, or PH produced; and, since 
PKI = PCH, Kl will take the direction CH, and I will fall somewhere* in CC. 
Hence, as I falls in both PH and CC, it must fall at their intersection H ; and 
KIP coincides with, and is equal to PHG. But KIP is a right angle by construc- 
tion; hence CHP is a right angle. Therefore, AB and CD are both perpendic- 
ular to HI, and consequently parallel by {142), q. b. d. 

148. CoH. 1. — If two lines are cut by a third, making the sum of 
the two exterior angles on the same side of the secant line equal to two 
right aiigleSy the ttoo lines are parallel. 

Dkm.— For, if FGD + EKB = two right angles, EKB is the supplement of 
FGD ; so also is KGD {131, 133). Hence EKB = KGD. Again, for like 
reasons, FGD and GKB are both supplements of EKB and therefore equal. 
Hence, when FGD + EKB = two right angles, GKB + KGD = two right angles, 
and the lines are parallel by the proposition. The same is true for FGO and 
AKE. [Let the student prove it.] 

149. Cor. 2. — If two lines are cut by a third, making either 
ttvo alternate interior, or either two alternate exterior, or either two 
corresponding angles, equal to each other, the lines are parallel 

Dem— If CCK = CKB, KCD + CKB = two right angles, since CCK + KCD 
= two right angles. Hence the lines are parallel by the proposition. So also if 
KCD = AKC, or FCD = AKE, or CCF = EKB, or FCD = CKB, or CCF = 
AKC, the two Imes are parallel. [Let tlie student show the U'uth in each case.] 




^ E 
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'E 

Pig. 125. ?'»• 126. 

* The accompanying figures will aid the stodent in getting this conception. Fig. 125 
represents the position of the lines after the revolatlon has gone about half a nght angle, and 
Fig. 126 when the revolution is almost completed. 
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PROPOSITIOX IT. 

150. Theorem. — If two parallel lines are cut ly a third liney 
the sum of the interior angles on the same side of the secant line is 
equal to two right angles. 

Dbm.— Let the parallels AB and CD be cut by EF, then is DCK + CKB = two 
right angles. 

For, if DCK is not the supplement of CKB> 
let LM be drawn through C so as to make 
MGK that supplement Then, by the preced- 
ing proposition, LM is parallel to AB ; and we 
have two parallels to AB through the point C, 
which is impossible {143). Hence, as no line 
but a parallel can make this interior angle the 
supplement of the other, the parallel makes it 

'^- ^- ^•^- FiG.m. 

[Let the student demonstrate this proposi- 
tion as the preceding was demonsti*ate^ In this case CD and AB are parallel 
by hypothesis, and HI being drawn perpendicular to one is perpendicular to the 
other also. "When K falls at G, Kl falls on CC, since fi'om a point without a 
line only one perpendicular can be di*awn to that line.] 

151. Cor. 1. — If ttvo parallel lines are cut by a third line, the" 
mm of either two exterior angles on the same side of the secant line is 
equal to two right angles. 

Dem.— FGD + EKB = two right angles. For F6D and GKB are both sup- 
plements of DGK {133 9 ISO), and therefore equal to each other. For like 
reasons, EKB = KGD. Therefore, FGD + EKB = GKB + DGK = two right 
angles, by the proposition. 

152. Cor. 2. — If two parallel lines are cut iy a third line, either 
two alternate interior, or either two alternate exterior, or either two 
corresponding angles, are equal to each other. 

Dem. — If CD and AB are parallel, CGK = GKB. For each is the supplement 
of KGD, the former hj {131), the latter by {150), [Let the student show in 
like manner that AKG = KGD, FGD = AKE, CGF = EKB, FGD = GKB, and 
CGF = AKG.] 

153. Cor. 3. — Of th^ eight angles formed when one line cuts two 
parallels, the four acute angles are equal each to each, and the four 
obtuse angles; or, in case any one angle is a right angle, all the 
others are right angles. 
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154. ScH.— The last two propositions and their corollaries are the eonverse 
of each other ; t. €., the hypotheses or data and the conclusions or things proved 
are exchanged. Thus, in Pbop. III., the hypothesis is, that The sum of the two 
interior angles on the same side of the secant line is equal to two right angles ; and 
the conclasion is, that The two lines are paraUd. Now, in Prop. IY., the hjrpoth- 
esis is, that The two lines areparaUd; and the conclusion is, that The sum of the 
two interior angles on the same side qf the secant Une is two right angles,* [A clear 
conception of this scholium will saye the student from confounding these prop- 
ositions.] 



i 



PROPOSITION Y. 



ISS* Theorem* — If two straight lines are cut hy a third line 
making the sum of the interior angles on one side of the secant Une 
less than tzvo right angles, the two lines will meet on this side of the 
secant line, if sufficiently produced. 

Dbm.— Let AB and LM be cut by EF making 
MCK + pKB < two right angles; then will 
AB and LM meet on the side of EF on which 
MCK and FKB lie, if sufficiently produced. 

For the angle which a parallel to AB 
through C makes with EF is the supplement 
of FKB. But by hypothesis MCK is less than 
this supplement Hence the portion CM, of 
the line LM, lies withm CD, and will meet 
KB if sufficiently produced, q. E. D. 




Fio. 128. 



PBOPOSITION YL 

IS 6. Theorem. — Two parallels are everywhere equally distant 
from ea4ih other. 

Dbm.— Let E and F be any two points in the line CD, and EC and FH per- 
pendiculars measuring the distances between the parallels CD and AB at thesQ 
points ; then is EC = FH. 

For, let P be the middle point between E and F, and PO a perpendicular at 

* The learner may think that, if a proposition is true, its converse is neceBBarily true ; and 
hence, that when a proposition has been proved, its converse may be assomed as also proved. 
14 ow this is by no means always the case. Although in a great variety of mathematical prop- 
ositions, It happens that the proposition and its converse are both tme, we never assume one 
from having proved the other ; and we shall occasionally find a proposition whose oouverse is 
not true. 
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this point Revolve the portion of the figure on the right of PO, upon PO sa 

an axis, until it falls upon the plane of the t- r» i- 

paper at the left Then, smce FPO and EPO 

are right angles, PD will fall in PC ; and, as 

PF = PE, F will fall on E. As F and E aie 

right angles, FH will take the du*ec1ion EC, 

and H will lie in .EC or EC produced. Also, 



B 



Fio. 129. 

as POH and POC are right angles, OB will &11 in OA, and H falling at the same 
time in EC and OA is at theu: intersectioii C. Hence FH coincides with and is 
equal to EC. q. s. d. 



EXERCISES. 

1. Pvoh. — Through a given point to draw a line parallel to a 
given line, by the principle contained in Pbop. I. of this section. 

Sue's. — Draw a straight line on the blackboard. Designate with a dot some 
point without the line. To draw a line through the designated point and par- 
allel to the given line, is the problem. Let fall a perpendicular upon the line 
from the point. Then through the given point draw a line perpendicular to 
this perpendicular. The latter liue will be parallel to the given line. (By what 
proposition ?) 

2. Prob. — Through a given point to draw a parallel to a given 
line by Prop. III. 

Sug's. — Through the given point draw an oblique line cutting the given line. 
Then draw a line through the given point making an angle with the oblique 
line equal to the supplement of the angle which is included between the oblique 
line and the given line, and on the same side of the former. [Of course the 
student will be required to do the toork on the blackboard, guessing at nothing.] 

3. Proh. — Through a given 
point to dram a line parallel to a 
given line, upon the principle that 
the alternate angles made by a 
secant line are equal {152). 

4. A bevel is an instrnment much 
used by carpenters, and consists of 
a main limb AB, in which a tongue 
CD is placed, so as to open and shut 
like the Wade of a knife. This 
tongue turns on the pivot 0, which 
is a screw, and can be tightened so 
as to hold the tongue firmly at 
any angle with the limb. The tongue can also be adjusted so a« 




Fig. 180. 
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to allow a greater or less portion to extend on a given Bide, as CB, of 
the limb. Now, suppose t]^e tongue fixed in position, as represented in 
the figure, and the side m of the limb to be placed against the 
straight edge of a board, and slid up and down, while lines are drawn 
along the side n Q^^e tongue. What will be the relative position of 
these lines ? tfpon what proposition does their relative position 
depend ?|t|jHow can the carpenter adjust the bevel to a right angle 
upon the principle in Pbop. L, Sec. 1 ? "^At what angle is the bevel 
set, when, drawing two lines from the same point in the edge of the 
board, one with one edge m of the bevel against the edge of the 
board, and the other with the other edge w', these lines are at right 
angles to each other ? \ C^-^ v (. - ■ 1 . . , l* oT irrr^-^j *; 

5. Are the two walls of a building which are carried up by the 
plumb line exactly parallel ?. Why ? -i X 

6. Pass a circumference through three given points, as in (SS), 
and show from principles contained in one of the preceding sections, 
that O is equally distant from A, B, and C ; and hence that, if a cir- 
cumference be drawn from o as a centre with a radius OA, it will 
pass through A, B, and C. ) ^ ' i 

7. Construct two triangles of unequal sizes, but having the sides 
of the one respectively parallel to the sides of the other. Are they 
shaped alike ? 

8. Construct two triangles of unequal sizes, but having the sides 
of the one respectively perpendicular to the sides of the other. Are 
they shaped alike ? y. 

9. Construct a parallelogram, two of whose sides are 6 and 10. 
Can you construct different-shaped figures with the same sides ? m ^^ 
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Perpendic- 
ulars. 






o 

H 

o 



OQ 
H 

H 



« 



SYNOPSIS OF THE THBEE PRECEDING SECTIONS. 

Definition (43). 

Prop. I. One and only one C Ccr. 1. Second perp. 

to a given line at \ Cot, 2. If one angle is right. 

a given point. ( Cor, 3. One of 4 angles right 

Prop. II. Revolved perpendicular. 

Prop. III. From a point without a line. 

Prop. IV- Shortest distance from a point to a line. 

( Cot. Two points equal- 

Prop. V. Point in. Without. •{ ly distant from ex. 

( tremities of a line. 

Frob. To erect a perpendicular. 

Frob. To bisect a line. 

Frob, To let fall a perpendicular. 

Other exercises. 

T>»^« T c„«> ^f «^4o ( C^br. Sum of consec. angle* 
Prop. I. Sum of adja- \ ^^ ^^^ ^ . 

cent angles. |^ Supplement. 
Prop. II. Opp. angles equal. { ^^^' ^^f{^« ^^^^^ a 

Prop. HI. Supplemental angles made adjacent. 

Prop. IV. Cutting equal distances from foot of perpen- 
dicular. 

Prop. V. Making equal angles with peipendicular. 

f Cor. 1. Not two equal 

Prop. VI. Cutting unequal dis- 
tances from the foot 
of perpendicular. 



Obmqttb 
Lines. 



Exercises. 



Parallels. 



Exercises. 
Definition {66), 



on same side 
of perpend ic. 
Cor, 3. Two equal ob- 
lique lines. 



Prop. I. Two perpendiculars J 
to a line. | 



Cor, 



Cor, 



1. One parallel 
through a point. 

2. A perp. to one 
of two parallels. 

Prop. II. Two lines parallel to a third. 

f Exterior, Interior, Alter- 
nate Exterior, Al- 
ternate Interior, Cor- 
responding. 
Cor, 1. Sum of two Ex- 
terior angles, two 



Defs of angles formed, 



1. 



Prop. 



III. Sum of Inter, 
angles, two - 
right angles. 



right angles. 

Cor, 2. Two Alt. Inter., 

Alt. Exter., or 

Correspond*g an-. 

gles equal. 

Cor. 1. Converse of 

Cor. 1., Prop. III. 

Cor. 2. Converse of 

Cor. 2., Prop. III. 

Cor, 3. Of the eight 

angles. 
8ch. IVIeaning of Con- 
verse. 
Prop. V. Sum of Inter, angles < 2 right angles. 
Prop. VI. Everywhere equidistant 
. Exercises.— -Pwfta. 1, 2, 8. Methods of drawing. 
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SECTION IV. 

OP THE RELATIVB POSITIONS OP STRA.IGHT LINES AND 
CIRCUMFERENCES. 



PROPOsmox I. 

1S8. Theorem. — Any diameter divides a eircUj and also its 
circumference, into two equal parts, 

Dbm.— Let AB be any diameter of the 
circle AmBn ; then is the figure AmB equal to 
AnB. 

For revolve AnB upon AB as an axis until it 
falls on the plane of AmB. Then, since every 
point in AnB is at the same distance horn the 
centre C, as every x)oint in AmB, the figures 
will coincide, and are, consequently, equal. 
Hence surface AnB = surface AmB, and arc 
AnB = arc AmB. q. s. D. 




PROPOSITION IL 

lS9m Theorem. — A radius which is perpendimlar to a chord 
Usects the chord and also the subtended arc. 

DBM.->Let AB be any chord and OE a radius 
perpendicular to it at D ; then AD r= BD, and 
AE = BE * 

For, drawing the radii OA and OB, revolve 
the semicircle QBE upon the diameter CE uatil 
it falls on CAE. The semicircles will coincide 
(158) \ and since AB is perpendicular to OE, 
DB will fall in DA. Moreover, as there cannot 
be two equal oblique lines from a pomt to a line 
on the same side of a perpendicular, OB and OA 
must coincide. Hence BD coincides with AD, 
and BE with AE. Therefore AD = BD, and AE 
= BE. Q. B. D. 

*To avoid conftisiDg the pnpil byamoltiplicityof detailB, the demonstratione in thie sec- 
tion are generally limited to the coneideration of arcii leee than a eeml-circamference. All the 
proposltionB, except Prof. V., are equally tme whatever the arcs, and the demonstrations can 
easily be applied to cases in which the arcs are greater than semi-circomferences. But this had 
belter not be done till a review is taken « for the reason ^ven above. 




Fro. 183. 
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160. Cor. 1. — A radius which is perpendicular to a chord bisects 
the angle subtended by the arc of that chord. 

Thus OE bisects AOB, since BOE is found to coincide witli AOE in the 
demonstration above. 

161» Cob, 2. — Conversely, A radius which bisects an arc is per- 
pendicular to the chord of that arc at its middle point. 

Dbm. — If OE bisects arc AS at E, when semicircle CBE is revolved on CE 
till it falls on CAE, EB will coincide with EA ; and as D remains fixed and B 
falls on A, BD coincides with DA. Hence OE has two points, O and D, each 
equidistant from the extremities of AB, and is, consequently, perpendicular to 
it at its middle point. 

162* Cor. 3. — Also, conversely, A radius which bisects a chord is 
perpendicular to the chord and bisects the subtended arc. 

For it has two points, each equidistant from the extremities of the chord. 

163. CoR. 4. — The line OD measures the distance of the chord AB 
from the centre; since by the distance ftom a point to a line is 
always meant the shortest distance. 



A- 



PBOPOSinoN m. 



164. Theorem. — In the same or in equal circles, equal chords 
are equally distant from the centre^ 

Dem.— Let O and 0' 
be two equal circles, and 
chord EF = chord CH ; 
then are the perpendicu- 
lars LO and NO', which 
measure the distances 
of the chords from the 
ceatreU^^), equal. 

For, suice FE is per- 
pendicular to LO and 
CHtoNO',andLF = NH ^''*' ^^• 

(159\ the equal oblique lines FO and HO' cut off equal distances from the foot 
ofeach perpendicular (141). Therefore LO = NO', q. e. d. 
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PROPOSITION IT. 

165. Theorem. — In the same or in equal circles, equal arcs have 
eqtial chords; and conversely , equal chords suUend equal arcs, 

Dkm.— Let and O' be 
the centres of two equal 
circles, and arc AmB = arc 
CtiD; then chord AB = 
chord CD. 

Apply the circle 0' to 
the circle 0, with 0' at 0, 
and C at A. Since the cir- 
cumferences coincide, all 
the points in each being 
equally distant from the 
centre, and since arc AmB = arc ZnD by hypothesis, D will fall at B. Hence 
AB = CD. 

Converaely, if chord AB = chord CD, arc AwB =»arc CtiD. Draw the per^ 
pendiculars OL and O'N from the centres to the chords. Conceive the plane 
of circle 0' placed upon circle 0, so that CD shall fall upon its equal AB, and 
0' be on the same side of AB as O. Since L and N are the middle points of 
the equal chords, they will coincide ; and as LO and NO' are perpendiculars to 
the respective chords, and equal (164\ 0' will fall at 0. As the circles are 
equal, the circumferences will coincide, and consequently the arc AwB coin- 
cides with CnD. 
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PROPOSITION Y. 

166. Theorem. — In the same or in equal circles, the Uss oj' 
two arcs has the shorter chord ; ajid, conversely, the shorter chord 
subtends the less arc. 

Dem.— Let O and 0' be the centres of two equal circles, and arc AmB be less 

than arc Ct^D; then is 
^, chord AB < chord CD. 

~ Drawing the diameters 

AL and CM, place circle 

O' upon circle O, with 

CM upon AL. Take arc 

AD' = arc CnD and 

draw AD', OB, and OD'. 

AD' = CD by {165). 

Kow AB < AN + NB. 

AlsoOD'<ND' +N0; 

Fio. 186. or, as OD' = OB, OB < 

NO' + NO. Subtracting NO from both members, OB - NO (or NB) < ND'. 

Hence, we may substitute ND' for NB in the inequality AB < AN + NB and 

have A'B < AN + ND' or AD', which equals CD. 
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Conversely, if chord AB is less than chord CD, arc AmB is less than arc 
CwD. For if arc AwB = arc CnD, chord AB = chord CD {165). And, if arc 
AwB > arc C?iD, chord AB > chord CD. But both of these conclusions are 
contrary to the hypothesis. Hence, as arc AmB can neither be equal to not 
greater than arc ZnD, it must be less. 



V PROPOSITION TL 

167* Theorem. — In the same or in equal circles, of two uneqml 
chords, the less is at the greater distance from the centre. 

Dkm.— Let CE < AB, then is the perpendicular OD, which measures the 
Stance of CE from the centre, greater than OD' 
which measures the distance of AB from the centre. 

From A lay off AE' = CE, and draw the perpen- 
dicular OD". Then OD" = OD, since equal chords 
are equally distant from the centre. As arc AE' < 
arc AB, AB cuts OD" in some point as H. Now OH 
> CD' since the former is oblique and the latter per- 
pendicular to AB. Also OD" > OH. Much more 
then is OD" > OD'. Therefore OD (which equals 
OD") > OD'. Q. E. D. Pig. 136. 

168. Cor. — Conyersely, Of two chords which are unequally' 
distant from the ce7itre, that which is at the greater distance is the 
less. 

DsM. — Thus, if CE is at a greater distance from the centre than AB, CE < 
AB. For, if CE were equal to AB, it would be equally distant from the centre. 
And if CE were greater than AB, it would be at a less distance from tiie centre. 
Hence, as CE cannot be at an egrial distance from the centre with AB,,nor at a^ 
leu distance, it must be at a greater. 




PBOPOSITIOX TH. 

169. Theorem.— A straight line can intersect a drcumferene^ 
in only two points. 

Dem.— The distances from the centre to the intersections, being radii, are 
equaL Hence, as there can be only two equal straight lines drawn from a» 
point to a straight Une, there can be only two intersections Q. b. d^ 

6 
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PROPOSITION vra. 

170. Theorem. — A straight line which intersects a drcumfer- 
ence in one point intersects it also in a second poifit. . 

Drm. — Ijet LM intersect the circumference at A ; 
tlien does it intersect at some other point, as B. 

For, since LM intersects the circumference, it 
passes within it, and has points nearer to than A. 
The radius OA is, therefore, an oblique line. Now 
two equal oblique lines can be drawn from to the 
straight line LM. But all points in the plane at the 
distance OA fh>m 0, are in tlie circumference. Hence 
there is a second pomt, as ^, common to LM and the 
circumference. Q. B. d. 

Fio. 137. 

171. Cob. — Any line which is oblique to a radius at its extremity y 
is a secant line. 




S- PROPOSITION IX. 

172. Theorem. — A straight line which is perpendicular to a 
radius at its extremity is tangent to the circumference, 

Dem. — ^The line touches the circumference because the extremity of the 
radius is in the circumference. Moreover, it does not intersect the circum- 
ference, since, if it did, it would have points nearer the centre than the extremity 
of the radius; but these it cannot have, as the perpendicular is the shortest 
distance from a point to a line. Hence, as a line which is perpendicular to a 
radius at its extremity touches the circumference but does not intersect it, it is 
a tangent (53). Q. B. D. 

173. Cob. — Conversely, A tangent to a circumference is perpen- 
dicular to a radius at the point of contact. 

For, as a tangent to a circumference does not pass within, the point of contact 
4s the nearest point to the centre, and hence \h the foot of a perpendicular from 
the centre. 
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PBOPOsinox X. 

174. Theorem. — Two parallel secants intercept equal arcs. 

Dem.-— Let the parallels LM and RS intersect the circumference AECF ; then 
kre the intercepted arcs AB and DC equal. 

Draw the diameter EF perpendicular to one 
of the parallels, as LM, whence it will he per- 
pendicular to the other (144), Draw the radii 
OB and OD. Revolve the portion of the figure 
on the right of EF, upon EF until it falls on the 
plane on the left of EF. Then, since RS and 
LM are perpendicular to EF, IS will fall in IR, 
and HM in HL Moreover, as there cannot he 
two equal ohlique lines on the same side of a 
perpendicular, and from the same point (140), 
OD and OB must coincide, and D fell at B. In like manner C 
CD coinddes with AB. Therefore CD = AB. <^ B. D. 




Fro. 1«8. 



at A, and 



PROPOSITION XL 

17 5. Theorem. — If a secant he parallel to a tangent ^ the arcs 
intercepted between the intersections and the point of tangency are 
equal. 

I>EM.~Let the secant LM he parallel to 
the tangent RS ; then is CP = EP. 

For, draw the radius OP to the point of 
tangency; it will be perpendicular to the 
tangent (173)y and also to the parallel 
LM (144), But a radius which is perpen- 
dicular to a chord, as OP to CE, bisects the 
subtended arc (159\ hence CP = EP. In 
like manner, if VU is parallel to LM, 
CB = EB. Q. B. D. 

176. Cor. — Two parallel tangents include equal arcs between the 
points of tangency ; and these arcs are semi-circumferences. 
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EXERCISES. 

1. Draw a circle ana divide it into two equal parts. What proposi- 
tion is inyolved ? h't 

2, Given a point in a circumference, to find where a semi-circum- 
ference reckoned from this point terminates. What proposition is 
involved ? / i7 

3. Frob. — To bisect a given arc. 

'^^^^^ '' » SoLunoK.—Let A6 be an arc which we wish to 

bisect* Draw its chord AB, and erect 00' bisecting 
the chord, by (ISO), Now, as 00' is i)erpendicular 
to the chord at its middle point, it bisects the arc by 
{162\ since there can be but one perpendicular at the 
middle point of the chord. The arc AB is, therefore, 
Fig. 140. bisected at C, i. e., AC = CB. 

4. Frob. — To bisect a given angle. 

Sue.— The method of solving this is given in Pabt L The student should 
doUsLa there directed, and then point out the principle upon which the method 
depends. I ' ^ 

6. In a circle whose radius is 11 there are drawn two chords, one 
at 6 from the centre, and one at 4. Which chord is the greater? By 
what proposition ? 

6. In a certain circle there are two chords, each- 15 inches in 
length. What are their relative distances from the centre ? Quote 
the principle. ^ 

7. There is a circular plat of ground whose diameter is 20 rods. 
A straight path in passing runs within 7 rods of the centre. What 
is the position of the path with reference to the plat ?r^, Wl^at is the 

position of a straight path who^e nearest 
^^/B point is 10 rods from the centre?;^ One 

whose nearest point is 11 rods from the 
centre ? ^ . 

8. Pass a line through a given point, 
and parallel to a given line, by the prin- 
ciples contained in {174) and {165). 



* This Bolation and many othera are given, not so mach that it is feared that the student 
win not be able to solve the problems, as to afford models for describing the process. Iq 
this case an arc should be dnNm first, and all trace of the centre obliterated. ThM, proceed as 
directed. 
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9. JProb. — To draw a tangent to a circle 
at a giv&n point in the circumference. 

SoLunoH.—Let P be the point at which a tan- 
gent is to be drawn. Draw the radius OP to the 
given point of tangency, and produce It any con- 
Yenient distance beyond the circle. Erect a per- 
pendicular to this line at P, as MT ; then is MT a 
tangent to the circle {172), 



Fig. 141*. 

10. JProb. — To find the centre of a circle whose circumference is 
hnmtmy or of any arc of it. 

Sua.— The process is given in Pabt L Do the work as there directed, and 
then show upon what proposition in this section it is founded. J (. 
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STNOFSIS. 

DIAHBTBB& P&op. L How divide circles and circumferences. 

fCoT, 1. Bisects angle. 
CoT,%, Converse of Prop. 
Ci?r. 8. *' " " 
Cot. 4 Dist. from centre. 
CHOBD& \ Prof. III. Distance of equal chords from centre. 
Prop. IV. Equal arcs, and converse. 
Prof. V. Unequal arcs. 
Prop. VI. Unequal chords. Dis- ] 
tance from centre. 



1 



Cor, Converse. 



Secants. 



TANOENT& 



(Prof. VIL Intersect in only two points. 



also in another. ) 

Prop. IX. Line perpendicular to ) ri 
radius at extremity. \ ' 



Converse. 



Parallels. 



Exercises. 



Prop. X. Parallel secants intercept equal arcs. 
PROP. XL Secant par. to tang«it j ^^^T^"" 

Prob, To .bisect an arc 

Prob. To bisect an angle. 

Prob. To draw a tangent at a point in circumference. 

Prob. To find centre of drcumference or arc 
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SECTION V. 

OP THE RELATIVE POSITIONS OP CIRCUMPERENCB8. 



PBOPOsrnoN l 

177. Theorenim — All the circumferences which may be passed 
through three points not in the same straight line coincide, and are 
one and the same. 

Dbm.— Let A, B, and C be three points not in the same straight line; then 
all the circumferences which can be passed through them wHl coincide. 

For join the points, two and two, by straight lines, as AB and BC. Bisect 

these lines with perpendiculars, as DF and EH. Since 

^-- — IT"**** AB and BC ai'e not in the same straight line, DF and 

/ / N^Q EH wiU meet when sufficiently produced, at one and 

/ / /\ only one point, as O, because they are straight lines 

I ^ -^ / j Now, every point in FD is equally distant from A and 

\ / "7^/ B, and every point in HE is equally distant from B and 

^C' X // C {129). Hence O is equally distant from the three 

Ns^,^^^^^^."'^ points A, B, and C; and, if a cu'cumference be drawn 
Pio 149 ^^^ O as a centre, and a radius AO, it will pass through 

the three points. Moreover, every circumference pass- 
ing through these points must have O for its centre, since the centre must be in 
FD (otherwise it would be unequally distant from A and B), and also in HE 
(129), But these lines intersect only in O. Also, every circumference with 
as its centre, and passing through A, must have AO for its radius. Hence, as 
all circles having the same centre and the same radius coincide, all those passing 
through three points. A, B, and C, coincide. Q. E. D. 

178* Cor. 1. — Through any three points not in the same straight 
line a circumference can le passed. 

179. Cor. 2. — Three points not in the same straight line determine 
n circumference as to position and extent; i.e., in all respects, 

180. Cor. 3. — Two circumferences can intersect in only ttoo 
points. 

For, if they have three points common, they coincide, and form one and the 
same circumference. 
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PBOPOsrnaN n. 

181* Theorem. — Two drcumferm- 
ces which i7itersect in one point, intersect 
also in a second point. 

Dbm.— Let M intersect N at P. As M passes 
from without to within the cu'cle N, it has points 
both without and within. Now, for M to re- 
turn into itself from any point within N, as Y, 
to any point without, as X, it must intersect N ; 
but it cannot intersect in P, for a circumference 
does not intersect itself. Hence, it intersects in 
a second point, as P'. q. b. d. 



M N 




Fie. 14^ 



/ 



"^ PBOPOSinox in. 



182. Theorem. — If a straight line be drawn through the cen- 
tres of two circles, of thTintersections of either circumference with 
that line, the one on the side toward the centre of the other circle is 
the nearest point in this circumference to that centre, and the one on 
the opposite side is the farthest point from that centre. 

Dem. — Let M and N, or M' and N', be two circumferences whose centres are 
and O'. Draw an indefinite line through these centres. Let A and H be the 
intersections of M or M' with this line, of which A is on the side of M or M' 
toward the centre O', and 

H is on the opposite side. f^ f^ 

Then is A the nearest point , x^^'''^""\ « ki P< 

m M or M' to 0', and H the 
farthest point from O'. 

Mrst, To show that A is 
nearer O' than any other 
point in the circumference. 
A will lie between and 0', 
m O', or beyond 0'. When 

A lies between and 0', as in M, let P be any other point in M, and draw OP 
and O'P. Now 00' being a straight line, is less than OPO', a broken Ime. 
Subtracting OA from the' former, ahd its equal OP from the -latter, we have AO' 
< PO'. When A falls at 0' the truth is self-evident. When A lies beyond 6', 
as i^ M', let .P be any other point in M', and draw OP and O'P. Now O'P + 
00' > OP (= OA). Subtracting 00' from both, we have O'P > OA — 00' 
(= O'A). Hence, in any case, A is the nearest point in M or M' to O'. 

Second, To show that H is the farthest point in M or M' from 0'. In eithcsr 




Fio. 144. 
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figure, let P* be any other point in the circumference Uian H, and draw OP' 
and O'P. Now, PO + 00' > PO'. But FO = HO. Hence HO + 00' (= 
HO') > PO' 



PROPOSITION lY. 

183. Theorem. — When the distafice bettoeen the centres of two 
circles is greater than the sum of their radiiy tlie circumferences are 
wholly exterior the one to the other. 

Dem.— Let M and N be the circumferences of two circles whose centres are 

O and 0'. Let 00' be greater than the 
sum of the radiL Then are M and N 
wholly exterior the one to the other. 

For A, the intersection of M with 
00', is between and O', sint^e OA < 
00'. Now, by hypothesis, 00' > OA 
+ BO'. Subtracting OA from both, we 
have A0'.> BO'. Hence, as the nearest 
pomt in M is farther from 0' than the 
circumference of the latter cu-cle, M lies wholly exterior to N. q. e. d. 

184* Cor. — Conversely, When two circumferences are exterior the 
one to the other^ the distance between their centres is greater than the 
sum of their radii. 

Dbm. — For, join the centres 00' with a straight line. Now the point A 
where this line cuts the circumference M is the nearest point in this circumfer- 
ence to the centre 0'. But, by hypothesis, this (and every other point in cir- 
cumference O) is without circle O'. Hence, AO' > BO'. To each add OA, 
and OA + AO' (or 00') > OA + BO'. 




PROPOSITION T. 

18S. Theorem. — When the distance between the centres of two 
circles is equal to the sum of their radii, the circumferences are tan- 
gent to each other externally. 

Dem. — Let M and N be two circumferences, and 00', the distance between 
their centres, be equal to OC + O'C, the sum of their radii ; then are the cir* 
cumferences tangent to each other externally. 
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Fio. 146. 



The point A, where M cats the line join- 
ing the centres, is between O and (y, since 
OA < 00' by hypothesis. Moreoyer, A 
is the nearest point in M to the centre O'. 
Agam, as 00' = 00 + O'C, subtracting OA 
froili the first member, and its equal 00 from 
the other, we have O'A = O'C; that is, A is in 
the circumference N. Hence, as A lies in N, 
and all other points in M are more distant 
from O' than the length of the radius O'C, M 
is entirely without N, except the point A, and the cux^les are tangent to each 
other externally, q. b. p. 

186. Cor. 1. — ConverBely, When two circumfereiicea are tangent 
to each other externally ^ the distance between their centres is equal to 
the sum of their radii. 

Dbm.— M being tangent to N externally, the point in M nearest the centre C 
must be in N, while all other points in M are exterior to N. Now, the point in 
M nearest to 0' is A on the line joining their centres (182), A is therefore the 
point of tangency, and OC = OA + CA. 

187. Cor. 2. — When two circumferences are tangent to each other 
externally y the point of tangency is in the linejoiriing their centres. 



PBOPOSmON TL 

188m Theorem. — THien the distance between the centres of two 
circles is less than the sum and greater than the difference of their 
radiiy the two circumferences intersect. 

Dem.— Let M and N be the circumferences of two circles whose centres are 
O and 0'. Let the radius of 

M be equal to or greater than y""^^ — v '^ /'^ ^:^N 

the radius of N. Now, if 00' ^ ^ 

<0A + O'B, and > OA-O'B, 
M and N intersect 

For, when 00' > OA, 00' 
< OA + O'B gives 00' - OA 
(= AO') < O'B ; and when Fio. 147. 

OO' < OA, 00' > OA - O'B gives O'B > OA - 00' (= AO'). Hence the 
nearest point in M to O' lies within N. Again, to the first member 
of 00' > OA — O'B add HOf and to the second its equal OA, and we 
have 00' + HO (= HO') > 20A - O'B. Now, since O'B "< OA,* by hypothesis, 
the difference 20 A — O'B >* O'B. Hence, HO' > O'B, and H lies without N. As, 




* Read " O'B is equal to or less than 0A-' 
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therefore, M has one point at least within N and one without, M and N inter- 
sect, q. X. D. 

189* Cor. — Conversely, When two cireumfere^ices intersect, the 
distance between their centres is less than the sum and greater than 
the difference of their radii. 

Dbm. — Let the radius of N be equal to or less than the radius of M. As the 
circumferences intersect the farthest point H' of N from must be farther from 
O than the length of the radius of M, u d., must lie without that circle. So we 
have by hypothesis H'O > OA. Subtracting H'O' from the firat member and its 
equal BO' from the second, we have H'O — O'H' (= 00') > OA - BO'; that is, 
the distance between the centres is greater than the difference of the radlL 
Again, as the nearest point in M to O' must lie within N, we have AO' < BO*, 
and addmg OA to both members, OA + AO' (= 00') < OA + BO' ; that is, the 
distance between the centres is less than the sum of the radii. 



." PROPOSITION TIL 

190. Theorem. — When the distance between the centres of two 
unequal circles is equal to the difference of their radii, the less cir- 
cumference is tangent to the other internally, 

Dem.— Let M and N be the circumferences of two circles whose centres O and 
0' are so sitaated that 00' = 00 — O'C ; then are the 
cu'cles tangent to each other internally. 

For, let N be the circumference of the less circle, so 
that 00 > O'C. Let HH' be a diameter of M. By 
hypothesis 00' = OC — O'C. Now, subtracting each 
member of this eq.iality from OH', we have OH' — GO' 
(= O'H') = O'C. Whence it appears that H', the point 
in N at the greatest distance from 0, is in M ; and, con* 
Fio. 148. sequently, that every other point in N is within M. 

Hence, N is tangent to M internally. Q. b. d. 

191. Cor. 1. — Conversely, When a less circumference is tangent to 
a greater internally, the distance between their centres equals the 
difference of their radii. 

Dbm.— The less circumference N being tangent to the greater M, internally, 
the point in N at the greatest distance from the centre O of M, must be in M. 
while all other points of N lie within M. Now H' in the line passing through 
the centres is the point of N at the greatest distance from O. Hence we ol> 
I that 00' = OH' — O'H', i. 6., the difference between the radiL 
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192» CoE. 2. — When one circumference is tangent to another in- 
temallyy the point of tangency is in the line passing through their 
centres, 

193. ScH. — If the radii are equal the two circumferences coincide. 




PROPOSITION TIIL 

194L. Theorem,. — When the distance between the centres of two 
unequal circles is less than the difference of their radiiy the less dr^ 
cumference is wholly within the greater. 

Dem. — Let N be a less circumfbrence than M, and 00\ 
the distance between their centres, be less than OA — O'H', 
the difference of their radii ; then is N wholly within M. 

For, to each member of 00' < OA - O'H' add O'H', and 
wehaveOO'+0'H'<OA. ButOO'+0'H'=OH'. Hence 
OH' < OA, and H', the farthest pomt in N from O, is with- 
in M, and consequently N lies wholly within M. q. b. d. - ^ ^^ 

195* Cor. — Conversely, When a less circumference is wholly 
within a greater^ the distance between their centres is less than the 
difference of their radii. 

Dem.— If N lies wholly within M, the farthest point in N from 0, the centre 
of M, must be nearer than is any point in M, i. 6., 0H'< OA. Now, subtract 
O'H' froba each member, and we ha^ OH' — O'H' (= 00') < OA — O'H'. 
<^ E. D. 

196. ScH.— If the centres coincide so that 00' = 0, the cu-cumferences are 
said to be concentric. If, at the same time, their radii are equal, they are coin- 
cident 



\ 



PROPOSITION IX. 



197. Theorem. — When two circumferences intersect, the line 
which passes through their centres is per- 
pendicular to their common chord at its 
middle point. 

Dem.— Let the circumferences M and N 
intersect in the points P and P* (181); let 
PP' be the common chord, and LR the line 
passing through the centres and 0' ; then is 
LR perpendiciiiai- to PR'. 




F». 18C. 
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For O' is equally distant from the extremities P and P, and O is also eqaallj 
distant from P and P. Hence, as LR has two points equally distant from the 
extremities of PP, it is perpendicular to PP* at its middle point q. e. d. 



PROPOSITION X. 

198* Theorem* — When one circumference is tangent to another^ 
either externaily or internally ^ they have a common re<^i],inffir* tan^ 
gent at their common point. 

Deh.— Since the radii of the two circles drawn to the common point form 
one and the same straight line {187 f 192\ a line perpendicular to one at ita 
extremity is perpendicular to the other also. And a line which is perpen- 
dicular to a radius at its extremity is tangent to the circle {17 2), q. & d. 

199 • CoE. — All circumferences having their centres in the safne 
line, and having but one common pointy are tangent to each other, and 
have a common rectilinear tangent at the common point. 



EXERCISES. 

1. Prob. — To pass a circumference through three given points 
not in the same straight line. 

Suo.— The process should be gone through with as learned from Fast L9 
and then the reasons for the process given as fhmished by this section. 

2. To pass a circnmferenoe through two giyen points, whose 
center shall be in a given line. 

8. JProb* — To circumscribe a circumference about a given triangle, 
and give the reasons for the process. 

4. The centres of two circles whose radii are 10 and 7, are at 4 
from each other. What is the* relative position of the circumfer- 
ences? What if the distance between the centres is 17?^ vWhat if 
20? What'if-2? What IfO? What if 3? >. ,^ 

— ^ . -1: — -J L: : — , 4— 

' ^ . ♦ StraUrht Jin#» - . , 
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5. Given two circles and 
0', to draw two others, one 
of which shall be tangent to 
these externally, and to the 
other of which the two given 
circles shall be tangent in- 
ternally. Give all the princi- 
ples involved in the construc- 
tion. Give other methods. 

6. Given two circles whose 
radii are 6 and 10, anjfi the 
distance between their centres 20. To draw a third circle whose 
radins shall be 8, and which shall be tangent to the two given cir- 
cles ? Can a third circle whose radius is 2 be drawn tangent to 
the two given circles ? How will it be situated ? Can one be drawn 
tangent to the given circles, whose radius shall be 1 ? Why ? 




Fia. 151. 



STNOPSIS. 






S 



§ 



CO 



( Cor. 1. A circf. can be passed. 
Ar - ^ ■ 



Prop. I. Through three points. •< Cor. 2. A circf. determined by. 

( Cor. 3. Intersections of two circf *8. 

PBOP^^HwTwo circumferences which intersect in 07ie point 

Pbop. III. Points in one circumference nearest to and &rthest from the 
centre of another. 

Prop. IV. Greater than sum of radii. -{ Cor. Converse. 
PBOP. V. Equal to sum of radii, j ^- *; ^^Kte^gener. 

( Cor. 1. Converse. 
Prop. VII. Equal to diff. of radii. < Cor. 2. Point of tangency. 

( Sch. Radii equal. 

PBOpTTH^^Less than diff. of radii { ^l goSSc, Coincident 
Prop. IX. Perpendicular to common chord. 

Prop. X. Common tangent to two circles tangent to each "I q^ ip^ ^ 
other. J 

FiTBTirtsEis i ^^'^' '^^ ^!^^ circumference through three points. 
ikxiuiGuufiB. I p^^ ijiq circumscribe a triangle with a cu-cumferencc. 
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SECTION VI 

OP THE MEASUREMENT OF ANGLBa 



200* Angles are said to be measured by arcs, according to the 
principles developed in the three following propositions. 



PROPOSITION L 

201. Theorem. — In the same or in equal circles^ equal ares 
subtend equal angles at the centre. 

Dbm.— In the equal circles M and N, let are AS = arc DC ; then will the 

angles O and 0\ called angles at 
the centre, be equal. For, placing 
N upon M so that 0' shall fall 
on O, and CD on DA, since 
the circles are equal, D will fall 
on A ; and since, by hypothesis, 
arc DC = arc AB, C will &11 on 
B. Hence, O'C will coincide 
with OB, and angle O' = angle 
O, because they coincide when 
applied, q. s. d. 

202. Cob. 1. — Conversely, In the same or in equal circleSyCqual 
angles at the centre intercept equal arcs. 

Dem.— If, by hypothesis, angle O' = angle O, in the equal circles M and N, 
arc DC =z arc AB. For, placing circle N upon M, so that O' shall fall on O, 
and O'D on its equal OA, D &11s on A, and, since angle O' = angle 0, O'C takes 
the direction OB, and, being equal to it, C &lls on B. Hence, DC and AB co- 
incide and are equal. 

203. CoR. 2. — A right angle at the centre intercepts a quarter of 
a circumference, and is said to he measured hy it Hencey a semi- 
circumference is the measure of two right angles, and a whole dreum- 
ference of four. 
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PROPOSITION n. 
204. Theorem.— In the same or in equal circles, arcs wJiich are 
in the ratio of ttoo whole numbers subtend angles at the centre which 
have the same ratio, whence the angles are to' each other as the arcs 
which subtend them. 

Dem.— In the equal circles M and N, let the arcs EF and IH, which subtend 
the angles and 0' at the centre, be in the ratio of 5 to 8 ; then are the angles 
O and 0' in the ratio of 5 to 8, 
and we have 

angle O : angleO' :: arcEFiarclH. 

For, divide EF into 5 equal 
parts, as Ea, ab, etc., then IH can 
be divided into 8 such parts, l(?, 
tfy etc. Draw the radii Oa, Ob, 
Ocy etc, and O'e, O'/. Q'g, etc. ; 
and, since these partial arcs 
are equal, the partial angles 
which they subtend are equal, 
by the preceding proposition. Now, O is composed of 5 of these angles, and 
0' of 8; whence 

angle O : angle 0' : : 5 : 8. 
But, arc EF : arc IH :: 5 : 8. 

Hence, the two ratios being equal, we have 

an{fle O' : angle O : : arc IH : arc EF. 

As the same method could be pursued m case the arcs were to each other as 
any other two whole numbers, the argument is general. 

205» Cor. — Conversely, In the same or in equal circles, angles at 
the centre which are in the ratio of two whole numbers are to each 
other as their intercepted arcs. 

Dem.— Thus, let an^le 0' be to angle in the ratio of 8 to 5. Conceive O' 
divided into 8 equal partial angles, then will be divisible into 5 such partial 
angles. Now, the partial angles being equal, their intercepted arcs are equal, 
by the preceding proposition, Cor. 1. Whence, 

arc IH : arc EF : : 8 : 5. 
But, angle 0' : angle O : : 8 : 5, by hjrpothesis. 
Henoe, arc \H : arc EF i\ angle 0' ; angle 0. 

And the same method could be pursued with angles having the ratio of any 
other whole numbers. 
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206. Theorem. — In the same circle or in equal circles^ two in- 
commensurable arcs are 
to each other as th^ angles 
which they subtend at the 
centre. 

Dbh. — In the equal cir- 
cles M and N, let EF and IH 
be incommensurable arcs. 
Now there is some arc to 
which EF bears the same 
ratio as angle to angle 0\ 
If that arc is not IH let it be IL, an arc less than IH, so that 
angle O ; angle C :: arcEF : are lU* 

Conceive EF divided into equal parts, each of which is less than LH,f the as* 
sumed difference between IH and lU Then conceive one of these equal parts 
to be applied to I H as a measure, beginnmg at I. Since the measure is less 
than LH, at least one point of division must fall between L and H. Suppose K 
to be such a point Draw O'K. Now, the arcs EF and IK are commensurable, 
and by the last proposition 

angle O : angle lO'K : : arcEF : arelK. But we assumed that 
angle O : arigle lO'H : larcEF : arc lU 
In these proportions the antecedents being alike, the consequents should be pro- 
portional, so that 

an^le lO'K should be to angle lO'H : : are IK : are IL. 
But this proportion is false, since 

angle lO'K < angle lO'H, whereas are \K> are IL. 

In a manner altogether similar (the student should supply it) we can show 
that 

angle O is not to angle O' : : are EF : any are greater than IH. 
Hence, as the fourth term of the proportion cannot be less or greater than IH, it 
must be IH itself; and 

angle : angle O' : : are EF tare IH. q* b. d. 

207* Cor. — Conversely, In the same or in equal circles^ two incom^ 
mensurable angles at the centre are to each other as the arcs which 
they intercept. 



• This ie a folse hypothesis, and the object of the argument following is to show its 
fltlsity. 

t This can be done by supposing EF bisected, then the halves bisected, then the foortha 
bisected, and this process of bisection continned until the parts are each less than LH« 
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Dem.— In the equal circles M and N, and 0' being incommensurable 
angles at the centre, are to each other as the arcs EF and IH. If not, let us sup- 
pose f 

arc EF : arc IH : : angle O : arigle lO'L, an angle less than 0'. 

Divide O into equal partial angles, each less than LO'H, the assumed differ- 
ence between lO'H and lO'L. Also conceive this angle to be applied as a 
measure to lO'H, beginning at 01. At least one line of division will fall be- 
tween O'L and O'H. Let O'K *be such a line. Now, as and lO'K are com- 
mensurable, we have by (205) ^ 

arc EF : arc IK : : angle : angle lO'K. 

But by supposition 

arc EF : arc IH : : angle : angle lO'L. 

Therefore, since the antecedents are the same, 

arc IK should be to arc IH : : angle lO'K : angle lO'L 

But this is false, since 

arc IK < arc IH, whereas angle lO'K > angle lO'L. 

Whence we learn that the fourth term of the proportion cannot be less than 
angle lO'H. In a similar manner it can be shown (let the student do it) that it 
cannot be greater. Hence it must be 10' H itself; and 

arc EF : arc IH : : angle O : aTigle lO'H. 

208. ScH.— Out of the truths developed in the three preceding proposi* 
tions grows the method of representing angles by degrees, minutes, and seconds, 
as given in Trigonometry (Part IV., 3-6). It will be observed, that in all 
cases, if arcs be struck with the same radiuSy fi'om the vertices of angles as 
centres, the angles bear the same ratio to each other as the arcs intercepted by 
• their sides. Hence the arc is said to measure the angle. Though this language 
is convenient, it is not quite natural ; for we naturally measure a quantity by 
another of like kind. Thus, distance (length) we .measure by distant, as when 
we say a line is 10 inches long. The line is length ; and its measure, an inch, 
is length also. So, likewise, we say the area of a field is 4 acres r the quantity 
measured is a surface ; and the. measm*e, an acre, is a surface also. Yet, not- 
withstanding the artificiality of the method of measuring angles by arjJK* 
instead of directly by angles, it is not only convenient but universally used ; and 
flie student must know just what is meant by it. For example, a circumference 
is conceived as divided into 360 equal arcs, called degrees. Hence, as a right 
angle at the centi*e is subtended by one-fourth of the circumference, it is called 
an angle of 90 degrees. 180 degrees is the measure of two right angles, 45 de- 
grees, of half a right angle, etc. Thus we get a perfectly definite idea of the 

7 
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magnitude of an angle from the statement of the number of degrees which 
measure it; and, for brevity, the angle is spoken of as an angle of the same 
number of degrees as the intercepted arc. 



I' 



209* An Inscribed Angle is an angle whose vertex is in a 
circumference, and whose sides are chords, or a chord and diameter, 
or that circumference. 

PROPOSITION lY. 

210. Theorem* — An inscribed angle is measured by half the 
arc intercepted between its sides. 

DiSM.-'Mrtt, when ens side m a diameter. Let APB 
be an inscribed angle, and PB a diameter; then is APB 
measured by one-half of arc AB. For, through the 
centre O, draw the diuneter DC parallel to the chord 
PA; then COB = POD (134), whence arc CB = ore 
PD (202), also COB = APB (152) ; and are PD = are 
AC (174\ whence PD = CB = iAB. Now COB is 
measured by CB (208); hence APB is measured by 
Pig. 1S6. CB rr |AB. Q. B. D. 





Second, tehen bM sidet are chords and the centre of the 
drde Uea between them. Let APB be such an angle. 
Draw the diameter PC. Now, by the preceding part, 
APC is measured by^A^ and CPB by iCB. Hence 
APC + CPB, or APB, is measured by iAC + iCB, or 
iAB. Q. E. D. 



Fig. 166. 




Third, when both ddee are chords and the centre Uei 
without ihe angle. Let APB be such an angle. Draw the 
diameter PC. Now APC is measured by i AC, and BPC 
by i BC. Hence APC — BPC, or APB, is measured by 
iAC-iBC, or iAB. Q. B. D. 



Fig. 157. 
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211m Cor. — In the same or equal circles all 
angles inscribed in the same segment, intercept 
equal arcs, and are consequently equal If the 
segment is less than a semicircle, the angles are 
obtuse; if a semicircle, right; if greater than a 
semicircle, acute. 

lLL.~In each Beparate figturo the angles P are equal, 
for they are each measured by half the same arc. ... In 
0, each angle P is acute, being measured by ^, which 
is less than a quarter of a circumference. ... In 0', each 
angle P is a right angle, being measured by Jm', which 
is a quadrant (quarter of a circumference). ... In 0", 
each angle P is obtuse, being measured by \m!\ which is 
greater than a quadrant. 

SCH. — ^The converse of this propoGdtion is usually taken 
for granted ; t.tf., that if the several angles P, P, etc., are 
equal and subtended by the same chord, their vertices lie 
in the circumference. This is readily proved rigorously 
after the next two propositions. Thus, if vertex P were 
without, the angle would be measured by ^AB — \ the 
other intercepted arc ; and if within, by ^AB + \ the other 
intercepted arc. 






A 



PROPOSITION T. 



212. Theorem. — Any angle formed by two chords intersecting 
in a circle is measured by one-half the sum of the arcs intercepted 
between its sides and the sides of its vertical, or opposite, angle, 

Dem.— Let the chords AB and CD intersect at 
P; then is APD, or its equal CPB, measured by 
i(AD +CB); and APC, or its equal BPD, is measured 
l>yi(AC + BD). 

For, through C draw CE parallel to BA; whence 
ECD = APD {152\ and CB = EA (17^). But ECD is 
measured by i ED [210), which equals i (AD + EA) = 
i(AD + CB). 

That APC, or its equal BPD, is measured by 
i(AC + BD), appears from the fact that the sum of the 
four angles about P being equal to four right angles, is measured by a whole 
circumference {208\ But APD + CPB is measured by AD + CB; whence 
APC + BPD, or 2 APC, is measured by the whole circumference minus (AD + CB) ; 
that is, by AC + BD. Then is APC measured by \ (AC + BD). 




Pig. 159. 
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213» ScH.— The case of the angle included between two chords passes 
into that of the inscribed angle in the preceding proposition, by conceiving AB 
to move parallel to its present position until P arriyes at C and BA coincides 
with CE. The angle APD is all the time measured by half the sum of the in- 
tercepted arcs ; but, when P has reached C, CB becomes 0, and APD becomes 
an inscribed angle measured by half its intercepted arc. 

In a similar manner we may pass to the case of an angle at the centre, 
by supposing P to move toward the centre. All the time APD is measured by 
^(AD + CB) ; but, when P reaches the centre, AD = CB, and i (AD + CB) = 
I (3AD) = AD ; ». e., an angle at the centre is measured by its intercepted arc. 



PROPOSITION TL 

214* Theorem* — An angle formed by two secants meeting with- 
out the circle is measured by one-half the difference of the intercepted 
arcs, 

Dkm.— Let APB be an angle formed by the two se- 
cante AP and PB ; then is it measured by i (AB — CD). 
f. e., one-half the intercepted arcs. 

For, draw CE parallel to PB ; then CD = EB (i74), 
and ACE = its corresponding angle APB. But ACE is 
measured by ^ AEr=i (AB~EB)=i (AB-CD). q. B. ix 




215» ScH.— This case passes into that of an in- 
scribed angle, by conceiving P to move toward C, thus 
diminishing the arc CD. When P reaches C, the angfe 
becomes inscribed; and, as CD is then 0, i(AB - CD) 
= i AB. Also, by conceiving P to continue to move 
along PA, CD will reappear on the other side of PA, 
hence will change its sign,* and i (AE — CD) will become i (AE + CD), as it 
should, sinc« the angle is then formed by two chords intersecting within the 
circumference. 



Fie. 160. 



. PROPOSITION TIL 

216, Theorem* — An angle formed by a tangent and a chord 
drawn from the point oftangency is measured by one-half the inter- 
ested arc, 

* In accordance with the law of positive and negative quantities as used in mathematics, 
whenever a continnoasly varying quantity is conceived as diminishing till it reaches Ot and 
then as reappearing by the same biw of change, it mast change its sign. 
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Dem.— Let TPA be an angle formed by TM 
tangent at P, and the chord PA; then is TPA 
measured by one-half the intercepted arc AP. 
For, draw any chord CD parallel to TM and 
catting AP. Then CEA = TPA. But CEA is 
measured by i (AC + PD). Hence, as PD = CP 
(17S)y TPA is measured by i (AC + CP), or i 

AP. Q. B. D. 

Show that APM is measured by i arc AwiP. 
Also, observe how the case of two secants 
(214) passes into this. 




Fxe. 161. 



FBOFOSmOX TOI. 

217m Theorem* — An angle formed hy two tangents is measured 
ly one-Jialf the difference of the intercepted 
arcs. .P 

Dbm. — ^Let APB be an angle formed by the 
two tangents AP and PB ; then is it measured by 
i (arc CmD — arc CnD), *. d., one-half the differ- 
ence of the intercepted arcs. For, through one of 
the points of tangency, as C, draw a chord, as CE, 
parallel to the other tangent Now, ACE is 
measured by i are CE, by the last proposition. 
But ACE = APB, and arc CE = CmO — DwE = 
CmD — Cnb, since CnD = EmD (17S). Hence, 
APB is measured by i (QmO — CnD). q. e. d. 

218. ScH.— The case of two secants (214) 
passes into this by supposing the secants to 
separate until they become tangents. 




Fio. 163. 



EXEBCISES. 

1. Froh.— Through a given point to draw a parallel to a given 
line, on the principles contained in {149), {201), and {165)> 

Solution.— Through P to draw a parallel to AB. From P as a centre, with 
any radius greater than the distance 
firom P to AB, describe an arc cut- 
ting AB, as fiu^ From a as a centre, 
with the same radius, strike an arc 
through P, intersectmg AB, as Pft. 
Take the chord P6 and apply it 
from a on the arc ac^ as aO. These 
chords being equal, the arcs Pd and 



M- 



-N 



A ^ 



-r—B 
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aO are equal {165)* Again, angle Pab = angle 
OPa, since they are measured by equal arcs struck 
with the same radius (201). These alternate 
Q angles being equal, MN is parallel to AB (149), 

2. In Fig. 164 there are 4 pairs of equal 
angles. Which are they, and why ? Show 
also that cOB = ABD + CDB, by {210), 
and {212). Show also that DOB = ABC + 
DAB. 




3. Prob. — From a point without a circle to draw a tangent to 
the circle. 

SoLunoK.— Let O be the ^yen circle, and P the given point Jom P with 
the centre 0, and upon PO as a diameter describe a circle. Let T and T be 

the intersections of the two cir- 
cumferences. Now, if lines bo 
drawn from P through T and T\ 
they will be tangent to the ciir 
cle 0. For OTP and OTP, 
bdng inscribed in semi-circles, 
are right angles (211). HencG» 
PM is perpendicular to radius 
OT at its extremity T, and 
is therefore a tangent (172), 
In like manner PT is showa 
to be a tangent, and we see 
that from a point mthout a cir- 
de two iangenU eon be drawn to 
the drde, 

'On a given linSy to construct a segment which shall 

contain a given angle. 

Solution. — Let AB be 
the given Hue, and O the 
given angle. At one ex- 
tremity of the given line, as 
B, construct an angle ABC 
equal to the given angle O, 
which shall lie on the oppo- 
site of AB from that on which 
the required segment is to 
lie. Erect a perpendicular 
to the line CB at B, and also 
a perpendicular bisecting 
AB. Let FB and FE be 



Fie. 166. 



4. Froh. 
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these perpendiculai's, intersecting at F. From F as a centre, witli a radius 
equal to FB, describe a circle, ^hen is AHB tlie segment required. For, 
CB being perpendicular to radius FB at its extremity, is tangent to the 
circle, and angle ABC (= atigle 0) is measmed by i of arc kmS (216). Now, 
any angle inscribed in the segment Am'm"B, as AHB, has \ AmB for its 
measure, and is, consequently, equal to 0. 

Another Soltttion. — On the side of AB on which the segment is to lie, draw 
anp line through either extremity of AB, 
making an acute angle with AB. Let CB 
be such a line. At any point in CB, as 
C, draw a line CE, making angle ECB = 
the given angle 0, Fig. 166. Through A 
pass a parallel to CE (see Ex. 1), as AD. 
Pass a circumference through A, D, and 
B. Any angle inscribed in segment AmB 
is equal to 0. [Let the student giye all 
the reasons, and make the construction. 
The requisite marks for the construction 
are made in the figure. Why is it said, 
make CBA an acute angle? When would 
a right angle answer? When an obtuse 




SINOPSIS. 
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How angles are measured. 



Pbop. II. Commensiurable arcs in the same ratio ] 
as their subtended angles. j 



Cor. Converse. 



( Cor, Converse. 
Prop. III. Incommensurable arcs. •< &ih. Method of measuring 

( angles. 

Inscribed angle, what ? 

Prop. IV. Inscribed angle, how measured. | ^' ^"^^^^ie^ » =. or < 

Prop. V. Angle between two chords. \Sch, Compared with preceding. 
Prop. VI. Angle between two secants. ^8ch. Compared with Prop. IV. 
Prop. VII. Angle between tangent and chord. 
Prop. VIIL Angle between two tangents. [ 8ch. Compared with Prop. VI. 

iProb. To draw a parallel through a riven point 
Prob. To draw a tangent to a cu-cle from a pomt without 
Prob. To construct a segment on a given line which shall 
contain a given angle. 
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SECTION VII. 

OF THE ANGLES OF POLYGONS, AND THE RELATION BETWEEN 
THE ANGLES AND SIDES. 



OF TRIiNGLES. 



1 PBOPOSinOX L 

919. Theorem. — The sum of the three angles of a triangle is 
two right angles. 

Deh. — Conceiye a circumference passed through 
the vertices of the trianf^le, as abc, through the ver- 
tices of the triangle ABC (58). The angle A is 
measured by ^ arc a, B by i &, and C by i <j. Hence, 
A + B + C is measured by i (a + ft + c), or a 
semi-circumference, and is equal to two right aaglea 
(203), q^ E. D. 

Fig. 168. 220. CoR. 1. — A triangle can have only 

ene right anghy or one obtuse angle. Why ? 

221. Cor. 2. — Two angles of a triangle, or their sum, being 
given, the third may be found by subtracting this sum from two right 
angles, i. e., either angle is the supplement of the other two. 

222. Cor. 3. — The sum of the two acute angles of a right-angled tri^ 
angle is equal to one right angle; i.e., they are complements of each other. 

223. Cor. 4. — If the angles of a triangle are equal each to each, 
any one is one-third of two right angles, or two-thirds of one right angle. 




PROPOSITION n. 
224:. Theorem. — The sides of a triangle s'ustaifi the same 
OEi^ERAL relation to each other as their opposite angles ; that is, ths 
greatest side is opposite the greatest angle, the second greatest side 
opposite the second greatest angle, and the least side opposite the least 
angle. 
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Dem.— In the ti-iangle ABC let C > B > A be 
the order of the values of the angles; then AB > 
AC > BC is the order of the yalues of the sides. 

For, circumscribe the ch'cumference abc. The 
angle C being greater than B, the arc c, the half of 
which measures C, is greater than the arc 5, the 
half of which measures B. Now, the greater arc 
has the greater chord (166). Hence, AB > AC. 
In like manner, if B > A, arc 6 > arc a, and AC > 
BC. If either angle, as C, is obtuse, AB is greater 
than AC or BC, because it lies nearer the centre {167)- 

225. Cor. 1. — Conversely, The order of the magnitudes of the 
sides being AB > AC> BC, the order of the magnitudes of the angles is 
C> B > A. 

[Let the student give the demonstration in form.] 

226* CoK. 2. — An equiangular triangle is 
also equilateral ; and, conversely, an equilateral 
triangle is equiangular. 

Dem. — If A = B = C, arc a = ai'c 6 = arc c, and, 
consequently, chord BC = chord AC = chord AB. 
Conversely, if the chords ai-e equal, the arcs are, and 
hence the angles subtended by these arcs. 

227. CoR. 3. — In an isosceles triangle the 
angles opposite the equal sides are equal; 
and, C07iversely, if two angles of a triangle 
are equal, the sides opposite are equal, and 
the triangle is isosceles. 

Dem.— If AB = BC, arc a = arc c ; and hence, 
angle A, measured by i a, = angle C, measured by 
i c, Converaely, if A = C, arc a = arc c ; and hence 
Chord BC = chord AB. 

228, ScH. — It should be observed that the proposition gives only the general 
relation between the angles and sides of a triangle. 

It is not meant that the sides are in (he same ratio 
as their opposite angles : this is not true. Thus 
in Fig, 173 angle c is twice as great as angle a ; 
but side e is not twice as great as side a, although 
it M greater. Trigonometiy discovers the exact 
relation which exists between the sides and 
angles. 
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PROPOSITION nL 



V 229. Theorem.— If from any point within a triangle lines 

be drawn to the extremities of any side, the 
included angle is greater than the angle of the 
triangle opposite this side. 

Deil— Let OA and OB be two lines drawn from 
any point O within the triangle ABC, to the extremi- 
ties of the side AB ; then angle AOB > ACB. 

For, circmnscribe a circle about the triangle. Now, 
ACB is measured by i AnB, but AOB is measured by 
i(AnB + EmD). Therefore, AOB > ACB. q* e. d. 




230m An Exterior Angle of a polygon is an angle formed 
by any side with its adjacent side produced^ as CBD^ Fig. 174, 



PROPOSITION IV. 

231* Theorem. — An exterior angle of a triangle is equal to the 
sum of the two interior non-adjacent angles. 

Dbm.— Let ABC be any triangle, and CBD an ex- 
terior angle ; then CBD = A + C. 

For CBD is the supplement of CBA by {131), and 
CBA is the supplement of A + C by {221). Hence, 
CBD = A + C. Q. B. D. 

Yja, 174. 232. Con.^Either angle of a triangle not 

adjacent to a specified exterior angUy is equal 
to the difference of this exterior angle and the other non-adjacent 
angle. 

Thus, shice CBD = A + 0, by transposition, CBD — A = C, and CBD — C 
= A. 
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OF qUADRILATEBALS. 



FBOPOSinON T. 

233. Theorem.— The sum of the angles of a quadrilateral i$ 
four right angles. 

Deh.— Let ABCD be any qnadrilateral ; 
then DAB + ABC + BCD + CDA rr fonr 
right angles. 

For, draw either diagonal, as AC, di- 
viding the quadrilateral into two triangles. 
Then, as the sum of the angles of the two 
triangles is the same as the sum of the an- 
gles of the quadrilateral, and the sum of 
the angles of the triangles is twice two 

right angles (219) ; the sum of the angles of the quadrilateral Is four right 
angles, q. e. d. 




PROPOSITION TL 

234* Theorem. — The opposite angles of any quadrilateral 
which can be inscribed in a circle are supplementary. 

Dem. — Let ABCD be any inscribed quadrilateral; 
then A + C = two right angles^ and D + B = two 
right angles. 

For, A is measured by i ore BCD, and C is meas- 
ured by i arc DAB (210), Hence, A + C is meas- 
ured by one-half a circumference, and is, therefore, 
equal to two right angles (203), In like manner D 
is measured by ^ are ABC, and B by -J^ are ADC. 
Consequently, D + B is measured by one-half a dr- 
cumference, and is, therefore, equal to two right 
angles. 




PROPOSITION TIL 

23S. Theorem. — The opposite angles of a parallelogram are 
equaly and the adjacent angles are supplementary. 

Dem.— ABCD, Fig. 177,bemgany parallelogram, A = C, B = D, and B -j- C, 
C + D, D + A, and A -h B, each = tioo right angles. 
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For, produce any side, as AB, form- 
ing tlie two exterior angles EAD and 
CBF. Since CB and DA are parallel, 
and FE cats them, the carresponding an- 
gles, CBF and DAB are equal {152). 

" Jha. 1T7. Again, since EF and DC are parallel, and 

CB cuts them, the alternate interior* 

anglds CBF and C are equal {152), Hence, as DAB and C are each equal to 

CBF, thej are equal to each other. In a similar manner D can be proved equal 

to CBA. [Let the student give the proof.] 

That the angles B and of the parallelogram arc supplemental is evident 

from (150\ which proves that the sum of two interior angles on the same side 

of a secant catting two parallels is two right angles. For a like reason A -l- D 

= two right angles^ etc. 

236* Cob. 1. — The two angles of a trape- 
zoid adjacent to either one of the two sides 
not parallel are supplementaL 



Fio. 178. [Let the stadent show why.] 

237m Cor. 2. — If one angle of a parallelogram is rights the others 
are also, and the figure is a rectangle. 



X 



PBOPOsmoN ym. 

238. Theorem* — Conversely to the last, If the adjacent angles 
of a quadrilateral are supplementary , or the opposite angles equal, 
the figure is a parallelogram. 

Dek. — ^If A + D = two right angles, AB and DC are parallel by (14T). 

For a like reason, if D + = two right 
angles, DA and CB are parallel. Again, 
if A = C and D = B, by adding we 
have A + D = C + B. But A + D + 
B f C + B = four right angles {233). 

Hence, A + D = two right angles, and 
AB and CD are parallel. So, also, A + 

B can be shown to be equal to two right angles ; and, consequently, AD and 

CB are parallel. 

* Interior with reference to the parallels (14fi). 



OJP THE SIDES OP QUADRHATERALS. 



109 



PBOPOSITION DL 

2399 Theorem. — If two opposite sides of a quadrilateral are 
equal and parallel, thefigur^is a parallelogram. 

Dkm,— In (a) let DC be equal 
and parallel to AB ; then is ABCD 
a parallelogram. 

For, drawing tliie diagonal 
AC, it makes the angles AC D and 
CAB equal, since they are altern- 
ate interior angles (i^;^). Con- 
ceive the quadrilateral divided 
in this diagonal into two tri- 
angles, as in (6). Reverse the 
triangle ACB and place it as in 
(c). Draw DB. Since angle DCA 
= angle CAB, and DC = BA, if 
CBA be revolved upon AC, AB 
will take the direction CD, B will 
fell m D, and CBA will coin- 
cide with ADC. Hence, angle 
ACB = angle DAC. But in (a) 
these are alternate interior an- 
gles made by AC with AD and BC, 

Q. E. D. 




Fig. 180 



Therefore, AD is parallel to BZ(14:9\ 



/ PROPOSITION X. 

24:0* Tlieorent. — If the opposite sides of a q^iadrilateral are 
equal, the figure is a parallelogram* 

Dbm.— In (a) let AB = DC, 
and AD = BC ; then is ABCD a 
parallelogram. 

For, divide the quadrilateral 
in the diagonal AC, and revera- 
ing the triangle ABC, place it 
as in (c), and draw DB. Since 
AB = CD, and CB = AD, DB is 
perpendicular to CA {130), 
Now, revolving ABC upon CA, 
itwill coincide with ADC. Hence, 
angle DCA = angle CAB, and 
AB is parallel* to DC. Also, 
angle DAC = angle BCA, and 
AD is pai-allel to BC. There- 
fore, ABCD is a parallelogram. 
(^ B. D. 




Fio. 181. 
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-" ^ PROPOSITION XL 

241. IT^eorew*.— Conversely to the last, The opposite sides of 
a parallelogram are equal. 

D C Dem.— Let ABCD be a paral- 

lelogram; then AB = DC, and 
AD = CB. 

Since DC is parallel to AB, an- 
gle DC A = angle CAB. Also, since 
AD is parallel to BC, angle DAG 
= angle ACB (152). Now, divide 
the parallelogram (a) in the di- 
agonal, and place ABC as in (e). 
Revolve ABC on AC, until it fiills 
in the plane on the other side of 

AC. Since angle BAC = angle 
ACD, AB will take the direction 
CD, and B will fall in CD, or CD 
produced. Since angle BCA = 
angle DAC, CB will take the 
direction AD, and B will fall in 

AD, or in AD produced. There- 
fore, as B falls at the same time in AD and CD, it falls at the intersection D, and 
the triangles coincide. Hence, AB = CD, and AD = CB. q. e. d. 

24:2. Cor. 1. — ParalUls intercepted between parallels are equal. 

243. Cor. 2. — A diagonal of a parallelogram divides it into two 
equal triangles. 
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PROPOSITION xn. 

244. Theorem. — The diagonals of a parallelogram mtituaUy 
Used ecLch other. 

Dem.— Let AC and DB be the diagonals of 
the parallelogram ABCD (a), and Q their inter- 
section ; then, DQ = QB, and AQ = QC. 

For, take the triangle AQB, and apply it to 

DQ'C, by placing BA in its equal DC, B falling at 

D, and A at C, with the vertices Q and Q' on the 

same side of this common line, as in (6). Now, 

shice angle QBA = Q'DC (152), BQ will take the 

dh^tion DQ^ and Q will fall in DQ', or in DQ' 

Fio. 188. produced. For a like reason AQ will take the 

direction CQ', and Q will fiiU in CQ', or in CQ' produced. Hence, as Q falls 

at the same time in DQ' and CQ', it falls at their intersection Q'; whence 

BQ = DQ',andAQ = CQ'. Q.B.D. 



D 


C 




---"Q'\ / (a) 


A 


B 
Ac 



'"■-Q>- 



<P) 



OP THE DIAGONALS OP QUADBILATERALS. 



HI 



FEOFOsinoN xm. 

245. Thewrem. — The diagonals of a rhombus bisect each othet 
ai right angles. 

Dbm.— Let AC and DB be the diagonals of the 
rhombus ABCD; then are they at right angles to 
eadi other, and bisected at Q. 

For, since AB r= AD, and DC = CB, AC has two 
of its points equally distant from D and B, and is, 
therefore, perpendicular to DB, at its middle point 
(130). In like manner D and B are each equidistant 
from A and C, whence Q is the middle pomt of AC. 

246. Cob, — The diagonals of a rhombus bisect its angles. 

For, revolve ABC upon AC as an axis, and it will coincide with ADC Hence 
angles A and C are bisected. In like manner revolve DAB upon DB, and it will 
coincide with DCB. Hence D and B are bisected. 




PBOPOSmON XIV. 

247. Theorem.— The diagonals of a rectan- 
gU are equal. 

Dem.— Let AC and DB be the diagonals of the rectan- 
gle ABCD; thenAC = DB. 

For, upon AC as a diameter describe a circle. Since 
D and B are right angles, they are inscribed in semicir- A\ 
cles {211), and DB is a diameto. Therefore, AC = DB. 

Q.E.D. 




V 



Pig. 185. 



248. Cor.— Conversely, If the diagonals of a parallelogram are 
equaly thefigv/re is a rectangle. 

Dkbc.— Since the diagonals of a parallelogram bisect each other, if they are 
equal, a circumference described from their intersection as a centre, with a 
radius equal to half of a diagonal, will pass through the vertices of the parallel- 
ogram. Hence the diagonals will be diameters, and the angles will be inscribed 
in semicircles, and consequently will be right angles. 
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OF POLYGONS OF MORE THAN FOUR SIDES. 

249. A Salient Angle of a polygon is one whose sides, when 
produced, can only extend without the polygon. 

250. A Re-entrant Angle of a 

polygon is one whose sides, when pro- 
duced, can extend within the polygon. 

III.— In the polygon ABCDEFC, all the an- 
gles are salient except D, which is re-entrant 

251. A Convex Polygon is a 

polygon which has only salient angles, 
A polygon is always supposed to he con- 
vex, unless the contrary is stated. 

252. A Concave or Me-entrant Polygon is a polygon 
with at least one re-entrant angle. 




Fia. 186. 



FBOPOSinON XT. 

253* Theorem. — The sum of the interior angles of a polygon 
is equal to twice as many right angles as the polygon has sides, less 
four right angles. 

Dem. — Let n be the -number of sides of any 
polygon; then the sum of its angles is 

n times two right angles — 4 right angles. 

For, from any point O, within, draw lines t^ 
the yertices of the angles. As many triangles 
will thus be formed as the polygon has sides, that 
is, w. The sum of the angles of these triangles is 

n times two right angles (219). 

But this exceeds the sum of the angles of the 
polygon by the sum of the angles at the common vertex O, that is, by 4 right 
angles. Hence the sum of the angles of the polygon is 

n times two right angles — 4 rigJit angles, q. k. d. 

2S4. ScH. 1. — The sum of the angles of a pentagon is 5 times two right an- 
gles — 4 right angles^ or 6 right angles. The sum of the angles of a hexagon is 
8 right angles; of a heptagon, 10 ; of an octagon, 12, etc. 




Fig. 187. 
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^235. ScH. 3. — This proposition is equally applicable to triangles and to 
quadrilaterals. Thus the sum of the angles of a tiianglc is 8 times ttoo rigJU 
angles — 4 right angles (or 6 — 4) = 3 right angles. So also the sum of the 
angles of a quadrilateral is 4 times two right angles — 4 right angles^ or 4 right 
angles. 

25f6. ScH. 3. — To find the value of an angle of an equiangular polygon, 
that is, one whose angles are equal each to each, divide the sum of all the 
angles by the number of angles. 



PROPOSITION XVL 

257* Theorem. — If the sides of a polygon he produced so as to 
f6i*m one exterior angle (and only one) at each vertex^ the sum of 
these exterior angles is four right angles. 

DvhL — Let n be the number of sides of any 
polygon. At each of the n angles, there is an 
interior and an exterior angle, whose sum, as 
A + a, is two right angles. Hence the sum of 
all the exterior and interior angles is n times two 
right angles. Now, from this sum subtracting 
the sum of the exterior angles, the remainder 
is the sum of the interior angles. But, by the 
preceding proposition, 4 right angles subtracted 
from n times two right angles, leaves the sum 
of the interior angles. Therefore the sum of 
the exterior angles is 4 right angles, q. b. d. Fm. 188^ 




OF BE6ULAB POLYGONS* 



I 



PROPOSITION xyn. 



2S8* Theorem* — The angles of an inscribed equilateral polygon^ 
are equal; and the polygon is regular. 

Dbm.— Let ABCDEFbe an inscribed polygon, with AB = BC = CD, etc. ; 
then is angle A = B = C = D, etc., and the polygon is regular. 

For, from the centre of the circle draw OF, OA, and OB, and also the per- 
pendiculars Oa and Ob. Revolve OFA upon OA as tsa axis, until it falls- in tha. 

8 
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plane of OAB. Since the chords FA and AB are equal, the ar«; FA = ate AB, 
and F fklls at B. Hence the triangles OFA and OAB 
coincide. The angle A of the polygon is therefore 
bisected by OA ; that is, OAF = OAB. In the same 
manner OBA can be shown equal to OBC. More- 
oyer, since OA and OB are equal oblique lines drawn 
from a point in the perpendicular, angle OAB = 
angU OBA. Hence, as the half of A equals the half 
of B, A = B. In like manner, B can be shown equal 
to C, to D, D to E, etc. Therefore the polygon is 
equiangular, as well as equilateral, and consequently 
regular (1^7). % B. D. 




PROPOSITION xvm. 

259. Theorem* — The sides of an inscribed equiangular polygon 
are equal when their number is odd ; and the polygon is regular. 

Dem. — Let ABCDEFC be an Inscribed equiangular polygon of an odd 
number of sides; then is side AB = BC = CD, etc., 
and the polygon is regular. 

For, from the centre of the circle draw the 
radii OA, OB, etc., to the vertices of the polygon, 
and Oa, 05, etc., perpendicular to the sides. Re- 
volve the quadrilateral OCAa, upon Oa as an axis 
until it falls in the plane of OCBa. Since Oa 
is perpendicular to the chord AB, Aa = aB, and 
A will fall at B. Also, as the angle A of the poly- 
gon = B, AC will fall in BC. Now C falls at the 
same time in the arc BCD (158) and in BC, and 
hence falls at their intersection C. Therefore AC 
^i®- 190. ^ BC. In like manner revolving OBCc upon Oc 

as an axis, BC is found equal to ED. So also we 
can show that ED = FC ; then that FC = AB ; then that AB = DC ; and finally, 
that DC = EF. Hence we have CA = BC = ED = FC = AB = DC = EF ; and 
as the polygon is equiangular by hypothesis, it is regular (117\ Q. b. d. 

260. ScH.— It is easy to see that the above argu- 
ment would fail in the case of a polygon of an even 
number of sides, because, in going around the second 
time the same sides would coincide as in going around 
the first time. Moreover, we can readily inscribe an 
equiangular polygon of an even number of sides which 

shall not be regular. 
Fie. 191. 
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FBOFOSmON XIX. 

2610 Theorem, — The sides of a circumscribed equiangular 
polygon are equal ; and the polygon is regular. 

Dem. — Let ABCDEF be a circumscribed polygon, with angle A = B = C, 
' etc. ; then is AS = BC = CD, etc., and Uie polygon is regular. 

For, from the centre of the circle, draw OA, OB, 
etc., to the vertices of the polygon, and Oa, Od, etc., 
to the points of tangency. The latter will be per- 
pendicular to the sides by {17 S), Now reveree the 
triangle AaO, and apply it to A^, placing Oa in its 
equal Oh ; oA will take the direction JA. Then will 
OA of the triangle AaO, fall in OA of the triangle 
A&O, since there cannot be two equal oblique lines on 
thefiame side of 05 (l£Oy Hence aTigle bAO = angle 
oAO, and dA = oA. Li the same way it can be Pio. 192. 

shown that OB, OF, etc., bisect the other angles, and that bB = Be, etc. 
Whence, as the polygon is equiangular, these halves are equal, that is, OAa 
= OFa, etc. Then, as OA and OF make equal angles with AF, they cut off 
equal distances from a, and Aa = aF. So, likewise, we can show that Ab = ftB, 
and that each side is bisected at the point of tangency. Therefore, as the halves 
of the sides are equal, the polygon is equilateral, as well as equiangular, and 
consequently regular (117)- Q. b. d. 




■^- )£ 



^ FROFOSITIOH XX. 

262. Theorem* — The angles of a circumscribed equilateral 
polygon are equal when their number is odd ; and the polygon is 
regular. 

Dem. — Let ABODE be a circumscribed polygon 
with AB = BC = CD, etc. ; then is angle A = B 
= C = D, etc., and the polygon is regular. 

In the same manner as in the preceding demon- 
stration, we may show that OA, OB, etc., bisect 
the angles of the polygon. [The student should 
go through the process.] Then revolve the tri- 
angle AOE upon AO as an axis till it falls in the 
plane of AOB ; and as angle OAE = angle OAB, 
and AE = AB, the triangles will coincide. Hence 
angle OEA, the half of angle E of the polygon, fig. 193. 

equals angle OBA the half of B, and E = B. In like manner revolving AOB 
upon OB, we can show that A = C. So also we find B = D, and D = A. 
Therefore the polygon is equiangular as well as equilateral, and consequently 
regular, q. b. d. 




116 EliEMENTABT PLANE GEOMETBT. 

263» ScH. — That the above style of argument fails in the case of a polygon of 
an even number of sides, may be observed by attempt- 
ing to apply it Thus, from Mg, 192, we would have 
A = C, B = O, C = E, O = F, E = A, and F = B. 
From these we have A = C = E, and B = D = F, 
But the process will not give any one of the first three 
Fio. 191. angles equal to any one of the second set That is, 

It does not follow that two adjaeera angles are equal in case the number of sides 
is tnen. We can readily construct a circumscribed equilateral polygon which 
shall not be equiangular. 




rBOPOsmov xxl 

264. Theorem, — A circumference may be circumscribed about 
any regular polygon. 

DsM.— -Let ABCDEF be a regular polygon. Bisect AF^with a perpendicular 
Oa. Any point in this perpendicular is equidistant 
from A and F. Bisect AB, adjacent to AF, with a 
perpendicular, as Ob, Any point in this perpendic- 
ular is equidistant from A and B. Hence the inter- 
section of these perpendiculars, O, is equidistant from 

A, F, and B, and a circumference described from O as 
a centre, with a radius OA, will pass through F and 

B. Now revolve the quadrilateral F05A upon Ob as 
an axis until it falls in the plane of C05B, bk will 
fall in its equal &B ; and since angle A = angle B, 
and side AF = side BC, F will fall at C. Thus it 
appears that the circumference described from O, 
and passing through F, A, and B, also passes through 

C. In a similar manner it can be shown that the same circumference passes 
through all the vertices, and hence is circumscribed. Q. b. d. 

265. Cor. 1. — A circumference may be inscribed in any regular 
polygon. 

Deh. — ^For, having circumscribed one about it, the equal sides become equal 
chords, and hence are equally distant from the centre. If, therefore, a circle be 
drawn from as a centre, with Oa as a radius, it will touch eveiy side of the 
polygon at its middle point. 

266* Cob. 2. — The centres of the inscribed and circumscribed 
circles coincide. 

267* The Centre of a regular polygon is the common centre 
of its inscribed and circumscribed circles. 
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268. An Angle at the Centre of a regular polygon is the 
angle included l^ two lines drawn from the centre to the extremities 
of a side, as FOA, AOB. 

269. Coll. 3. — The angles at the centre of a regular polygon are 
equal each to each; dhd any one is equM to four right angles divided 
ly the number of sides of the polygon. 

270 9 Hie Apothem of a regular polygon is the distance from 
the centre to any side, and is the radius of the inscribed circle. 



y 



^ PBOPOSmOV XXIL 

271. Theorem. — The side of a regular inscribed hexagon is 
equal to the radius, 

Dbm. — Let ABCOEF be a regular inscribed hexagon ; then is any side, as 
BC, equal to OB, the radius. 

In the triangle BOC the angle O is measured by 
the arc BC, or ^ of a circumference, and hence is ^ 
of 4 right angles, or | of a right angle. Angle ABC 
18 measured by i arc CDEFA, or f of a circumfer- 
ence. Hence angle OBC, which is i of ABC/ is 
measured by i of S, or i of a circumference, and is, 
consequently, equal to BOC. So also OCB, the half 
of DCB, is measured by i of a circumference. Hence 
OCB is equiangular, and consequently equilateral 




272. A Broken Line is said to be Convex when no one of its 
parts will, when produced, enter the space included between it and 
a line joining its extremities. 



PROPOSITION xxm. 

273. Theorem. — A Convex broken line is less than any broken 
line which envelops it and has the same extremities. 

Dbh.— Let AbcdB be a broken line enveloped 
by the broken line ACDEFB, and having the 
same extremities A and B ; then is A^B < 
ACDEFB. 

For, produce the parts of AbcdB till they meet 
the enveloping line, as A6 to «, be to /, and ed 
to g. Now, since a straight line is the shortest 
path between two points, Ae < ACtf, bf < beOEf^ 




Pig. 197. 
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eg < effg, and dB < dgS, Hence, if a point starts firom A to move to B^ AeDEFB 
will be a shorter path than ACDEFB, MffB shorter than A^DEFB, A%B shorter 
than A5/FB, fuid McdB shorter than AbcgB. Therefore, AbedB is shorter than 
ACDEFB. Q. B. D. 

274. Cor. 1. — The sum of any two sides of a triangle is greater 
than the third side. 

This is the same as the axiom that the shortest distance betwem two points 
is a straight line. 

27S* Cor. 2. — The difference between any two sides of a triangle 
is less than the third side. 

Deh.— Let a, 6, and e be the sides. By CoroUaiy 1st, a + A ><j. Therefore, 
transposing, a > c — 6. 

276* Cor. 3. — If from any point within a triangle lines be 
dratan to the extrennities of any side, tlie sum of these lines i& less 
than the stun of the other two sides of the triangle. 




EXERCISES. 

1. Qiven two angles of a triangle, to 
find the third. 

Bt70*s.— The student should draw two angles 
on the blackboard, as a and &, and then proceed 
to find the third. The figure will suggest the 
method. The third angle is e. 

The solution is eflfected also by constructing 
the two given angles at the extremities of any 
line, and producing the sides till they meet 



FiQ.igs. 



2. Two angles of a triangle are re- 
spectively f and I of a right angle. TjThat is the third angle ? 

3. The angles of a triangle are respectively |, i, and | of a right 
angle. Which is the greatest side ? Which the least ? Can you tell 
the ratio of the sides ? 

4. What is the value of one of the equal angles of an isosceles tri- 
angle whose third angle is ^ of a right angle ? ^, 

5. Two consecutive angles of a quadrilateral are respectively f and 
I of a right angle^ and the other two angles are mutually equal to 
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each other. What is the form of the quadrilateral ? What *the value 
of each of the two latter angles ? Ij^,{x>, 

6. One of the angles of a parallelogram is | of a right angle. What 
are the values of the other angles ? iT , i- J^ , 

7. The two opposite angles of a quadrilateral are respectively ^ 
and f of a right angle. Can a circumference be circumscribed ? If 
8O9 do it. 

8. Two of the opposite sides of a quadrilateral are parallel, and 
each is 15 in length. What is the figure ?/? Do these facts determine 
the angles ? Cd^f (r, jf^Z' '^^^ '^ ^ /'^^^^i^ik i.j x..^ .0 

9. Two of the opposite sides of a quadrilateral are 12 each, and the 
other two 7 each. What do these facts determine with reference to 



f. ^' 



the form of the figure ? // . \ v v>^ , y ^ v 

10. What is the value of an angle of a regular dodecagon? / % .^>T^'. * 

11. What is the sum of the angles of a nonagon ? uWhat is th^ 
value of one angle of a regular nonagon ? y^pf one exterior angle ? \ \ ., 

12. What is the regular polygon, one of whose angles is 1|| right 
angles? .;X J^^- t' ^^^"^ 

13. What is the regular polygon, one of whose exterior angles 
is f of a right angle ? -iy y^^^cTi ^ * 

14. Can you cover a plane surface with equilateral triangles with- 
out overlapping tljiem or leaving vacant spaces?^ With quadrilat- 
erals? Of what form ?^ Withjpwtaffons? Why ?^ With hexagons? ' 
Why ? "^ What insect pttfe'ffie Ktfe^^ practical use ? Can you 
cover a plane surisEice thus with regular polygons of more than 6 
sides? Why? 

15. Is an equilateral hexagon circumscribed about a circle neces- 
sarily regular ? A heptagon ?, An octagon ? A nonagon ? ^ 

16. Is an equiangular circumscribed quadrilateral necessarily reg- 
ular ? A pentagon ? ,A hexagon ? A heptagon ? ^ . 

17. Is an equilateral inscribed pentagon necessarily ^egulal??•.^^^An 
octagon?) How is it if they are equiangular; are they necessarily 
equilateral and regular? ^^ 



i 
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SYNOPSIS. 



Peop. L Sum of angles. 



I 

1 



Prop. XL Sides and opp. angles. 



f Cot, 1. Only one right or obtusa 
Cot, 2. Two angles given. 
Cot, 8. Acute angles if right angled ^ 
Cot, 4 One angle if equiangular. 
'' Cot, 1. Converse. 
Cot, 2. Equiang^ulai*, equilat- 
eral, and converse. 
Cot, 8. Isosceles, equiangular, 

and converse. 
/Sb/t. These only general rela- 
tions. 
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Prop. HI. Angle within a triangle. 
Dep. Exterior angle. 

, Prop. IV. Exterior angle. — Cor, Non-a(yacent interior. 

Prop. V. Sum of angles. 
Prop. VI. Angles of inscribed. 

- PBOP. VIL Angle, of. j ^: ^ %\ J^P-j^- 

Prop. VIII. Converse" to last. 

Prop. IX. Two op. sides of a quadrilat'l equal and parallel. 

Prop. X. Opposite sides of a quadrilateral equal. iparaUele, 

Prop. XI. Convei-se to last \ ^- «^* f "*"®I%^^'^^P\*^ ^*- 
.oj.. v^^uYciBc vsj laou ^ cbr. 8. Diagonal Of a parallelogram. 

(Prop. XII. Bisect. 

Diagonals. J Prop. XIII. Of a rhombus.— C{?r. Bisect angles. 

(Prop. XIV. Of a rectangle.— Ci?r. Converse. 

Dep's.— Salient angle.— Re-entrant.— Convex polygon.— Concava 

{8ch. 1. Application. 
8c?i. 2. Applied to triangles. 
8ch. 3. Angle of equiangular poly- 
gon. 
Prop. XVI. Sum of exterior angles. 

" Prop. XVII. Equilateral inscribed, regular. 
Prop. XVIII. Equiangular inscribed j Sch. Fails for 
if odd No. of sides. ( even No. 
XIX. Equiangular circumscribed, regular. 
XX. Equilateral circbd. if j Sch. Fails for 
odd No. of sides. ( even No. 

0)r. 1. Inscribed. 
Q>r. 2. Centres. 
Circf. can be cir- J Ikf. Angle at cntr. 
cumscribed. \ G?r. 3. Value of an- 
gle at centre. 
Def. Apothem. 
Prop. XXIL Side of inscribed hexagon. 



Regular. 



Prop. 
Prop. 



Prop.' XXI, 



Dbf. Convex Broken Line. 



Prop. XXIII. Convex broken line < ^ 
than—. 



^ Exercises. 



' Cbr. 1. Sum of two sides of tri- 
angle. 

Cor, 2. Diflf. of two sides of tri- 
angle. 

Cor, 8. Lines from point within 
triangle. 
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SECTION VIII. 

OF EQUALITY. 



277* JSquality signifies likeness in every respect 

278. The equality of magnitudes is usually shown by applying 
one to the other, and observing that they coincide. 



PROPOSITION L 

279. Theorem. — Two straight lines of the same length are 
equal magnitudes.* 

Dem.— Let AB and CD be two straight lines of the same length; then are 
they equal. 

For, conceive the extremity C of CD placed at A, 

and the other extremity somewhere in AB, or in AB a B 

produced, as the case may be. Now, the point 

which traces AB passes through all points in the ^'": ^ 

direction of B from A ; and hence, if CD is traced fio. 198.* 

from A towards B, it will pass through the same 

points as far as they mutually extend. The lines therefore coincide, as far as 

they both extend; and, being of the same length, D falls at B, and they coincide 

throughout ; they are, therefore, equal Q. B. d. 

111. — The truth of this theorem is so evident, that 
the student may fail to see the point of the demonstra- 
tion. Let him see if he caji say. tlie same things of 
two curved lines AttiB, and CnD, which are of the 
same length. 

. The substance of the demonstration is as follows : 
* A line has two properties, and only two, form and 
magnitude. Straight lines, being of the same form, if ^^' ^^* 

they are of the same magnitude, are alike in all respects; i. «., they are equaL 
Now, a line, as a magnitude, has only one dimension, viz., length. If, there* 
fore, two lines have the same length, they have the same magnitude. 




♦ See PreflMJC. 
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PBOPOSinOK IL 

280. Theorem.— Two circles whose radii are of the same length 
are equal; L e^ the circumferences are eqtml, and 
the circles equal 

Dmc.— Let there be two circles whose radii AB and 
CO are of the same length ; then are the circles eqoaL 

For, place the second circle on the first, with the centre 
C at A, and CO in AB. As CD = AB, D will faU at B. 
Now, every point in the plane at a distance AB from A is in 
the circumference of circle A. But every point at a distance 
CO from the common centre is in the circumference of 
circle C. Hence, the two figures coincide, and the circles 
are alike in all respects, £. «., are equal q. e. d. 

FiA.900. 




OF ANGLES. 
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PBOPOSITION m. 



281. Theorem. — Two angles whose sides are paraUelj two and 
two, and lie in the same or in opposite directions from their vertices^ 
are equal. 

Deh. — Ist Li (a) or {a') let B and E have BA and ED parallel, and extending 

in the same direction from the 
vertices, and also BC and EF; 
then are B and E equal. For, 
produce (if necessary) either two 
sides which are not parallel, till 
they intersect, as at H; then are 
the corresponding angles DHC and 
DEF, and DHC and ABC equaJ 
{152). Hence, ABC = DEF. 

2nd. In (b) and (6') let B' and E* 
have B'A' parallel with E'F', but 
extending in an opposite direction 
from its vertex ; and in like manner 
B'C parallel with, but extending in 
For, produce (if neces- 




C 

Fig. 201. 
an oppoirite direction from E'D' ; then are B' and E' equal. 



saiy) two of the sides which are not parallel till they intersect, as at H' ; then 
D'H'B' = the corresponding angle D'E'F', and also = the alternate interior 
angle A'B'C ; whence A'B'C = D'E'F'. q. b. d. 
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PROPOSITION IV. 



\- 



282» Theorem* — If two angles have two sides parallel a7id ex- 
tending in the same direction with each other, while the other two 
sides are parallel and extend in opposite directions from each other, 
the angles are supplemental. 

Dem.— Let ABC and DEF be two angles, 
haying BC and ED parallel, and extending 
in the same direction from the vertices, 
and AB and EF parallel, and extending in 
opposite directions from the vertices ; then are 
ABC and DEF supplements of each other. 

For, produce the two sides not parallel, if 
necessary, till they meet Kow, BHD is the 
supplement of BHE by {131), BHE = the al- 
ternate interior angle DEF, and BHD = the 
corresponding angle ABC. Therefore, ABC is 
the supplement of DEF. q. b. d. 

[This demonstration is adapted to the upper 
cut; let the student adapt it to the lower.] 




PROPOSITION V. 

283m Theorem* — If two angles have 
their sides respectively perpendicular to 
each other, the angles are either equal or 
supplementary. 

Dbm. — Let BA be perpendicJhlar to^EF or 
to E'F', and BC to ED; then is ABC = DEF. 
For, through B draw BO and BN, respectively 
parallel to ED and EF ; then by the preceding 
propositions NBC = DEF, and is the supple- 
ment of F'E'D. But NBA = OBC, smce both 
me right angles. Take away OBA from each, 
0d we have NBC = ABC; and as NBC is the 
supplement of F'E'D, ABC is also the supple- 
ment of F'E'D. q. B. D. 
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OF TfiUNOLES. 



PROPOSITION TL 

284. Theorem. — Two triangles which have two sides and the 
included angle of one equal to two sides and the included angle of the 
other, each to each, are equal. 

Dmc.— Let ABC and DEF 

be two triangles, having 
AC = DF, AB = DE, and 
angle A = angle D ; then 
are the triangles equal. 

For, place the triangle 
ABC in the position (6), the 
side AB in its equal DE, and 
the angle A adjacent to its 
equal angle D. Then re- 
volving ABC upon DB, until 
it falls in the plane on the 
opposite side of DB, smce angle A =: angle O, AC will take the direction OF ; 
and as AC = DF, C will fall at F. Henoe BC will fall in EF, and the triangles 
will coincide. Therefore the two triangles are equal, q. b. d. 

We may also make the application of ABC to DEF directly, as m {85). The 
method here given is used for the purpose of uniformity in this and the follow- 
ing. We may observe that m this, as in the other cases, DB is perpendicular to 
FC, and bisects it at 0. This fact might easily be shown, and the demonstra- 
tion be based upon it 

285. ScH.— This proposition signifies that the two triangles are equal in aU 
respects, ». &, that the two remaining sides are equal, as CB = FE ; that angle 
C = angle F, angle B = angle E, and that the areas are equal. 




FIG.S04. 



PROPOSITION Tn. 

286* Theorem. — Two triangles which have two angles and the 
included side of the one equal to two angles and the included side of 
the other, each to each, are equal. 
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Fio. 206. 



Dbm.— Let ABC and DEF 
be two triangles, having 
angle A = angle D, angle 
B = angle E, and side AB 
= side DE; then are the 
triangles equal. 

For, place ABC in the 
position (6), the side AB in 
its equal DE, the angle A 
adjacent to its equal angle D, 
and B adjacent to its equal 
angle E. Then revolving 
ABC upon DB till it falls in the plane on the same side as DFE, since angle A = 
angle D, AC will take the direction DF, and C will fall somewhere in DF or 
DF produced. Also, since angle B = angle E, BC will take the direction EF, 
and C will fall somewhere in EF, or EF pix)duced. Hence, as C falls at the 
same time in DF and EF, it falls at their intersection F. Therefore the two 
triangles coincide, and are consequently equal. <^ e. d. 

287. Cor. — If one triangle has a side, its opposite angle, and one 
adjacent angle, equal to the corresponding parts in another triangle, 
each to each, the triangles are equal. 

For the third angle in each is the supplement of the sum of the given angles, 
and they are^ consequently equal. Whence the case is included in the pro- 
position. 

288. ScH.— A triangle may haye a side and one adjacent angle equal to a 
side and an adja- 
cent angle in 
another, and the 
second adjacent 
angle of the first 
equal to the angle 
opposite the equal 

side in the second, and the triangles not be equal. Thus, hi the figure, AB 7= 
C'A', A = A', and B = B'; but the triangles are evidently not equal. [Such 
triangles are, however, smMovr^ as will be shown hereafter.] 




PROPOSITION ynL 

289* Theorem^ — Two triangles which have two sides and an 
angle opposite one of these sides, in the one, equal to the corresponding 
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parts in the otJier, are equal, if of these two sides the one opposite tJie 
given angle is equal to or greater than the one adjacent, 

Dbm.— In the triangles ABC and DEF, let AC = DF, CB = FE, A = D, and 

CB (= FE) " AC (= DF) ; then are the triangles equal. 

For, apply AC to its equal 
C F DF, the point A falling at 

D and C at F. Since A = 
D, AB will take the direc- 
tion DE. Let fall the per- 
pendicular FH upon DE, or 
DE produced. Now, CB 
being ^ DF, cannot fall 
between it and the perpen- 
dicular, but must fall in FD 
or beyond both. As there 
can be but one line on the 
same side of the perpen- 
dicular equal to CB, and as 

FE = CB, CB must fall in FE. Hence, the two triangles coincide, and are 

consequently equal. Q. B. D. 




290. ScH. l.-If A and D are acute and CB (= FE) = AC (= DF), the tri- 
angles are isosceles. If A and D are right or obtuse, CB (=FE) must be greater 
than AC (= DF), in order that there may be a triangle, since the right or obtuse 
angle is the greatest angle in a triangle, and the greatest side is opposite the 
greatest angle. This impoflsibility appears also from the demonstration above. 



291. ScH. 2.— If A and D are aciUe^ and the side opposite A, t.«., CB, is less 

than AC, it must be equal to or 
greater than the perpendicular CI 
(= FH) in order to have a triangle. 
Then, applying AC to DF, and ob- 
serving that AB takes the direction 
DE, and that EF, which = CB, being 
intermediate in length between DF 
and FH, may lie on either side of 
FH, we see that ABC may or may 
not coincide with DEF. Whether it does or not will depend upon whether 
angle C = angle F, or whether AB = DE. This is the ambiguous case in 
the solution of triangles, and should receive special attention. 
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PROPOSITION IX. 

292. Theorem. — Two triangles which have the three sides of 
the one equal to the three sides of the other y each to each, are equal 

Dbm.— Let ABC and DEF be two triangles, in which AB = DE, AC = DF, 
and BC = EF ; then are the 
triangles equal. 

For, place the triangle 
ABC in the position (6)^ and 
the side AB in its equal OE, 
80 that the other equal sides 
shall be adjacent, as AC ad- 
jacent to DF, and BC to EF. 
Draw FC. Now, since DC 
= DF, and ^C = EF, DB is 
perpendicular to FC at its 
middle point (130). Hence, 
reyolying ABC upon DB, it 
will coincide with DEF when brought into the plane of the latter Therefore 
the two triangles are equaL <^ b. d. 

293. Cor. — In two equal triangles^ the equal angles lie opposite 
the equal sides. 

294. ScH.— If the triangles compared, as in the 
three preceding propositions, have an obtuse angle, and 
the two sides first brought together are sides about the 
obtuse abgie, the figure will take the form in the mar- 
gin ; but the demonstration will be the same. When 
the three sides are the given equal parts, the form of 
figure given in the demonstration above can always be 
secured by bringing together the two greatest sides. 

Fig. 210. 



Fig. 209. 




/ 



PROPOSITION X. 



29S. Theorem. — If two triangles have two sides of the one 
respectively equal to two sides of the other, and the included angles 
uneqtUdy the third sides are unequal^ and the greater third side 
belongs to the triangle having the greater included angle. 
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DsM.— Let ACB and DEF be two tri- 
angles haying AC = DF, CB = FE, and 
C > F; then is AS > DE. 

For, placing the side DF in its equal 
AC, since angle F < angle C, FE will fall 
within the angle ACB, as in CE. Then let 
the triangle ACE = the triangle DFE. Bi- 
sect ECB with CH, and draw HE. The 
triangles HCB and HCE have two sides 
and the included angle of the one, respec- 
tiyelj equal to the corresponding parts of 
the other, whence HE = HB. Now AH + 
HE > AE; but AH + HE = AH + HB =: 
AB. Therefore, AB > AE. q. b. d. 

296. Cob. — Conversely, If two 

p„ 211 ^ sides of one triangle are respectively 

eqtml to two sides of another, and the 

third sides unequal^ the angle opposite this third side is the greater 

in the triangle which has the greater third side. 

Dem.— If AC = DF, CB = FE, and AB > OE, angle C > angle F. For, if 
C = F, the triangles would be equal, and AB = DE (284) ; and, if C were less 
than F, AB would be less than DE, by the proposition. But both these conclu- 
sions are contrary to the hyi)othe8is. Hence, as C cannot be equal to F, nor 
less than F, it must be greater. 




PBOPOSmOIf XL 

297* Theorem. — Ttoo right angled triangles which have the 
hypotenuse and one side of the one equal to the hypotenuse and one 
side of the other^ each to each, are equal 

Dem.— In the two triangles ABC and DEF, right angled at B and E, let AC 
= DF, and BC = EF; then are the triangles equal. 

For, place BC in its equal 
Q fj^ EF, so that the right angles 

shall be adjacent, the angles 
A and D lying on opposite 
sides of EF, as in {b). Since 
E and B are right angles, 
DA is a sti'aight line. Now, 
since equal oblique lines, as 
PiQ. 812. ^^ aJid CA, cut off equal 

distances from the foot of 
the perpendicular (141), DE = BA; and revolving CAB upon FB, the two 
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triangles will coincide when CAB falls in the plane on the side D. Therefore, 
the triangles are equal, q. e. d. 



PROPOSITION xn. 

298. Theorem.— Two right angled triangles having the hypo- 
tenuse and one acute angle of the one equal to the hypotenuse and 
an acute angle of the other, are equal. 

Dem.— One acute angle in each being equal, the other acute angles are 
equal, since they are complements of the same angle (222). The case is, then, 
that of two angles (the acute angles in each), and their included side (the hy- 
potenuse), and falls under {28^, 



PROPOSITION XnL 
299. Theorem.— Two right angled triangles having a side and 
a corresponding acute angle in each equdl^ are equal. 
This also falls under {286\ Let the student show why. 



OF QUADRILATERALS. 



PROPOSITION XIV. 

300. Theorem. — Two quadrilaierals are equal when the follow-- 
ing parts are equal, each to each, in loth qtmdrilateralsy and similarly^ 
arranged : 

1. The triangles into which either diagonal divides the quadrilaterals. 

2. The four sides and either diagonal. 

3. The four sides and one angle. 

4. Three sides and the two included angles. 

5. Three armies and any two sides, if the other two sides are non- 
parallel. 

Beic. — ^1. This case is demonstrated by applying one quadrilateral to the other. 
2. This case is reduced to the former by (292). 

8. Drawing the diagonal opposite the known angle, this case is reduced to 
the first by (284), and (292). 

4. This is demonstrated by applying one quadrilateral to the other ; or, draw- 
ing a diagonal, it may be reduced to case first by (284). 

5. In this case the quadrilaterals are mutually eqtdangular by (255). If, 
then, the two sides are adjacent, by drawing the diagonal jdning their extremi- 

9 
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ties the case is brought under the first by (284), and (286). If, however, the 

two known sides are non-adjacent, bj pro- 
ducing the unknown sides two triangles 
are formed in each figure, which are mu- 
tually equal by (286), and the case comes 
under the axiom concerning equals sub- 
"^ ^ f— «-» tracted from equals. 

[Let the pupil draw the figures and give 

the demonstrations in full form. Trapeziums should be used; although it 

should be seen in each case— except the fifth— that the truth applies to any 

other fomj of quadrilateral.] 




PROPOSITION XT. 

301* Theorem* — Two parallelograms having two sides and the 
induded angle of the one equal to tvjo sides and the included angle 
of the other J each to each, are eqiml 

Dbm.— liOt AC and EC be two parallelograms, with AD = EH, AB = EF, and 
_ A = E ; then are they equal. 

For, applying the angle E to A, since EH 
= AD, H will fall at D ; and smce EF = AB, 

^ / F will fall at B. Now, through D but one 

line can be drawn paraUel to AB ; hence HC 

/ y^ will fall hi DC, and C will be found in DC, 

/ / or in .DC produced. In like manner, since but 

r^ p one parallel to AD can be drawn through B, 

p^Q 214 FG must fiill in BC, and C be found in EC, 

or in BC produced. Therefore, as C falls at 
the same time in DC and BC, it falls at C, and the parallelograms coincide. 

302* Cob. — Two rectangles of the same base and altitude are 
^equal 



OF POLTOOVS. 



PROPOSITION XTL 

'303. Theorem. — Two polygons of the same number of sides, 
ihaving all the parts of the one excqpt three angles, known to be respec- 
'tively equal to the corresponding parts of the other, are equoL 

Dbm.— If the two polygons AE* and A'E', have all the parts of the one equal 
to the corresponding parts of the other, each to each, except three angles ; then 
are the polygons equal. 

* It is often more convenient to read a polygon by two letters, instead of aU those at tbc 
vieiticei:. 
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Fro. 815. 



Ist When the three un- 
known angles are consecu- 
tive, as C, F, E, and C, F', 
E'. Draw CE, and C'E'. 
Apply polygon A'E' to AE, 
beginning with ^ in its 
equal g\ A' = A, and a' = 
o; hence, B' falls at B; B' 
= B, and V = d, hence, C 
falls at C ; etc. Thus, we 
may show that the perime- 
ters coincide till we reach E' and E. Then will C'E' = CE, and the triangles 
CFt and C'F'E', having their corresponding sides respectively equal, are them- 
selves equal, and the polygons coincide throughout. 

2d. When two of the unknown angles are consecutive, and the third not con- 
secutive with these," as C, E, D, and C, E', D'. From the angle which is not , 
consecutive with the other two, draw diagonals to the other angles, as CE, CD, 
and CE', CD'. Now, CA'B'CD' can ^ applied t» CABCD, and CF'E"to CFE, 
in the ordinary way. Hence, the ti-iangles CE'D' and CED are mutually equi- 
lateral, and consequently equal. Therefore the polygons are equal. 

3d. When no two of the three unknown angles are consecutive, as C, B, D, 
and C, B', D'. Jom the unknown angles by diagonals, as CB, CD, BD, and CB', 
CD', B'D'. Now, polygon CF'E'D' can be applied to CFED, D'C'B' to DOB, 
and CA'B' to CAB in the ordihary way. Hence, the triangles CD'B' and CDB 
are mutually equilateral, and consequently equal. Therefore the polygons are 
equal* 

S04:. Cor. — Two quadrihterals having their corresponding sides 
equals and an angle in one equal to the corresponding angle in the 
other, are equal* 



PBOPOSmON XTIL 

305. Theorem. — Two polygons of the same number of sides, 
laving all the parts of the one except two angles and the included 
side, hnown to be respectively equal to the corresponding parts of the 
other, are equal 

Dem,— Let the unknown parts be C, e, D, and C, &, D'. Prom any other two 
of the matnally equal angles, as G and C, draw the diagonals GC, GD, G'C, G'D', 



* Notice tliEt In each case the unknown anglee are to Ibrm the veriiceB of triangles, which 
the argument shows to be equilateral, and therefore equal In Case Ist, we have to draw only 
one line in order to giye the triangles, as two sides are sides of the polygon ; in Case 9d, we 
have to draw two sides , and in Case 8d, three sides, for analogous reasons. 
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to the unknown angles. Then 

the polygon G'F'PD' can be 

applied in the ordinary way 

to GFED, f being placed in 

/, etc. So also G'A'B'C can 

be applied to GABC, begin- 

ning with ^ in its equal g. 

Hence, angle PG'D' = FGD, 

A'G'C' = AGC; and, adding, 

PG'D' + A'G'C = FGD + 

A G C. Snbtracting these 

eqoals from G' = G, we have CG'D' = CGD. Whence the triangles CG'D' and 

CGD have two sides and their induded- angle equal in each, and are eqnal ; 

therefore the polygons are equal in all their parts. 




Fie. 916. 



SOS. ScH.—When the unknown 
angles are both separated from the 
unknown side, the polygons may or 
may not be equal — the case is am- 
biguous. Thus, if C and E are the 
unknown angles and AH the un- 
known side, the polygons ABCDEFG, 
and A'B'C'D'EFG fulfill the condi- 
tions, but are not equal. By draw- 
ing CE, CA, and EH, the case is re- 
'W duced to that of two quadrilateralfl 
having all the parts equal, each to 
each, except two angles and their 

non-adjacent side ; in which case the quadrilaterals are not necessarily equal. 
So, also, when one of the unknown angles is adjacent to the unknown 

side and the other separated, the polygons may or may not be equaL Thus, let 





the unknown parts be D, c, G, and D', d, G'. From the separated angle draw the 
diagonals to the extremities of the unknown side, as CO, CD (or CDi), and C'C, 
P'D'. In the usual way G'A'B'C' can be appHed to CABC, and C'F'E'D' to 
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CFED. Whence C'C = CC, CD' = CD, and angle C'C'D' = CCD. Thus the 
case Is reduced to that of two triangles haying two sides and an angle oppo- 
site one of them mutually equal, and is, therefore, ambiguous. The polygon 
(a) may have the part corresponding to C'F'E'D' situated as CFED, or as 
CFiEiDi. In the former case the polygons are equal, in the latter not 

307* Cob. — Two qtiadrilaterals having three sides and the corre- 
sponding angles inclvded by these sides equals are eqtcal 

This falls under the 1st case. 

308* ScH.— If the three unknown or excepted parts are all sides, the poly- 
gons are not necessarily equal, as will appear by an inspection of the figure. The 




Fig. 919. 

unmarked sides being the excepted ones, the polygons may be those included by 
the continuous lines, or those included in part by the broken lines, all the parts 
being equal in each two, except the three unknown ones. 



PROPOsmox xynL 

309. Theorem. — Two polygons of the same number of sideSy 
having two adjacent sides and the diagonals drawn from the included 
angle, in the one, respectively equal to the corresponding parts in the 
other, and their corresponding included angles equal, are equal 
figures. 

Dem. — The demonstration is based upon {284), Let the student draw the 
figures, and make the applications. ' 



PROPOSITION XEL 

310. Theorem. — Two polygons of the same number of sides, 
having all the parts {sides and a^ngUs) of the one respectively equal 
to the corresponding parts of the other, except two parts, are equal, un^ 
less the excepted parts are parallel sides. 
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DfiiL—Tbe demonstration can be supplied by the pupil, as it is simileCr to the 
seyeral preceding. The cases will be, 1st, When two angles are excepted, 
(a) they being consecutiye, (d) they not being consecutiye ;— 2d, An angle and a 
side, (a) consecutive, (d) not consecutiye ;--8d, Two sides, (a) consecutiye, {p) not 
consecutiye. 



'>( EXERCISES. 

1. Proh. — Having two sides and their included angle given, to 
€07istruct a triangle. 

Bug's.— The student should draw two lines on the blackboard, and a detached 
angle, as the giyen parts. Then, making an ^ngle equal to tiie giyen angle 
(200)t he should lay off the giyen sides from the yertex on the sides of the 
angle, and join their extremities. The triangle thus formed is the one required, 
for any other triangle formed with these two sides and this angle will be just 
Mke this by (284). 

2. Proh. — Having two angles and their included side given, to 
construct a triangle. 

3. Proh* — Having the three sides of a triangle given, to construct 

the triangle. 

Solution. — Let a, h, and <j, be the giyen 
fiddes. Draw an indefinite line CX, and on 
it take CB = a. From C as a centre with 
5 as a radius, describe an arc as near as can 
be discerned where the angle A will ialL 
From B, with a radius c, describe . an arc 
intersecting the former. Then is ABC the 
triangle required, since any other triangle 
haying the same sides would be equal to 
ABC( 




Pig. 230. 



4. Proh* — To inscribe a circle in a given triangle. 

Solution.— For tlie method of doing it see Part I. (79), To proye the 

method correct, we obserye that the triangles 
ODB and QBE haye OB. common, and are 
mutually equiangular ; henc^ they are equal, 
and OD =: OE. In like manner triangle 
OEC = OFC, and OE = OF.^ [Triangle OFA 
= ODA ; but we do not need the fact in the 
demonstration.] Since OD = OE = OF, the 
circumference struck from O as a centre with 
a radius OD, passes through E and F. More- 
oyer, since each side of the triangle is per- 
pendicular to a radius at its extremity, it is tangent to the circle (172) ; and 
the circle is inscribed. 
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6. JP,rob. — Having two sides and an angle opposite one of theni 
given, to construct the triangle. 

Solution.— ^t. When the given angle is right or obtuse, the side opposite 
must be greaterNihan the side adjacent, as the greatest side is opposite the 
greatest angle {22^, and the greatest angle in such a triangle is iae right or 





obtuse angle. In this case let m and o be the given sides, and O the ai^gle oppo- 
site o. Draw an indefinite line O'X, construct O' equal to O, and take O'N' 
equal to m. From N' as a centra, with a radius equal to O, describe an arc cut- 
ting O'X, as at M'. Draw N'M'. Then is N'M'O' the triangle required, since 
all triangles having their corresponding parts equal to m', o\ and 0' are equal. 

2d. When the given angle is acute, as A, there will be 7U> sdvMon if the 
^ven side, a, opposite A, is less than the perpendicular ; one solution if a = p, 
or if a > than both p and d, and two solutions if a > p, and less than b. This 
will appear fi-om the construction, which is the same as in Case 1st 

6. If a perpendicnlar be let fall from the 
right angle C of the triangle ACB npon the 
hypotenuse, as CD, show from {222) that 
the three triangles in the figure are mutually 
equiangular. 

7. Given the sides of a triangle, as 16, 8, and 5, to construct the 
criangle. ' 

8. Given two sides of a triangle a = 20, S = 8, and the angle B 
opposite the side h equal 4^ of a right angle,* to construct the triangle. 

9. Same as in the 8th, except h = 12. Same, except that I = 25. 

10. Construct a triangle with angle A = | of a right angle, angle 
B = J of a right angle, and side a opposite angle A, 15. 

11. Construct a right angled triangle whose hypotenuse is 16, and 




D 

Fig. SSS. 



* To constract this angle, biBcct an angle of an equilateral triangle. 
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one of the other sides 7. The same with one acute angle f of a 
right angle, and a side about the right angle 12. Will there be any 
difference in the shape of the triangles if one is constructed with the 
given angle adjacent to the given side, and the other with it oppo- 
site ? Will there be any difference in the size f 

'"' 12. Construct a right angled triangle having its hypotenuse 20, 
and one acute angle ^ of a right angle. 

13. Construct a quadrilateral three of whose sides are 20, 12, and 
16, and the angle included between 20 and the unknown side | of a 
right angle, and that between 15 and the unknown side ^ a right 
angle. 

Bug's.— Make A = f of a right angle, and J = 20. From D as a centre, witJi 

a radius 12, strike the arc on. At any 
point on side a, make an angle B' = 
i a right angle. Take B'm = 15, and 
draw Cm parallel to AB'. Prom the 
intersection C draw CB paraUel to 
mB\ Draw CD. Then is ABCD the 
quadrilateral required. 

Queries.^li d + c is less than the 
perpendicular from D upon AB, then 
what ? If equal to the perpendicular, 

then what? Is it necessary to consider angle B in answering the two pre* 

ceding queries ? 

14. Construct a parallelogram whose two adjacent sides are 6 and 
8, and whose included angle equals 1^ right angles. 

16. Construct a heptagon whose sides in order are a = 4, J = 5, 
c = 5, rf = 6, « = 6,/ = 3, ^ = 4; and the angle included between 
a and J, IJ right angles; between h and e?, If ; c and rf, 1^; d and 
e,lh 

SuG*s.^See Fig. 187. Proceed in order, laying off the parts as ^ven, from A 
to F. Draw AF. From F as a centre, with a radius/ = 3, strike an arc, and also 
from A, with a radius ^ = 4 The intersection of these arcs will determine C. 

^M^rfo*.— What is the limit of the sum of the possible values of the given 
angles ? What the limit of the sum of the sides included between the unknown 
angleii? 
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What? How shown? 
Prop. I. Of straight Imes. 
Prop. II. Of circles. 

oD r Prof. III. Sides parallel Direction same or opposite. 

•g \ Prop. IV. " ** " one same, other opposite. 

^ [ Prof. V. " perpendicular. 

■ Prof. VI. Two sides and included angle. ■{ Sch. All parts equal. 
Pkop. m Two angles and i <^- ^'^f.' Trieiaual* ""^ *"'" ''^ 

Prop. VIIL Two sides and angle j Sch, 1. When isosceles. 
\ opposite one. ( Sch, 2. When ambiguous. 

-r) TV mu 'A S Oor- Equal angles opposite equal sides. 
Prop. IX. Three sides, j j^j^ q^ of obtuse angle. Form of Fig. 

Prop. X. Two sides equal, included angles un- A q^ Converse, 
equal. » 

^ q r Prop. XI. Hypotenuse and one side. 

§ I -{ Prop. XII. Hypotenuse and one acute angle. 

Prof. XIII. Side and one acute angle. 



Prof. XIV. Three sides and non-included angles equal. 

Prop. XV. Two parallelograms having two ( Cor. Rectangles of 
sides and the included angles -l same base 

equal. ( ^^ alUtude. 

Prop. XVI. Three angles excepted. •{ Cor. Quadrilaterals. 

^ ^xxx m , A {Sch.l. The ambiguous case. 

Prop. XVH. Two angles and one! q^ Quadrilaterals. 

side excepted. | ^;^ 2. Three sides excepted. 

Prop. XVIII. Two sides and included diagonals. 

Prop. XIX. Any two parts excepted. 




EXBBCISBB. 



r Prob. In a triangle, given two sides and mcluded angle. 
Prob. ♦* ** " angles ** side. 

JV^^ «* ** «* sides and angle opposite one. 

Prob] ** ** ** three sides. 

Prob! To inscribe a circle hi a triangle. 
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SECTION IX. 

OP EQUIVALENCY AND AREA. 



Sll. JSquivalent Figures are such as are equal in magni- 
tude. 



PBOPOSITIOir L 

312. Theorem. — Parallelograms having equal bases and equal 
altitudes are equivalent. 

Dbm. — Let ABCD and EFCH be two parallelogrifLms having equal bases, BC 
and FC, and equal altitudes ; then are they equiyalent. 

c-r p. H^ E H ^^^» V^BJce FC in its equal 
_, ^. ^ ^ , gQ . ^^^^ gj^^g ^g altitudes 

are equal, the upper base EH 
will fall in AD or AD pro- 

_ duced, as E'H'. Now, the 

^ ^ G two triangles AE'B and DH'C 

Pig. 233* ^^e equal, because the three 

sides of the one are respectively equal to the three sides of the other. Thus AB 
= DC, being opposite sides of the same parallelogram. For a like reason, E'B 
= H'C. Also, E'H' = BC = AD. From AH' taking E'H', AE' remains, and 
taking AD^ DH' remains. Therefore AE' = DH'. These triangles being equal, 
the quadrilateral ABCH' - the triaogle AE'B = ABCH' - DH'C. But ABCH' 
- AE'B = E'BCH' = EFCH ; and ABCH' - DH'C = ABCD. Hence, ABCD = 

EFCH. Q.B.D. 

313. Cos. — Any parallelogram is equivalent to a rectangle having 
the same base and altitude. 




PBOPOSITIOir n. 

314. Theorem. — A triangle is equivalent to one-half of any 
parallelogram having an equal base and an equal altitude with the 
triangle. 



OF EQUIVALENOT. 
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Dem.— Let ABC be a triangle. Through C draw CD parallel to AB ; and 
through A draw AD parallel to BC. Then is 
ABCD a parallelogram, of which ABC is one- 
half (243). Now, as any other parallelogram 
haying an equal base and altitude with ABCD 
is equivalent to ABCD {312), ABC is equira- 
lent to one-half of any parallelogram haying 
an equal base and altitude with ABC. q. 

B. D. Pic»- ^^' 

3 IS. Cob. 1. — A triangle is equivalent to one-half of a rectangle 
having an equal base and an equal altitude with the triangle, 

316* Cob. 2. — Triangles of equal bases and equal altitudes are 
equivalent^ for they are halves of equivalent parallelograms. 




PROPOSITION m. 

317. Theorem^ — The square described on a line is equivalent to 
four times the square described on half the line, nine times the square 
described on one-third the line, sixteen times the square on one-fourth 
the line, etc. 

Dek.— Let AB be any line. Upon it describe the square ABCD. Bisect AB, 
as at d, and AQ, as at a. Draw do parallel to AD, and ab parallel to AB. Now, 
the four quadrilaterals thus formed 
are parallelograms by construction, 
hence their opposite sides and angles 
are equal ; and as A, B, C, and D are 
right angles, and Aa = A{2 = <ZB = 
hB = etc., the four figures 1, 2, 3, 4, 
are equal squares. Hence kdoa = \ 
ABCD. In like manner it can be 
shown that the nine figures into which 
the square on A'B' is divided by draw-» 

ing through the points of trisection of the sides, lines parallel to the other sides, 
are equal squares. Hence A'o', the square on i of A'B', is \ of the square 
A'B'C'D'. The same process of reasoning can be extended at pleasure, show- 
ing that the squaie on i a line is tV the square of the whole, etc. 
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PROPOSITION IT. 

318. Theorem,. — A trapezoid is equivalent to two triangles 
having for their bases the upper and lower bases of the trapezoid, and 
for their common altitude the altitude of the trapezoid. 
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Dbm.~B7 constnicting any trapezoid, and drawing either diagonal, the 
student can show the truth of this theorem. 






. - :'V 
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319* Proh.—To reduce any polygon to an equivalent triangle. 

SoLunoK.— Let ABCDEF be a polygon which it is proposed to reduce to an 
equivalent triangle. Produce any side, as BC, indefinitely. Draw the diagonal 

EC and DH parallel to it 
Draw EH. Now, consider the 
triangle CDE as cut off from 
the polygon and replaced by 
CHE. The magnitude of the 
polygon will not be' changed, 
since CDE and CHE have the 
same base CE, and the same 
altitude, as their vertices lie in 
DH parallel to EC. From the 
polygon thus reduced we cut 
the tiiangle FHE, and replace 
It by its equivalent FHI, by drawing the diagonal FH, and the parallel El. In 
like manner, by drawing FB and the parallel AC, we can replace FBA by its 
equivalent FCB. Hence, CFI is equivalent to ABCDEF. It is evident that a 
similar process would reduce a polygon of any number of sides to an equiva- 
lent triangle. 




AREA. 



PROPOSITION VL 

320* Theorem. — The area of a rectangle is equal to the product 
of its base and altitude, 

Dem.— Let A BCD be a rectangle, then is its area equal to the base AB multi- 
plied by the altitude AC. 

If the sides AB and AC are commensurable, take 
some unit of length, as E, which is contained a whole 
number of times in each, as five times in AC, and 
eight times in AB, and apply it to the lines, dividing 
them respectively into five and eight equal parts. 
From the several points of division draw lines through, 
the rectangle perpendicular to its sides. The rect- 
angle will be divided into small parallelograms, 
which are all equal squares, as the angles are all right angles, and th» sides all 



'^"!- 
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equal to each other. Each square is a unit of surface, and the area of the rect- 
angle is expressed by the number of these squares, which is evidently equal to 
the number in the row on AB, multiphed by the number of such rows, or the 
number of linear units in AB multiplied by the number in AD. 

If the two sides of the rectangle are not commensurable, take some veiy 
small unit of length which will divide one of the sides, as AC, and divide the 
rectangle into squares as before; the number of these squaies will be the 
measure of the rectangle, except a small part along one side, not covered by the 
squares. By taking a still smaller unit, the part left unmeasured by the squares 
will be still less, and by diminishing the unit of length E, we can make the 
part unmeasured as small as we choose. It may, therefore, be made infinitely 
small by regarding the unit of measure as infinitesimal, and consequently is to 
be neglected.* Hence, in any case, the area of k rectangle is equal to the pro- 
duct of its base into its altitude. Q. B. D. 

321. Cor. 1. — The area of a square is equal to the second power 
of one of its sides, as in this case the base and altitude are equal. 

322. Cor. 2. — The area of any parallelogravi is equal to the pro- 
duct of its base into its altitude; for any parallelogram is equivalent 
to a rectangle of the same base and altitude {J313). 

323. Cor. 3. — The area of a triangle is equal to one-half the pro- 
duct of its base and altitude; for a triangle is one-half of a parallelo- 
gram of the same base and altitude {314). 

324. Cor. 4 — Parallelograms or triangles^ of equal, bases are to 
each other as their altitudes; of equal altitudes, as their bases; and 
in general they are to 6ach other as the products of their bases by 
their altitudes. 



PROPOSITION vn. 

32S. Theorem. — Tlie area of a trapezoid %s equal to the product 
of its altitude into one-half tJie sum of its parallel sides, or, what is 
the same thing, the product of its altitude and a line joining the 
middle points of its inclined sides. 

* This principle may be thus Btated: An infinitesimal is a quantity conceived, and to 
Ite treated^ as less than any assignable quantity ; hence, as added to or sabtracted ftom finite. 

quantities, it has no value. Thus, suppose — = a, m^ n, and a being finite quantities. Let c 

represent an infinitesimal : then ^ — -, or — ^, or ^-^, is to be considered as still equal to 
n n±cfiic 

«, for to consider it to differ fh>m a by any amount we might name, would be to assign somt 
value to c. 

t By this is meant the areas of the figures. 
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DBM.~In the trapezoid ABCD draw either diagonal, as AC. It ia thus 

divided into two triangles, whose areas are to- 
gether equal to one-half the product of their 
common altitude (the altitude of the trapezoid), 
into their bases DC and AB, or this altitude into 
\ (AB + DC). 

Secondly, if a& be drawn bisecting AD and 
CB,then is oft = i (AB + CD). For, through 
a and h draw the perpendiculars cm and jm, 
meeting DC produced when necessaiy. Now, the triangles flwD and Aam are 
equal, since Aa = aD, angle <> = m, both being right, and angle oaD = Aam 
being opposite. Whence km = oD. In like manner we may show that Zp = 
«B. Hence, ab = ^(ap + mn) = i(AB + DC); and area ABCD, which equals 
attitude into i(AB + DC), = aUitude hito ab. Q. s. D. 



Fig. 228. 



/ 
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326. Theorem. — The area of a regular polygon is equal to one- 
half the product of its apothem into its perimeter. 

Dbm. — Let ABCDEFC be a regular polygon whose apothem is Oa; then is 
its area equal to i Oa (AB + BC + CD + DE + EF 
+ FG + CA). 

Drawing the inscribed circle, the radii Oa, O^ 
etc, to the points of tangency, and the radii of the 
circumscribed circle OA, OB, etc. (264^ 26S), the 
polygon is divided into as many equal triangles as 
it has sides. Now, the apothem (or radius of the 
inscribed circle) is the common altitude of these tri- 
angles, and their bases make up the perimeter of the 
polygon. Hence, the area = iOa(AB + BC + CD 
+ DE + EF + FG + CA). q. k. d. 

327. Cob. — The area of any polygon in which a circle can he 
inscribed is equal to one-half the product of the radius of the in- 
scribed circle into the perimeter. 

The student should draw a figure and observe the fact It is especially 
worthy of note in the case of a triangle. See Fig, 60. 




Fro. 229. 



PROPOSITION UL 

328. Theorem^^TJie area of a circle is equal to one-half the 
product of its radius into its circumference. 



OF AREA. 
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Dem.— Let Oa be the radius of a circle. Circum- 
scribe aniy regular polygon. Now the area of this 
polygon is one-half the product of its apothem and 
perimeter. Conceive the number of sides of the 
polygon, indefinitely increased, the polygon still 
continuing to be circumscribed. The apothem con- 
tinues to be the radius of the circle, and the perim- 
eter approaches the circumference. When, there- 
fore, the number of sides of the polygon becomes in- 
finite, it IS to be considered as coinciding with the cir- 
cle, and its perimeter with the circumference. Hence 
the area of the circle is equal to one-half the pro- 
duct of its radius into its circumference. Q. e. d. 

329. I>E¥.—A Sector is a part of a circle included between two 
radii and their intercepted arc. Similar Sectors are sectors in differ- 
ent circles, which have equal angles at the centre. 

330» Cob. 1. — The area of a sector is equal to one-half the product 
of the radius into the arc of the sector, 

331. Cor. 2. — The area of a sector is to the area of the circle as 
the arc of the sector is to the circumference, or as the angle of the 
sector is to four right angles. 




EXERCISES. 

1. What is the area in acres of a triangle whose base is 75 rods 
and altitude 110 rods ? • ^ K^; ■■,.',.- Jl ^ L j2' -^ ^ 

2. What is the area of a right angled triangle whose sides about 
the right angle are 126 feet and 72 feet? \^\r\^2 - ' Cl-Z -^ - 

3. If 2 lines be drawn from the vertex of a triangle to the base, 
dividing the base into parts which are to each other as 2, 3, and 5, 
how is the triangle divided ? How does a line drawn from an angle 
to the middle of the opposite side divide a triangle ? 

4. Beview the exercises on pages 49 and 50, giving the reasons, in 
each case. 
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SOOPSIS. 

Definition. 

Prop. I. Of parallelograms, i Cor. Pand. and rectangle. 

T» TT /-ki. * ! 1 \ CoT' 1. Triangle and rectangle. 

Prop. II. Of triangles, ^ ^^ ^ Of equal bases and equal altitudes. 

Prop. III. Square on i, 4, i a line, etc. 

Prop. IV. Trapezoid. 

Prop. V. To reduce a polygon to a triangle. 



Prop. VI. Of rectangle. " 



Chr, 1. Of square. 
OoT, 2. Any parallelogram. 
Cor. 8. Of triangle. 

Oor, 4. Relation of parallelograms and 
of triangles. 



Prop. VIL Of trapezoid. 

Prop. VIII. Of regular polygons. 



fCor, Of any circumscribed 
polygon. 



Prop. IX. Of a circle. 



\ Ckyr. 
LOW. 



Drf^ Of sector. 

1. Area of sector. 

2. Relation of sector to circle. 



Exercises. 



r.f SECTION X. 

^ OF SIMILARITY. 

332. The primary notion of similarity is likeness of form. Two 
fignres are said to be similar which have the same shape, although 
they may differ in magnitude.* A more scientific definition is as 
follows : 

333* Similar Figures are such as have their angles respec- 
tively equal, and their homologous sides proportional. 

334, Bomologous Sides of similar figures are those which 
are included between equal angles in the respective figures. 



* The stndent should be careftal, at the ontset, to mark the fiict that sinMarity intolws 
two things^ »2ualitt or anolis and pbofobtionalitt of sidbs. It will appear that, in the 
case of triangles, if one of these ftcts exists, the other does also ; bat this is not so in other 
polygons, as is illustrated in Pabt I. 
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Ik Stmilab Triangles, the Homolooous Sides are those 
opposite the equal angles. 



PBOPOSinoir l 

335* Theorem. — Triangles which are mutually equiangular 
are similar, 

Dbm.— Let ABC and DEF be two mu- 
tually equiangular triangles, in which 
A=D, B=E, and C=F; then are the 
sides opposite these equal angles propor- 
tional, and the triangles possess both 
requisites of similar figures ; t. e., they 
are mutually equiangular and haye their 
homologous sides proportional, and are 
consequently similar. 

To prove that the sides opposite the 
equal angles are proportional, place the 
triangle DEF upon ABC, so that F shall 
coincide with its equal C, CE'=:FE, and 
CD'=FD. Draw AE', and D'B. Since angle CE'[y=CBA, D'E' is paraltel t<> 
AB, and as the triangles D'E'A and D'E'B have a common base D'E' and the 
same altitude, their vertices lying in a line parallel to theu: base, they are 
equivalent {316), Now, the triangles CD'E' and D'E'A, having a common alti- 
tude, are to each other as their bases (324:). Hence, 




Fio. S.31. 



For like reason 



CD'E' : D'E'A : : CD' : D'A. 
CD'E' : D'E'B : : CE' : E'B. 



Then, since D'E'A and D'E'B are equivalent, the two proportions have a com- 
mon ratio, and we may write CD' : D'A : : CE' : E'B. 

By composition CD' : CD' + D'A : : CE' : CE' + E'B, 

or CD' : CA : : CE' : CB, or FD : CA : : FE : CB. 

In a similar manner, by applying angle E to B, we can show that 

FE : CB : : ED : BA. Therefore, FD : CA : : FE : CB : : ED : BA. Q; E. D. 

336. Cor. 1. — If two triangles have tivo angles of the one respec- 
tively equal to two angles of the other, the third angles ieing equal 
{221), the triangles are similar. 

337 • Cor. 2. — A line drawn through a triangle parallel to any 
side divides the other sides proportionally. 

Thus D'E' being parallel to AB, it is shown in the proposition that 
CD': D'A ::CE':E'B. 

10 
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338 • Cob. 3. — If any two lines cut a series of parallels, they are 

divided proportionally. 

O/ yO' Dkic.— -If the two secant 

lines are parallel, as OA and 
O'B', the intercepted parte 
are equal, ». e.^ ac = bd, ee 
= dr,eg= fh, etc. (242). 
Hence, ae : bd :: ce ; cff :i 
eg ; fh. Secondly, if the 
secant lines are not parallel, 
let them meet in some point, 
as O. Then, by the propo^ 
Bition, we have 




F». 889. 

Oa : ae z'.Obzbd (1), and also Oe : ee i-.Od i dj 
Taking the first by composition, it becomes 

Oa + 06 : oc : : 0& + M i hd^ox Oc i ac 1 1 Qd \ bd 
Now, as the antecedents in (2) and (3) are the same, we haye 

ae : bd :: ee : df^ or ae : ee :: bd : t^. 
In like manner, we may show that 

ee \ df \\ eg : /A, or « \ eg w df \fh. 



(2)- 



(8). 



FBOPOsrrioN el 

339. Theorem,. — Conversely, If two triangles have their cor- 
responding sides proportional^ they are similar. 

Dex.— In the triangles ABC and DFE, let FD : CA :: FE : CB : : DE : AB ; 
then are the triangles simihur. 

As one of the characteristics of simi- 
larity, Tiz., proportionality of sides, exists 
by hypothesis, we have only to prove 
the other, i. e,^ that the triangles are mu- 
tually equiangular. Make CD' equal to FD, 
and draw D'E' parallel to AB. By the 
preceding proposition CD" (= FO) : CA : : 
lyE' : AB. But, by hypothesis, FD : 
CA :: DE : AB. Whence, D'E' = DE, 
In like manner CE' : CB : : CD' (=FD) : 
CA. But, by hypothesis, FE : CB : : FD : 
CA. Whence CE' = FE ; and the trian- 
gle CD'E' is equal to the triangle FDE 
(292), Now, CD'E' and CAB are mutu- 
ally equiangular, since D'E' is parallel to AB (1S2), and C is common. Hence. 
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the triangles ABC and DEF are mutually equiangular, and consequently simaar. 

Q. B. D. 

340. ScH.— As we now know that if two triangles are mutually equiangular, 
they are similar; or, if they have their sides proportional, they are similar, it will 
be sufficient hereafter, in any giyen case, to prove eUher one of these facts, in order 
to establish the similarity of two triangles. For, either fact being proved, the 
other follows as a consequence. See Section VI., Pabt I., for familiar illustra- 
tions of this most important subject 
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341m Theorem. — Two triangles which have the sides of the one 
respectively parallel or perpendicular to the sides of the other ^ are 
similar. 

Dbm. — ^Let ABC and k'B'C be two triangles whose sides are respectively 
parallel or perpendicular to each other, 
then are the triangles similar. 

For, any angle in one triangle is 
either equal or supplementary to the 
angle in the other which is included 
between the sides which are parallel or 
perpendicular to its own sides. Thus A 
either equals A', or A + A' = 2 right 
angles (281, 282, 283). Now, if the 
corresponding angles are all supplemen- 
tary, that is, if A + A' = 2 RA., B + B' 
= 2 RA., and C 4- C = 2 RA., the sum 
of the angles of the two triangles is 6 
right angles, which is impossible. Again, 
if one angle in one triangle equals the 
corresponding angle in the other, as A 
= A', and the other angles are supple- 
mentary, the sum is 4 right angles plus 
twice the equal angle, which is impossible. Hence, two of the angles of one 
rtriangle must be equal respectively to two angles of the other ; and, if two ace 
equa], the third angle in one is equal to the third in the other (221). Hence, 
the triangles are mutually equiangular, and therefore similar (33S), i^ e. d. 




Fio. 384. 



PROPOSITION IV. 

342. Theorem. — Two triangles, which have an angle in each 
equal, and the sides about the equal angles proportional, are similau 
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Dbm.— In the triangles ABC and DEF 
let C = F, and AC : DF :; CB : FE; 
then are the triangles similar. 

Tor, place F on its equal C, and let D 
fall at D'. Draw D'E' parallel to AS. 
Then AC : D'C (= DF) :: BC : CE' (337). 
But hj hypothesifl AC : DF : : BC : FE. 
.-. CE' = FE, and the triangles D'CP and 
DFE are equal (284). Therefore, D'CE' 
being equiangular with ACB, is similai 
to it (335) ; and as DFE is equal to D'CET, 
DFE is similar to ACB. q. s. d. 



PROPOSITION T. 

343. Theorem. — In any right angled triangle^ if a line he 
drawn from the right angle perpendicular to the hypotenuse^ it 
divides the triangle into two triangles^ which are similar to the given 
triangle, and consequently similar to each other. 

Dbm. — ^Let ACB be a triangle right-angled at C, and CD a perpendicular 
upon the hypotenuse AB; then are ACD and COB 
similar to ACB, and consequently to each other. 

For, the triangles ACD and ACB have the angle A 
common, and a right angle in each; hence they are 
mutually equiangular, and consequently similar(336). 
For a like reason CDB and ACB are similar. Finally, 
as ACD and CDB are both similar to ACB, they are 
q. B. D. 




D B 
Fig. 386. 
similar to each other. 



344. Cor. 1. — Either side about the right angle is a mean proper- 
tional between the whole hypotenuse and the adjacent segment. 

Deu. — This is a direct consequence of the similarity of the partial triangles 
with the whole triangle. Thus, comparing the homologous sides of ACD 
and ACB, ^e have AD : AC :: AC : AB;* and fVom CDB and ACB, we haye 
OB : CB :: CB : AB. 

345. Cor. 2. — Tlie perpendicular is a mean proportional between 
the segments of the hypotenuse. 

Thus, 



Dbm.- 
AD: CD 



-This is a consequence of the similarity of ACD and CDB. 
: CD : DB. 



* Notice that AD of the triangle ACD is oppo^te anj^le ACD« ftnd ACi its conteqaent, is 
of the triangle ACBi And opposite the angle Bi which equals angle ACD* The student mast 
be snre that he knows in wluit order to take the sides, and why. 
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Queries. — To which triangle does the firat C D belong ? To which the second ? 
Why is CD made the consequent of AD ? Why, in the second ratio, are CD and 
DB to be compared ? 

346. Cor. 3. — The square described on the hypotenuse of a right 
angled triangle is equivalent to the sum of the squares described on 
the other two sides. 

Dkm.— From Chr. 1, AC* = AB x AD 

and also CB* = AB x DB. 




Therefore, addmg, AC' + CB* = AB (AD + DB) = AB*. 

347. Cor. 4. — If a perpendicular be let fall from any point in a 
circumference upon a diameter, this perpendic- 
ular is a mean proportional between the seg- 
ments of the diameter. 

Dem.— Thus, AD : CD : : CD : DB, or CD" = AD x DB. 

For, drawing AC and CB, ACB is a right angle, 
and the case falls under Cor, 2. 

The chords AC and CB are mean proportionals between the whole diameter 
and their adjacent segments by Cor, 1. 

34:8. ScH. — This proposition, with its corollaries, is perhaps the most fniit- 
ful in direct practical results of any in Geometry. Cor, 3 will be recognized 
as a demonstration of the Pythagorean proposition {109)y Part I. There ai*e 
many other demonstrations of exceeding beauty, some of which will be given 
in Part III. The one here given is the simplest, and shows best the way in 
which this truth grows out of the more general fact of similarity. 
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349. Theorem. — Regular polygons of the same number of sides 
are similar figures. 

Dem. — ^Let P and P' be two regular polygons of the same number of sides,* 

a, d, c, d, etc., being the sides of the former, and a', d', c', d\ etc., the sides of 

the latter. Now, by the definition of regular polygons, the sides a, &, c, d, 

etc., are equal each to each, and also a', h\ c', c?', etc. Hence, we have 

a:a' wbiV \\e:c' ::d\d\ etc. Again, the angles are equal, since n being 

the number of sides of each polygon, each angle is 

n X 2 riarht angles — 4 right angles ,o*'^x 
^^ (^56). 

Hence the polygons are mutually equiangular, and have their sides proportional ; 
that is, they are similar, q. e. d. 

* The Btudent may conptrnct two regular hezagone, if thought desirable. 
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350. Cor. 1. — Tlie corresponding diagonals of regular polygons 
af the same number of sides are in the same ratio as the sides of the 
polygons. 

Let the student draw a fl^^e and demonstrate the &ct. 

351. Cob. 2. — The radii of the inscribed^ and also of the circum* 
^^.^^—^^E scribed circleSy of regular polygons of the 

same number of sides, are in the same ratii^ 
as the sides of the polygons. 

Deh.— Smce the angles F and/ are equal, and 
bisected by F0» the right angled triangles OSF, 
O^ are equiangular, and hence similar. There- 
fore FS : /« : : SO : «0 or FO : /O. Whence, 
doubling both terms of the first couplet, 
Fie. 888. FA : /a : : SO : <0 or FO : /O. 




352. Theorem.- 



PBOFOSmON TIL 

-Circles are similar figures. 




Fu. 389. 



Dem.— Let Oa and OA be the radii of any 
two circles. Place the circles so that they shall 
be concentric, as iu the figure. Inscribe the regu- 
lar hexagons, as abedef^ ABCDEF. Conceive th« 
arcs AB, BC, etc, of the outer circumference, bi« 
sected, and the regular dodecagon inscribed, and 
also tlie corresponding regular dodecagon in the 
inner circumference. These are similar figures 
by (349), Now, as the process of bisecting the 
arcs of the exterior ch*cumference can be coa- 
oeived as indefinitely repeated, and the correspondmg reguUvr polygons as in- 
scribed in each circle, the circles may be considered as regular polygons of tke 
same number of sides, and hence similar, i^ b. d. 

353. Cor. — ^Arcs of similar sectors are to each other as the radii 
of their circles; i. e., arc/<? : arc FE : : Of: OF. 

ScH.— The cuxile is said to be the Ltmit of the inscribed polygon, and 
the circumference the Umit of the perimeter. By this is meant that as tha 
number of the sides of the inscribed polygon is mcreased it approaches nearer 
and nearer to equality with the circle. The apothem approaches equality with 
the radius, and hence has the radius for its limit It is an axiom of great 
importance in mathematics that, WTicUever can be shown to be true of a rnagw^ 
Pude as it approaches its Umit indefinitely, is true of that Umit. 
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1- JProb* — To divide a given line into parts 
which shall he proportional to several given 
lines. 

Solution. — Let it be required to divide OP into 
parts proportional to the lines A, B, C, and D. Draw 
ON making any convenient angle with OP, and on it 
lay off A, B, C, and D, in Buccession, terminating at 
M. Join M with the extremity P, and draw parallels to 
WP through the other points of division. Then by 
reason of the parallels we shall have 

A: 3:0: D :: a: b:e:d, {338). 




Fig. 940. 




2. JProb. — To find a fourth proportional to three given lines. 
For the solution see {89), Repeat the process, and give the reasons. 

3. JProh. — To find a third propor- b a ^o 
iionai to two given lines. 

Solution. — This may be solved as the two 
preceding. Thus, take any two lines, as A and 
B, for the given lines. We are to find a third 
line x^ such that A : B :: B : x. The figure 
will suggest the details. 

The following is a solution based on (3^7). 
Draw an indefinite line AM. Take AD =^ A, 
and erect BD = B. Join AB, and bisect it by 
the perpendicular ON. Then with as a cen- 
tre, and OA as a radius, describe a semi-circum- 

ference. This will pass through B. (Why?) M C 
Also AD : BD :: BD : CD (= x). (Why?) 

4. Draw any straight line on the blackboard, and divide it into 5 
eqnal parts, upon the principle used in the preceding solutions. 

6. Eeview the exercises under (89 9 90), and give the reasons. 

6. JProb ^ — To find a mean proportional between two given lines. 

For the solution see {110). Repeat the process, and give q^ 
the reasons for the method. 

7. DE being parallel to BC, prove that the triangles 
DOE and BOC are similar, and hence that OD : OC : : 
OE : OB. Are the following proportions true ? 

.\^ OD : OC :: OE : OB, OD : DE :: OC : BC, 
OD : OE :: OC : OB, OB : BC :: OE : DE. 

Fig. 243. 



O D 
Fio. iei\ 
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8. Show that if ABCDEF is a regular polygon, kbcdef is also regular, 
hCy cd, etc., being parallel to BC, CD, etc 
Show that any two similar polygons may be 
placed in similar relative positions, and 
hence show that the corresponding diagonals 
are in the same ratio as the homologous 
sides. 

^ ^ ^ 9. The sides of one triangle are 7, 9, and 

^». 843. 11. The side of a second similar triangle, 

homologous with side 9, is 4^. What are the other sides of the 
latter? (^^ -| :^ 

10. The diameter of a circle is 20. What is the perpendicular 
distance to the circumference from a point in the diameter 15 from 
one extremity ? ^^What are the distances from the point where this 
perpendicular meets the circumference to the extremities of the 
diameter? //-/(? 



SYNOPSIS. 



M 
M 

O 



as 



Pbop. L Mutually equiangular. 



Primary notion of similarity. 

Definition of similarity. 

Homogeneity of sides. In general In triangles. 

Cor, 1. Two angles equal 
Cor, 2. A parallel to a side. 
Cor, 8. Lines cutting parallels. 

Prop. II. Sides proportional j 8ch. Either of two facts sufficient. 

Prop. in. Sides parallel or perpendicular. 

Prop. IV. An angle equal in each, and sides proportional 

Cor. 1. Side about right angle. 

Cor, 2. Perpendicular. 

Cor. 3. Square on hypotenuse. 



o 
o 



■■!: 



Prop. V. Perpendicular from 
right angle upon 
hypotenuse. 



Cor, 4. Perpendicular on diameter. 
8ch. Importance of this Prop, and 

Cor, 1. Corresponding diagonals. 
Cor, 2. Radii of inscribed and cir- 
cumscribed circles. 

•{ 8ch. Circle limit of polygon. 



Prop. VI. Regular polygons similar. 

Prop. VII. Circles similar. 

fProb. To divide a line into proportional parts. 
Prob. To find a fourth proportional 
Prob. To find a third proportional. 
Prob, To find a mean proportional 
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SECTION XI. 

APPLICATIONS OF THE DOCTRINE OF SIMILARITY TO THE 
DEVELOPMENT OF GEOMETRICAL PROPERTIES OF FIGURES. 



3S4L. The doctrine of similarity, as 'presented in the preceding 
section, is the chief reliance for the development of the geometrical 
properties of figures. This section will be devoted to the investiga- 
tion of a few of the more elementary properties of plane figures, 
which we are able to discover by means of this doctrine. 



OF THE RELATIONS OF THE SEGMENTS OF TWO LINES INTERSECT- 
ING EACH OTHER, AND INTERSECTED BT A CIRCUMFERENCE. 



PROPOSITION L 

355* Theorem. — If two chords intersect each other in a circle^ 
thdr segments are reciprocally proportional ; whence the product of 
the segments of one chord equals the product of the segments of the 
other. 

Dbm.— Let the chords AC and BD intersect at ; then is AO : BO : : DO : 
CO, whence AO x CO = BO x DO. 

For, draw AD and BC. The two triangles AOD and BOC ^...---?— -^ ^ 

are equiangular, and hence similar ; since the angles at y^ /\ 
are vertical, and consequently equal (134:), and = 0, / / j^ 
hecause both are measured by i arc AB {210), (A = B / / y^'^i 
because both are measured by i arc DC ; but it is only I /y^ > 
necessary to show that two angles are equal in order to y^ 
show that the triangles are equiangular, and hence simi- \^ 

lar.) Now; comparing the homologous sides (those oppo- ^ ^^ 

site the equal angles), we have AO : BO : : DO : CO ; pio. 244. 

whence, AO x CO = BO x DO. Q. B. d. 

QuERiBS.— \'^hy is AO compared with BO ? Why DO with CO ? Would 
AO : CO : : BO : DO be true? Would AO : DO : : BO : CO? What is the 
force of the word "reciprocally," as used in the proposition? 
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FBOPasrnoN n. 

386. Theorem,.— If from a paint without a drcle, two secants 
be drawn terminating in the concave are, the whole secants are recip- 
rocally proportional to their external segments; whence the product 
of one secant into its external segment equals the product of the otJier 
Q, into its external segment. 

DB1L--0A and OB being secants, OA : OB : : 
OC : 00, and consequently OA x 00 = 08 x 00. 
For, drawing AC and DB, the two triangles AGO 
and BOO haye angle common, and A = 6, sikce 
both are measured by i 00 ; hence the triangles are 
similar, and we haye OA : OB : : 00 : 00, and 
consequently OA x 00 = OB x 00. (^ & d. 
Same queries as under the preceding demonstra- 
Fie. MS. tion. 




PROPOSITION m. 

3S7. Tfieorem.—Iffrom a point without a circle a tangent be 
drawn, and a secant terminating in the concave arc, the tangent is a 
mean proportional between the whole secant and its external seg- 
O msnt; whence the square of the tangent equals 

the product of the secant into its ext&rnal seg^ 
ment. 

Dbic~OA being a tangent and OB a secant, OB : 
OA : : OA : 00, whence OA* = OB x OC. For, 
drawing AB and AC, the triangles OAB and AGO have 
angle common, and OAC = B, since each is measured 
by i arc AC ; hence the triangles are similar, and OB : 
OA : ; OA : OC, whence OA* = OB x OC. Q. E. D. 




Fis. S4A. 



OP THE BISECTOR OF AN ANGLE OF A TRIANGLE. 



/ 

PROPOSITION IV. 

3S8. Theorem. — A line which bisects any angU of a triangle 
divides the opposite side into segments proportional to the adjaceni 
sides. 



BISE0T6B OF AN ANaLE C^ A imAHOLE. 
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Dem.— Let CD bisect the angle ACB; then 
AD : DB : : AC : CB. 

For, draw BE parallel to CD, and produce it 
till it meets AC produced, as at E. Now, by- 
reason of the parallels CD and E&, angle ACO 
= AEB, and angle DCB = CBE (132), Whence, 
as ACD = DCB by hypothesis, E = CBE, and 
CE = CB (227). Also, since CD is parallel to 
EB, AD : DB : : AC : CE (337). Substituting 
for CE its equal CB, we have AD : DB : : AC : CB. Q. B. D. 




PROPOSITION T. 

3S9. Theorem. — If a line he drawn from any vertex of a 
triangle bisecting the exterior angle and intersecting the opposite 
side produced^ the distances from the other vertices to this intersection 
are proportional to the adjacent sides. 

Dbu.— -Through the vertex C let CD 
be drawn, bisecting the exterior angle 
FCB, and intersecting AB produced in 
D; then AD : BD :: AC : CB. 

For, draw BE parallel to CD. By rea- 
son of these parallels, angle FOE = CEB, 
and BCE = CBE (152). Hence CEB = 
CBE, and CB = CE. Also, by reason of 
theparanels, AD : BD :: AC : CE, or its equal CB (^^5). Q. i;. D. 

^ 




PROPOSITION TL 

360. Theorem.— If a line he drawn bisecting any angle of a 
triangle and intersecting the opposite side, the rectangle of the sides 
about the bisected angle eqtcals the rectangle of the segments of the 
third side, plus the square of the bisector. 

DBM.^Let CD bisect the angle ACB ; then AC x CB 
= AD X DB + CD*. 

For, circumscribe the circle about the triangle, pro- 
duce the bisector till it meets the circumference at E, 
and draw EB. The triangles ADC and CBE are simi- 
lar, since angle ACD = ECB, by hypothesis, and A = E, 
because each is measured by i arc CB. Therefore, 
AC : CE : : CD : CB, whence AC x CB = CE x CD. 
= (DE + CD) CD = DE X CD + CD*. For DE x 
CD, substituting its equivalent AD x DB (355), we 
have AC X CB = AD X DB 4- CD*. Q. B. D. 
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'.ff 



PROPOSITION TIL 



361» Theorem, — The bisectors of the angles of a triangle all 
pass through the same point, which is the centre of the inscribed 
circle. 

Dbic — ^Draw two lines bisecting two of the angles, and from their inter- 
section draw a line to the other angle. Then show that the latter angle is 
bisected. By (Ex. 4, page 184) this point is shown to be the centre of the in- 
scribed circle. [The student should fill out the demonstration.] 



IBEIS OF SDHLAB FieURES. 



\ 



' PROPOSITION Tm. 

362» Theorem. — The areas of similar triangles are to each 
other as the squares described on their homologous sides. 

Deh. — ^Let ABC and DEF be any two similar triangles ; then is 

area kBO : area DEF iiCS" : fT : : AC* : DF' : • AB': DE* 

For, place the largest angle of the triangle 
DEF, as D, on its equal angle A, of the triangle 
ABC*; let E fall at E', F at P, and draw 
E'P; then is triangle AE'P = DEF (284), and 
ET' is parallel to BC. Let fall a perpendicular 
from A to CB. Then Al is the altitude of AE'F', 
and AH of ABC. Now, by similar ti'iangles we 
have CB : PE' : : AH : Al. 
But iAH : ^Al : : AH : Al ; and, multiplying 
corresponding terms, J AH x CB : ^Al x F'E' : : AH* :'A|'. Whence, since 

iAH X CB = area ABC, and ^Al x F'E' = area AE'P= area DEF, and 
AH : Al : : CB : FE : : AC : DF : : AB : DE. or AH* :"Ar : : CB* : FE* : : AC* :TF* 

: : AB* : : DE* ; we have 

area ABC : area DEF : : CB* : FE* :: AC* : DF* : : AB* : DE*. (j. k D. 




PROPOSITION IX. 

363. Theorem. — The areas of similar polygons are to each 
other as the sqtuires of the homologous sides of the polygons. 



* The only object in taking the largest angle i* to make the perpendicular fall within the 
triangle. Any two eqaal angles may be applied, and the demonstration is essentially the same. 
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Dbm.— Let abcdef and ABCDEF 
be two similar polygons. Desig- 
nate the former by p, and the lat- 
ter by P. Then p\P .I'a^ n AB" 
or as the squares of any other two 
homologous sides. 

For, from the equal angles a 
and A drawing the diagonals, the 
corresp<mding partial angles into 
which a and A are divided are Fig. S51. 

equal. [Let the student show why by 842.1 Now take ^b'=db, and draw 
b'c\ making angle A&'c' = b. Then Vg' = be^ and A0' = ac^ since the triangles 
abe and kb'c' have two angles and the included side of one equal to two angles 
and the included side of the other. Li like manner draw e'd' making angle 
b'ifd'= bcdy c'd'=z cd^ and A(2'= ad. So, also, making angle c'd'e'= ede, and angle 
d'e'f = def, d'ef = de, e'f = «/, and f'k =ifa. Hence the polygon A6'c'd'tf7'= p, 
and its sides are respectively parallel to the corresponding sides of P. Now, let 
m, Uy 0, and % represent the triangles in which they stand, and M, N, 0, and S 
the corresponding triangles of P, as AFE, etc. Triangles m and M being similar, 

and also n and N, we have * 

w : M : : A«'" : AE", and n : N : : Aa* : AE". 
Whence m : M : : » : N. 

In like manner we can show that n\W : : (? : 0, and that <7 : : : « : S. 
Whence w : W : : n : N : • <> : ; : « : S. 
By composition, (w + n+<?+«) (or |>) : (M + N + 4-S) (or P) : : « : S. 

But < ; S : i'aS'* (or ad*) :'AB*. Therefore |? : P : -."od* : AB*, or as the squares of 
any two homologous sides, q. b. d. 

3Q4:. Cor. l. — Similar polygons* are to each other as the squares 
of their corresponding diagonals, 

Li the demonstration we have « : S : : A(V (or amj ) : AC*. Whence piP xxac : AC . 
The same may be shown of any other corresponding diagonals. 

36S. Cor. 2. — Regular polygons* of the same number of sides 
are to each other as the squares of their homologous sides; since they 
are similar figures {349). 

366* Cor. 3. — Regular polygons* of the same number of sides 
are to each other as the squares of their apothems. 

For their apothems are to each other as their sides. Hence the squares of 
their apothems aie to each other as the squares of their sides. 

367* Cor. 4. — Circles are to each other as the squares of their 
radii {3S2), and as the squares of their diameters. 

* This iB a common elliptical form for " The areas of, etc'' 
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X 

OF PEBDEETEUS ASD THE RECTIFICATION OF THE 
CIRCUMFEKENCE. 

368* The Secti/lcaHon of a curve is the process of finding 
its length. 

The term recUfleaUon signifies making straight, and is applied as above, 
under the conception that the process consists in finding a straight line equal 
in length to the curva 



FBOPOSinON x« 

369* Theorem. — The perimeters of similar polygons are to 
each other as their homologous sides, and as their corresponding 
diagonals. 

DEM.—Let a, ft, e, d, etc., and A, B, C, D, etc., be the homologous sides 
of two similar polygons whose perimeters are p and P ; then p : F :: a : 
A : : b : B : : e : C, etc ; and r and R being corresponding diagonals, p : 
P : : r : R Since the polygons are similar, a: A : ;b: B :: e :C :: d :0, 
etc. By composition, {a+b+e+d+ etc.) (or jp) : (A + B + C + D + etc.) (or P) : : a : A, 
or as any other homologous sides. Also, as the homologous sides are to each 
other as the corresponding diagonals (350), p :P ::r : B, q. E. d. 

370* Cor. 1. — The perimeters of regular polygons of the same 
number of sides are to each other as the apothems of the polygons. 

For the apothems are to each other as the sides of the polygons {351). 

371. Cor. 2. — The circumferences of circles are to each other a^ 
their radii, and as their dimneters j since they may be considered ajs 
regular polygons of the same number of sides {3S2). 



PROFOSmOK XL 

372* Theorem* — Hie circumference of a circle whpsfi radius is 
1, is 27r, the numerical value of n being approximately 3.1416. 

Dem. — We will approximate the circumference of a 
circle whose radius is 1, by obtaining, 1st, the perim- 
eter of the regular inscribed hexagon ; 2d, the perim- 
eter of the regular inscribed dodecagon; 3d, the 
perimeter of the regular inscribed polygon of 24 sides ; 
then of 48, etc. 

In order to do this, let us find the relation between 

the chord of an arc and the chord of \ the arc in a 

Fig. 252. circle whose radius is 1. Call the chord of an arc as 
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AB, Cy and the chord of half the arc, as CB, e. Now, BDO is right angled at 
D, whence "BO* = BD* + DO* (34^, or DO = ^BO'^-BD'. But m the present 
case BO = 1 ; hence DO = y/\ir\G*. Taking DO from CO, we have CD = 1 - 
-v/l — iC* From the right angled triangle BDO we have CB (or c) =5 
Vsti" +"00^, or substituting i G for BD, and 1 - v/T- iC" for CD, this re- 
duces to c = ^2— Vf^, or, [2— (4— C)*]* 

By the use of this formula, we make the following computations : 

No. sides. Form of Compatation. Length of Side. Perimeter. 

6. See {271) 1.00000000 6.00000000 

12. c = v'3_V43i«= V2^^, OJ" (2-3*)* . = .617e8809 6.21165708 

24. c = { 2-[4-(2-3*)]* }» = [2-(2+3*)*]* = .26105238 6.26625722 

43 c = (2-{4-[2-(2+8*)*]}*)* 

= |2-[24-(2+3*)*]*}* = .13080626 6.27870041 

96. c = (2- ] 2+ [2+(24-3*)*]* [*)* . . . = .06548817 6.28206396 
192. 6 = [2-(2+ 1 2+ [2+(24-8*)*]* [*)*]* . = .08272346 6.28290510 

884. c = ] 2-[2+(2+ \ 2+ [2+(2+3*)*]* }*)*]* f * = .01636228 6.28311544 

768. c = (2-{2+[2+(2+|2 + [2+(2+3*)]*[*)*]*p)*=. 00818121 6.28316941 

It now appears that the first four decimal figures do not change as the num- 
ber of sides is increased, but will remain the same how far aoever we proceed. 
We may therefore consider 6.28317, as approximately the circumference of a 
drde whose radius is 1, t. «., 2w = 6.28317, nearly ; and n — 3.1416, nearly. 

S7S. ScH. — The symbol ic is much used in mathematics, and signifies, 
primarily, the semi-circimfen^enes of a eirde whose radius is 1. i ;r is therefore 
a symbol for a quadrant, 90°, or a right angle. \it ia equivalent to 45°, etc,, 
the radius being always supposed 1, unless statement is made to the contrary. 
The numerical value of ^ has been sought in a great variety of ways, all of 
which agree in the conclusion that it cannot be exactly expressed in decimal 
numbers, but is approximately as given in the proposition. From the time of 
Archimedes (287 b.c.) to the present, much ingenious labor has been bestowed 
upon this problem. The most expeditious and elegant methods of approxi- 
mation are furnished by the Calculus. The following is the value of ic extended 
to fifteen places of decimals : 3.141592653589793. 



PEOPOSmON XIL 

37 4» Theorem. — The circumference of any circle is 2nr, r 
being the radius. 

DBic-^The circumferences of circles being to each other as their radii, and 
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2ar being the circumference of a circle whose radius is 1, we have 
2ie : eircf. : : 1 : r, whence eirtf, = 27cr. 

37 S* Cor. — Tlie circumference of a circle is ttD, D being the 
diameter, since 27cr = n%r = nD. 



ABEA OF THE CIRCLE. 



PROPOSITION xra. 

376* Theorem. — The area of a circle tohose radius is 1, is n. 

Dkm.— The area of a circle is i r x dreuntference {328). When r = 1, «r- 
euntferenee = 2it {372) ; hence 

area of circle wTum radius ial = ix2ie = n. q. b. d. 



)/' 



PROPOsmoN xiy, 

377* Theorem. — The area of any circle is Ttr^, r being the 
radius, 

Dbm. — The areas of circles being to each other as the squares of their radii, 
and fc being the area of a circle whose radius is 1, we haye 

It ; area of any circle : : 1* : r*, 

whence area of any circle = ^r". q. b. d. 

378. Cor. — Tlie area of any sector is such a part of the area of 
the circle as the angle of the sector is of four right angles. 

379m ScH. — As the value of ar cannot be exactly expressed in numbers, it 
follows that the area cannot Finding the area of a circle has long been 
known as the problem of Squaring the drcUy ».a., finding a squoi-e equal in area 
to a circle of given radius. Doubtless many hare-brained visionaries or igno- 
ramuses will still continue the chase after the phantom, although it has long 
ago been demonstrated that the diameter of a circle and its circumference are 
incommensurable. It is, however, an easy matter to conceive a square of the 
same area as any given circle. Thus, let there be a rectangle whose base is 
equal to the circumference of the circle, and whose altitude is half the radius ; 
its area is exactly equal to the area of the circle. Now, let there be a square 
whose side is a mean proportional between the altitude and base of this rect- 
angle ; the area of the square is exactly equal to the area of the circle. 
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EXERCISES. 

1. Show that if a chord of a circle is conceiyed to revolve, varying 
in length as it revolves, so as to keep its extremities in the circum- 
ference while it constantly passes through a fixed point, the rect- 
angle of its segments remains constant 

2. The two segments of a chord intersected by another chord are 
6 and 4, and one segment of the other chord is 3. What is the other 
segment of the latter chord ? 

3. Show how Prop's L, IL, and III. may be considered as differ- 
ent cases of one and the same proposition. 

Stjg's.— By stating Propositions I. and II. thus, The distances from the irUer^ 
section of the lines to their intersections with the circumference, what follows? In 
Fig, 245, if the secant AG becomes a tangent, what does CD become ? 

4. In a triangle whose sides are 48, 36, and 60, where do the bisec- 
tors of the angles intersect the sides ? 

5. In the last example find the lengths of the bisectors. ; - 

6. Review the examples under {111, 112, 113, 114),' sJtd ^ 
give the reasons. 

7. In a circle whose radius is 20, what is the length of the arc of 

a sector whose angle is 30° ?y ,What is the area of this sector ? /^ ^/7^ 

8. If a circle whose radius is 24 is divided into 5 equal parts by 
concentric circumferences, what are the diameters of the several cir- 
cles ? If the radius is r, and number of parts n ? 

9. Proh. — To divide a line in extreme and mean ratio ; that is,. 
so that the tvhole line shall be to the greater segment, as the greater 
segment is to the less, 

BoLXTTiOK. — Let it be proposed to divide the line AB in extreme and meant 
ratio. At one extremity of the line, as B, erect 
a perpendicular equal to half the line,, that is, 
make BO = t AB. With as a centre, describe 
a circumference passing through B. Draw AO, 
and take AC equal to AD. Then is AB divided 
in extreme and mean ratio at C, so that AB : 
AC : : AC : CB. To prove it, produce AO to E. 
Now, AE : AB : : AB : AD (357), or by inver- 
sion, AB : AE : : AD : AB. By division, AB : 
AE - AB (= AE - DE) (or AD) (= AC) : : AD (= AC) : AB - AD (= AB - AC)? 
(or CB). That is» AB : AC : : AC : CB. 

11 
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10. Prob. — To inscribe a regular decagon m a circle, and hence a, 
regular pentagon, and regular polygons of 20, 40, 80, etc., sides. 

SoLunoK. — ^l5iyide the radius in extreme and mean ratio, as at (a). Then is 

the greater segment ao the chord of 
X j^^ ^"^^^^^ a regular inscribed decagon, as 

ABCD, etc. To prove this, draw OA 
and OB, and taking OM = oc = AB, 
a side of the polygon, draw BM. 
Now, OA : OM : : OM : MA by con- 
struction. As OM = AB, we have 
OA : AB : : AB : MA. Hence, con- 
sidering the antecedents as belong- 
ing to the triangle OAB, and the 
consequents to the triangle BAM 
we observe that the two sides about the angle A, which is common to both tri- 
angles, are proportional , hence the triangles are similar (342), Therefore, ABM 
is isosceles, since OAB is, and angle BMA = A =: OBA, and MB = BA == OM 
This makes 0MB also isosceles, and the angle O = OBM. Again the exterior 
angle BMA = O + OBM = 20; hence A, which equals BMA =r 20. Hence also 
OBA, which equals A, = 20. Wherefore is ^ the sum of the angles of the 
triangle OAB, or i of 2 right angles, = iV of 4 right angles. The arc AB is, 
therefore the measure of ih of 4 right angles, and is consequently tV of the 
circumference. 

To construct the pentagon, loin the alternate angles of the decagon. To 
construct the regular polygon of 20 aides, bisect the arqa subtended by the sides 
of the decagon, etc. 

y 

'^ 11. The projection of one line upon another in the same plane 
is the distance between the feet of two perpendiculars let fall from 
the extremities of the former upon the latter. Show that this pro- 
jection is equal to the square root of the difference between the 
square of the line and the square of the difference of the perpen- 
diculars. 

12. In the triangle ABCp being a perpendicular upon BA^ prove that 

m ■\- n (= c) : a + b i: a — b:m^ n. 

State the fact as a proposition. Give the neces- 
sary modification when the perpendicular falls 
without the triangle. 

Bug. a' — m' = 6* — »*, whence a* — ft* = m* — n*, -etc. 

13. The three sides of a triangle being 4, 5, and 6, find the seg- 
ments of the last side, made by a perpendicular from th^ Opposite 
angle. Ans. 3.75, and 2.26. 
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14. Same as above when the sides are 10, 4, and 7, and the perpen- 
dicular is let fall from the angle included by the sides 10 and 4. 
Draw the figure. Why is one of the segments negative ? 7 0, -^ (- 

15. What is the area of a regular octagon inscribed in a circle 
whose radius is 1? What is its perimeter? ^JR^hat if the radius 
is 10? ^-rt , ^c ^ 

16. What is the side of an equilateral triangle inscribed in a circle 
whose radius is 1 ? A " 



SINOPSIS. 



H 

o 



o o 

tf Q 



P4 

B 

I 



Importance of this doctrine. 

Pbop. I. Of chords. 

Prop. II. Of secants. 

Prop. III. Of secants and tangents. 
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Prop. IV. How divide sides. 
Prop. V. Of exterior angles. 
Prop. VI. Length of in relation to other parts. 
. Prop. VII. All intersect at one pomt 
Prop. VIIL Of triangles. 

fCar. 1. As squares of diagonals. 
Got. 2. Regular polygons. 
Cor, 8. As squares of apothems. 
C<yi\^ Of circles. 



Definition of rectification, 
Prop, X Perimeters 



'f2\Tvo\l \ ^ \' Regular polygons, 
gons I ^^' ^' Circumferences as 



radii 



Prop. XL Rectification of circum- ) « , qi^^^a^ *, j 

ference whose radius f^' Signification and 
jg j^ I importance of JT. 

Prop. XIL Circumference of any circle ) q^ * -^ j. 



g d r Prop. XIIL Whose radius is 1 

ii 



Pbop. XIV. Of any circl. \ <^ %^-^, ^, 



EZBBCISBS. 



iPrcb, To divide a line in extreme and mean ratia 
Prob, To inscribe a regular decagon, etc. 
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OHAPTEE n. 

SOLin GEOMETRY.* 



SECTION I. 

OP STRAIGHT LINES AND PLANES. 



PERPENDICULAR Aim OBLIQUE LUTES. 

380* Solid Geometry is that department of geometry in 
which the forms (or figures) treated are not limited to a single 
plane. 

381. A Plane (or a Plane Surface) is a surface such that a 
straight line joining two points in it lies wholly in the surface. 

lUi.— The sur&ce of the blackboard is designed to be a plane. To ascertain 
whether it is truly so, take a ruler with a straight edge, and apply this edge in 
all directions upon it. If it always ooinddes, i. «., touches throughout its 
whole length, the surface is a plane. Is the surface of the stove-pipe a planet 
Will a straight line coincide with it in any direction t Will it in everp 
direction ? 



PROPOSITION I. 

382. Theorem, — Three points not in the same straight line 
determine the position of a plane. 

Dbm. — Let A, B, and C be three points not in the same straight line ; then 
one plane can be passed through them, and only one ; i. e., they determine th^ 
position of a plane. 

* ni some respects, perhaps, •' Oeemetry qf Space " is preferable to this term; hat. as 
neither is free from objections, and as this has the sdvantage of simplicity and long use, the 
author prefers to retain it. 
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For, pass a straight line through any two of these 
points, as A and B. . Now, conceive any plane con- 'C 

taining these two points ; then will the line passing 
through thena lie wholly in the plane (381), Con- 
ceive this plane to revolve on the line as an axis until 
the point C falls in the plane. Thus we have one 
plane passed through the three points. That there 
can be only one is evident, since when C tails in the 
plane, if it be revolved either way, C will not be in it ^»- *55. 

The same may be shown by first passing a plane through B and C, or A and C. 
There is, therefore, only one position of the plane in which it will contain the 
third point, q,, e. d. 

383. Cop. 1. — Through one line, or two points, an infinite nuni- 
her of planes can be passed. 

384. CoE. 2. — Two intersecting lines determine the position of a 
plane. 

Dbm.— For, the point of intersection may be taken as one of the three points 
requisite to determine the position of a plane, and any other two points, one in 
each of the lines, as the other two requisite points. Now, the plane passing 
through these points contains the lines, for it contains two points in each line. 

385. Cob. 3.^ Two parallel lines determine the position of a 
plane. 

Dem.— For, pass a plane through one of the parallels, and conceive it 
revolved until it contains some point of the second parallel ; then as the plane 
cannot be revolved either way from this position without leaving this point 
without it, it is the only plane containing the first parallel and this point in the 
second. But parallels lie in the same plane (66), whence the plane of the par- 
allels must contain the first line, and the specified point in the second. There- 
fore, the plane containing the first line and a point in the second is the plane of 
the parallels, and is fixed in position. 

386. Cor. 4. — The intersection of two planes is a straight line. 

For tioo planes cannot have even three points, not in the same straight line^ 
common, much less an indefinite number, which would be required if we con- 
ceived the intersection (that is, the common points) to be any other than a 
straight line. 



387> A Perpendicular to a Plane is a line which is 
perpendicular to all lines of the plane passing through its foot 
Conversely, the plane is perpendicular to the line. 
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PBOPOSmON IL 

388. Theorem. — A line which is perpendicular to two lineg of 
aj)la7ie, at their intersection, is perpendicular to the plane. 

Dbm. — ^Let PD be perpendicular to AB and CF at D ; then is it perpendicular 
to MN, the plane of the lines AB and CF. 

Let OQ be any other line of the plane MN, passing 
through D. Draw FB intersecting the three lines AB, 
CF, and OQ. Produce PD to P', making PD = PD, 
and draw PF, PE, PB, P'F, P'E, and FB. Then is 
PF = PF, and PB = P'B, since FD and BD are per- 
pendicular to PP', and PD = P'D {284r). Hence, the 
triangles PFB and PFB are equal (292) ; and, if PFB 
be revolved upon FB till P fells at P, PE will fall in 
P'E. Therefore OQ has E equally distant from P and 
p', and as D is also equidistant from the same points, 
OQ is perpendicular to PD at D (130), Now, as OQ 
is any line, PD is perpendicular to any line of the 
plane passing through its foot, and consequently per- 
q.B. D. 

389. Cob. — If one of two perpendiculars revolves alout tlie other 
as an axis, its path is a plane perpendicular to the axis. 

Thus, if AB revolves about PP'as an axis, it describes the plane MN. 




FIO.S26. 
pendicular to the plane (387)* 



PBOPOsinoN im 

390* OTheorem,. — At any point in a plane one perpendicular 
can he erected to the plane, and only one. 

Dem. — ^Let it be required to show that one perpen- 
dicular) and only one, can be erected to the plane 
MN at D. Through D draw two lines of the plane, 
as AB and CE, at right angles to each other. CE 
being perpendicular to AB, let a line be conceived as 
starting firom the position ED to revolve about AB~ as 
an axis. It will remain perpendicular to AB (389), 
Conceive it to have passed to PD. Now, as it con- 
tinues to revolve, P'DC diminishes continuously, and 
at the same rate as P'DE grows greater; hence, in 
one position of the revolving line, and in only one, as PD, PDE will equal 
PDC, and PD will be perpendicular to CE. Therefore, PD is perpendicular to 
two lines of the plane, «t their intersection, and is the only line that can be 
thus perpendicular, whence it is perpendicular to the plane (388), and is the 
only perpendicular. q>B. D. 




Via,m. 



PEBPENDIGULAS AND OBUQUE LIN£S TO A PLANE. 
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Fig. 258. 



\ PBOPOSITION IT. 

391. Theorem.— If from any point in a perpendicular to a 
plane, oblique lines be draion to the plane, those wJiich pierce the 
plane at equal distances from the foot of the perpendicular are equal; 
and of those which pierce the plane at unequal distances from the 
foot of the perpendicular, those which pierce at the greater distances 
are the greater, 

Deh. — Let PD be a perpendicular to the plane 
MN, and PE, PE', PE", and PE'", be oblique Unes 
piercing the plane at equal distances ED, ED, E"D, 
and E'"D, from the foot of the perpendicular; then 
PE = PE' = PE" = PE'". For each of the tri- 
angles PDE, PDE', etc., has two sides and the in- 
cluded angle equal to the corresponding parts in 
the other. 

Again, let FD be longer than E'D. Then is 
PF> PE'. For, take ED = E'D ; then PE = PE', 
hf the preceding part of the demonstration. But 
PT > PE by il39). Hence, PF > PE'. q. b. d. 

392. The Inclination of a line to a plane is measured by 
the angle which the line makes with a line of the plane passing 
through the point in which the line pierces the plane and the foot 
of a perpendicular to the plane from any point in the line. 

Thus PFD is the inclination of PF to the plane MN. 

393. OoR. !• — The angles which oblique lines drawn from a com- 
mon point in a perpendicular to a plane, and 2>i^rci7ig theplatie at 
equal distances from the foot of the perpendicular, make with the 
perpendicular, are equal ; and the inclinations of such lines to the 
plane are equal. 

Thus the equality of the triangles, as shown in the demonstration, shows that 
EPD = E'PD =^E"PD = E'"PD, and PED = PE'D = PE"D = PE"'D. 

394* CoR. 2. — Conversely, If the angles which oblique lines 
drawn from a point in a perpendicular to a plane, make with the 
perpendicular, are equal, the lines are equal, and ^^icrce the plane at 
equal distances from the foot of the perpe^idicular. 

DEM.-Thu8, in the figure, let DPE' = DPE"; then PE' = PE" and DE' = 
DE". For, revolve DE'P about PD ; DE' will continue in the plane MN, and 
when angle DPE' coincides with its equal DPE", PE' coincides with PE", and 
DE' with DE". 
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395. Cor. 3. — ^Also, conversely. Equal oblique lines from the 
same point in the perpendicular^ pierce tlie plane at equal distances 
from the foot of the perpendicular » 

Dkm.— Let PE' = PE" ; then is DE' = DE". For, let PDE' revolve upon PD 
until E'D falls in E"D ; then, if DE' were less than DE", PE' would be less than 
PE" ; and, if DE' were greater than DE ", PE' would be greater than PE". But 
both of these conclusions are contrary to the hypothesis. Hence, as DE' can 
neither be less nor greater than DE", it must equal it. This corollary follows 
also from (297). 

396» Cor. 4. — The perpendicular is the shortest line that can be 
drawn to a plane from a point withotit,and measures the distance of 
the point from the p laiie. 



PROPOSITION T, 

397* Theorem* — From a point without a plane one perpendic- 
ular can be drawn to t?ie plane, and only one, 

Dem.— Let it be required to show that one perpen- 
dicular can be drawn from P to the plane MN, and 
only one. Take AB, any line of the plane, and con- 
ceive PD' perpendicular to it Through d' draw EF, 
a line, of tlie plane, perpendicular to AB. Now, if 
PD'.E = PD'F, they are both right angles, and PD' is 
perpendicular to two lines of the plane passing through 
its foot, and hence perpendicular to the plane {S88). 
If, however, PD'E does not equal PD'F, in the first in- 
_ ^ stance, but PD'F < PDE, conceive the line AB to 

Fxo* 259. 

move along the plane, continuing parallel to its 
primitive position, so as to cause D' to move towards F, thus diminishing PD'E 
and increasing PD'F. At the same time observe that, if necessary in order to 
keep PD'A = PD'B*, EF can move along the plane parallel to its first position. 
Now, as PDF increases, passing through all successive values, and PO'E dimin- 
ishes in the same way, there will be some position of PD', as PD, in which 
PDF = PDE, and as by hypothesis PDA' remains = PDB', PD becomes perpen- 
dicular to two lines passing through its foot, and hence perpendicular to the 
plane. 

Tbat there can be only one perpendicular is evident, since, if there were two, 
as PD' and PD, there would be two right angles in the triangle PD'D. 

* According to the conception here need it would not be necesMiry. 
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398* Cor. — Through a given point in a line one plane can he 
passed perpendicular to the line, and only one, 

Dkm. — Let D be the point in the line PD. Pass two lines through D, as EF, 
and A'B', each perpendicular to PD ; the plane of these lines is perpendicular to 
PD. Moreover, the required plane must contain both these lines, for if it passed 
through D and did not contain DF^ there would be one line of the plane, at 
least, which would pass through D and not be perpendicular to PD, which is 
impossible. Hence, there can be no other plane than the plane of the two per* 
pendiculars EF and A'B' which shall be perpendicular to PC), through D. 



PKOPOSinON TL 

399. Theorem.— If front the foot of a perpendicular to a plane 
a line be draian at right angles to any line of the plane, and this 
iMersection be joined with any point in the 
pBrpendicular, the last line is perpendicular to 
the line of the plane. 

Deh.— From the foot of the perpendicular PD let 
DE be drawn perpendicular to AB, any line of the 
plane MN, and E joined with 0, any point of the per- 
pendicular ; then is OE perpendicular to AB. 

Take EF = EC, and draw CD. FD, CO, and FO. 
Now, CD = DF (?)*, whence CO = FO (?), and OE has 
O equally distant from F and C, and also E. There- ^^<»- ^W- 

fti% OE is perpendicular to AB (?). , q. e. d. 

400. Cor, — The line DE measures the shortest distance between 
PD and AS. 

For, if from any other point in AB, as C, a line be drawn to D, it is longer 
than DE(?) ; and if drawn from C to a, any other point in PD than D, Ca is 
longer than CD(?), and consequently longer than DE(?). 




PARALLEL LINES AND PLANES. 



401. A Line is JParallel to a plane when the two will 
not meet, how far soever they be produced. The plane is also said 
to be parallel to the line. 

* Hereafter the reason will be often left out, and the mark (?) will be need to indicate that 
the Btndent is to supply it. 
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PKOPOSITION TIL 



402. Theorem. — One of two parallel lines is parallel to every 
plane containing the other. 

Dbm.— AB beiDg parallel to CD is parallel to 

^~ VD.J plane MN containing CD. 
Since AB and CD are in the same plane (?)^ 
and as the intersection of their plane with MN is 
,j CD(?), if AB meets the plane MN> it must meet 
Fio. 961. it in CD, or CD produced. But this la impossi- 

ble (?). Whence AB is parallel to MN. q. e. d. 

403. Cob. l. Through any given tine a plane may be passed 
parallel to any other given line not in the plane of the frst. 

For, through any point of the line through which the plane is to pass, con* 
ceiye a line parallel to the second given line. The plane of the two interaecting 
lines is parallel to the second given line (?). 

404. Cor. 2. — Through any point in space a plane may be passed 
parallel to any two lines in space. 

For, through the given point, conceive two lines parallel to the given lines ; 
then is the plane of these intersecting lines parallel to the two given lines (?). 



X 



PBOPOsnioN Tim 



40S» Theorem. — If one of ttao paraUeis is perpendicular io a 
plane, the other is perpendicular also* 

Dbm. — Let AB be parallel to CD, and perpendicular to the plane MN ; then 
is CD perpendicular to MN. 

For drawing BD in the plane MN, it is perpendicular 
to AB(?), and consequently to CD (?). Through D draw 
EF in the plane and perpendicular to BD, and join D 
with any point in AB, as A ; then is EF perpendicular 
to AD (?). Now, EF being perpendicular to two lines, AD 



M 



\ 



^ / and BD of the plane ABDC, is perpendicular to the plane, 

. ° / and hence to any line of the plane passing through D^ 

— — ii as CD. Therefore CD is perpendicular to BD and EF, 



' Fig ^63. and consequently to the plane MN (?). q. B. D. 

406. Cor. l. — Tioo lines which are perpendicular to the same 
plane are parallel. 

Thus, AB and CD being perpendicular to the plane MN, if AB is not parallel 
to CD, draw a line through B which shall be. By the proposition this line is 
perpendicular to MN, and hence must coincide with AB (390). 
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407. Cor. 2.— Two lines parallel to a third 
not in their own plane are parallel to each other, 

Deil— If AB and CD are parallel to EF, they are par- 
allel to each other. Let MN be a plane passing through 
EF at F', and to which EF is perpendicular ; then are AB / ig' 
and CD respectiyely perpendicular to MN (?), and hence 
parallel (?). Q. k. 0. 






B I 

Fio. 368. 



408. JParaUd Planes are such as do not meet when indefi- 
nitely produced. 



PROPOSITION DC. 

4:09* Theareviu — Two planes perpendicular to the same line are 
parallel to each other. 

Dbm.— For, if they could meet in some point, as 0, conceive two lines drawn 
from O, one in each plane, to the points where the perpendicular pierces the 
planes. We should then hare two lines from the same point, perpendicular to 
the same line(?), which is impossible. Hence, as the planes cannot meet, they 
are parallel, q. b. d. 




PROPOSITION 3u 

410. Theorem. — If a plane intersect two 
parallel planes^ the lines of intersection are 
parallel, 

Dbm. — ^Let AD intersect the parallel planes MN and 
PQ in AB and CD ; then is AB parallel to CD. For, if 
AB and CD could meet, the planes MN and PQ would 
meet, as every point in AB is in MN, and every point 
in CD in PQ. Hence, AB and CD lie in the same 
plane, and do not meet how far soever they be pro- Pio. 984. 

duced ; they are therefore parallel, q. e. d. 

411» Cob. — Parallel lines intercepted between parallel planes are 
equal. 

Thus AC =r BD if they are parallel. For, the intersections AB and CD, of 
fbe plane of these parallels, are parallel (?), and the figure ABDC is a paral- 
lelogram ; whence AC = BD (?). 

PROPOSITION XI. 

412. Theorem. — A line tvhich is perpendicular to one of two 
parallel planes, is perpendicular to tho other also. 
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B 



Dem. — Let AB be perpendicular to MN ; then is it perpendicular to PQ, paral- 
lel to MN. For, pass two planes through AB, and let 
CA, DB, and EA, FB, be tlieir intersections with the 
planes MN and PQ. Now CA and EA are perpendicu- 
lar to AB (?) ; hence DB and FB being parallel to CA 
and EA (?) are perpendicular to AB (?). Therefore AB 
is perpendicular to two lines of the plane PQ, and 
consequently to the plane (?). q. e. d. 

413. OoR. 1. — Through any poifit out of a 

^ " ' ^ plane, one plane can be passed parallel to the 

Pig. 265. given plane, and only one. t 

Dem.— To pass a plane through B parallel to MN, draw the perpendicular 
BA fi-om B upon MN. Draw any two lines in the plane MN, through A, as CA 
and EA. Through B draw DB and FB parallel to CA and EA; then is PQ, tlie 
plane of these lines, peipendtcular to AB, and hence parallel to MN. As the 
plane parallel to MN must contain FB and DB, and as but one plane can be 
passed through these lines, there can be only one plane through B parallel to MN. 

4:14:. The IHstance between two parallel planes at any point 
is mea8U7*ed by the perpendicular. 
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Fig. 966. 



415. Cor. 2. — Parallel planes are every- 
where equally distant from each other. 

Dem. — Let A and B be any two points in the plane 
MN, and AC and 6D the perpendiculars from these 
points, let fall on the parallel plane PQ ; then are they 
perpendicular to MN by the proposition, and since the 
figure ABCD is a parallelogram (?) [a rectangle, also (?)], 
AC = BD. 



PROPOSITION xn. 

416. Theorem. — Two angles lying in different planes, but hav- 
ing their sides parallel and extending in the same 
direction, are equal, and their planes are parallel 

Dem.— Let A and A' lie in the different planes MN and 
PQ, and have AB parallel to A'B', and AC to A'C ; then 
A = A', and MN and PQ are parallel. 

For, take AD = A'D', and AE = A'E', and draw AA', 
DD', EE', ED, and E'D'. Now, AD being equal and par- 
allel to A'D', AA' = DD' (?). For lilse reason AA' = EE', 
therefore EE' — DD'. Again, since EE' and DD' are 
respectively parallel to AA', they are parallel to each 
other (?), whence EDD'E' is a parallelogram (?), and 
ED = E'D'. Hence the triangles ADE and A'D'E' are 
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mutually equilateral, and A, opposite ED, is equal to A', opposite E'D' equal 
to ED. 

Again, the plane of the angle BAG, MN, is parallel to PQ, the plane of B'A'C. 
For, let a plane be passed through AC and revolved until it is parallel to PQ. 
It must cut DD', which is parallel to AA\ and EE', so that DD' shall equal AA' 
and EE' (?) ; hence it must pass through D. 

4:17. Cor. 1. — IfUoo intersecting planes he cut ly parallel planesy 
tJie angles formed hy the intersections are equal. 

Thus, AB' and AE' being cut by the parallel planes MN and PQ, AD is parallel to 
AD' (?), and lies in the same direction, and AE to AE'. Hence BAC= B'A'C (?). 

4:18. Cor. 3. — If the correspanding extremities of three equal 
parallel lines not in the same plane, he joined, the triangles formed 
are equal, and their planes parallel. 

Thus, if AA' = DD' = EE', the sides of tlie triangle AED are equal to the 
sides of A'E'D', since the figures AD', DE', and EA' are parallelograms (?), and 
the corollary comes under the proposition (?). 



PROPOSITION XnL 

419. Theorem. — The corresponding seg- 
ments of lines cut hy parallel planes arepropor- 
tionah 

Dbm.— Let AB,CD and EF be cut by the parallel planes 
MN, PQ, RS, and TU ; then ka -. Cei: ab : ^ i.hB . fD, 
and ka-.Eii: abiik : : bB : AjF, and Oe : E» : : ef -. ik.i: 
fO ikF. 

For, join the extremities A and D, and E and D, and 
conceive the intersections of the plane of AB and AD 
with the parallel planes to be BD, bd, and ac. The'se 
lines are parallel (?), and Aa -^Ac :: ab : cd :: bB :dO (?). 
For a similar reason, Ce i Ac :: ef : cd :: fO : dD (^), 
Whence, the consequents of the proportions being the 
same, the antecedents give Aa: Ce : : ab : ef :: bB : /D. 
In like manner we can show that Ce :Ei:: efiik i :/D : 
kF. [Let the student give the details.] From these 
proportions we have Aa : E» ::ab : ik : : bB i kF (?). 

<). B.D. 
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EXERCISES. 

1. Designate any three points in the room, as one corner of the 
desk, a point on the stove, and some point in the ceiling, and show 
how you can conceive the plane of these points. 
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2. Show the position of two lines which wifl not meet, and yet are 
not parallel. 

3. Conceive two lines, one line in the ceiling and one in the floor, 
which shall not be parallel to each other. What is the shortest dis- 
tance between these lines ? 

4. The ceiling of my room is 10 feet above the floor. I have a 12 
foot pole, by the aid of which I wish to determine a point in the floor 
directly under a certain point in the ceiling. How can I do it ? 

Bug.— Consult Pbop. IV. 

5. Upon what principle in this section is it that a stool with three 
legs always stands firm on a level floor, when one with four may 
not? 

6. By the use of two carpenter's squares you can determine a per- 
pendicular to a plane. How is it done ? 

7. If you wish to test the perpendicularity of a stud to a level floor, 
on how many sides of it is it necessary to measure the angle which it 
makes with the floor ? By applying the right angle of the carpen- 
ter's square on any two sides of the stud, to test the angle which it 
makes with the floor, can you determine whether it is perpendicular 
or not? 

8. We see in straight lines. If a line* be placed between our eye 
and a surface, it covers a certain space on the surface ; this figure or 
space is said to be \hQ projection of the line on that surface. Upon 
what principles in this section is it that the projections of straight 
lines are straight ? Why is it that the projections of parallels which 
are parallel to the plane upon which we see them projected, are 
parallel, while parallel lines which are inclined to this plane are pro- 
jected in oblique lines ? 

9. If a line is drawn at an inclination of 23° to a plane, what is 
the greatest angle which any line of the plane, drawn through the 
point where the inclined line pierces the plane, makes with the line ? 
Can you conceive a line of the plane which makes an angle of 50® 
with the inclined line ? Of 80° ? Of 15° ? Of 170° ? 

Sereafter^the student should make the synopses. 

* The term line \% here used in its colloquial sense, and refers to a material representation, 
as a cord, the edge of a board, etc. 
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SECTION II. 

OF SOLID ANGLES. 



420. A Solid Angle is the opening between two or more 
planes, each of which intersects all the others. The lines of inter- 
section are called Edges^ and the planes, or the portion of the planes 
between the edges, where there aire more than two, are called Faces. 

421. A IHedral Angls^ or simply a Diedral, U the opening 
between two intersecting planes. 

422. A Polyed/ral Angle, called also simply a Polyedraly is 
the opening between three or more planes which intersect so as to 
have one common point, and only one. In the case of three inter- 
secting planes the angle is called a Triedral The point common to 
all the planes is called the Vertex. The plane angles enclosing a 
polyedral are the Facial angles. 

423. A Diedral {Angle) is measured by the plane angle included 
by lines drawn in its faces from any point in the edge, and perpen- 
dicular thereto. A diedral angle is called right, acute, or obtuse, 
according as its measure is right, acute, or obtuse. Of course the 
magnitude of a solid angle is independent of the distances to which 
the edges may chance to be produced. 

Ill*s.— The opening between the two planes CABF and DABE is a XHedral 
(angle), AB is the 
Edge, and CABF 
and DABE are the 
Faces. Let MO 
lie in the plane 
AF, perpendicular 
to the edge; and 
NO in AE, and also 
perpendicular to 
the edge ; then the 
plane angle MON 
is the measure of 
Uie diedral. A diedral may be read by the letters on the edge, when tliere 





Fig. 960. 
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would be no ambiguity, or otherwise by these letters and one m each face; 
thus, tht» diedral in (a) may be designated as AB, or as C-AB-D. 

In (6) we have a Triedral (angleX The edges are SA, SB, and SC ; the/oce* 
ASB, BSC, and ASC: the fadal angles are ASB, ASC, and BSC ; and S is the 
wrtex. Such an angle, and any polyedral (angle), may be read by naming the 
angle at the vertex, when there would be no ambiguity, or otherwise by naming 
the letter at the vertex, and then one in each edge ; thus S-ABCDE designates 
the polyedral (c). The openmg between the planes is the angle, in each case. 



^ OF DIEDBALS. 

424. A Diedral may be considered as generated by the revolution 
of a plane about a line of the plane, and hence we may see the pro- 
priety of measuring it by the angle included by 
two lines in its faces perpendicular to its edge, as 
stated in the preceding article. 

III.— Let AB be a line of the plane CB. Conceive gB 
perpendicular to AB. Now, let the plane revolve upon AB 
as an axis, whence gB describes a circle (?) ; and at any pr>8i 
tion of the revolving plane, as/BAF, since fBg measures the 
amount of revolution, it may be taken as the measure of the 
diedral f-BA-g, When gB has made i of a revolution, the 
plane will have made i of a revolution, and the diedral will 
be right 

425. Cor. — Opposite diedraU are equal 

Thus, if C-AB-D is measured by MON, oAB-c? is measured 
by the equal angle nOm, 




PROPOSITION L 

426. Theorem. — Any line in one face of a right diedralyper- 
^ pendicular to its edge, is perpendicular to the other 
face. 

Dbm.— In the face CB of the right diedral C-AB-D, let MO 
be perpendicular to the edge AB ; tlien is it perpendicular to 
the face DB. For, draw ON in the ftice DB, and perpendicu- 
lar to AB. Now, since the diedi*al is right, and MON meas- 
ures its angle, MON is a right angle ; whence MO is perpen- 
dicular to two lines of the plane DB, and consequently i)er- 
Fmi. are. pendicular to the plane. Q. E. d. 




OF DIEDRAXS. 



177 



427^ Cor. — Conversely, If one plane contain a line wliicli is 
perpendicular to another plane, the diedral is right. 

Thus, if MO is perpendicular to the plane DB, C-AB-D is a right diedral. 
Por MO is peipendicular to every line of DB passing through its foot (?) ; and 
hence is perpendicular to ON, drawn at right angles to AB. Whence C-AB-D is 
a right dieSral, for it is measured by a right plane angle. 



PROPOSITION n. 

428* Theorem* — If two planes are perpendictilar to a thirds 
their intersection is perpendicular to the third 2:)lane, 

Deh. — ^If CD and EF are peipendicular to the plane 
MN, then is AB perpendicular to MN. For, EF being 
perpendicular to MN, D-FG-E is a right diedral, and a 
line in EF and perpendicular to FG at B is perpendicular 
to MN ; also a line in the plane CD, and perpendicular to 
DH at B, is perpendicular to MN (?). Hence, as there 
can be one and only one perpendicular to MN at B, and 
as this perpendicalar is in both planes, CD and EF, it is theu- intersection. 

^E. D. 



M; 



Fio. 273. 



PROPOSITION m. 

429. Theorem* — If from any point perpendiculars he drawn 
to the faces of a diedral angle, their included angle will be the supple- 
ment^ of the angle which measures the diedral, or equal to it. 

Dbm. — Let BD and AD be any two planes including the 
diedral A-SD-B, then will two lines drawn from any point, 
perpendicular to these planes, include an angle which is the 
supplement of the measure of the diedral, or equal to it. 

If the point from which the lines are drawn is not in 
the edge SD, we may conceive two lines drawn through 
any point, as S, in this edge, which shall be parallel to the 
two proposed, and hence include an equal angle, and 
have their plane parallel to the plane of the proposed 
angle {416^). Let the latter lines be SO and SP. We are 
to show that OSP is supplemental to the measure of A-SD-B. 
A plane passed through S, perpendicular to the edge SD, 
-wiH contain the lines SO and SP {388) ; and its intersec- 
tions with the faces, as SB and SA, will form an angle 
(ASB) which is the measure of the diedral {423). Now, 
PSA = a right angle (?), and OSB = a right angU (?). Hence, 
PSO and ASB are either equal or supplemental (283), 

Q.B. D. 
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OF TBIEDRALS. 

4:30. Triedrals are Rectangular j BirectangulaVy or Trirectan- 
giilar, according as they have one, two, or three, 
right diedral angles. 

Ill's.— The comer of a cube is a Tnrectangular 
triedral, as S-ADC. Conceiye the upper portion of 
the cube removed by the plane ASEF ; then the angle 
at S, i, 0., S-AEC is a Biredangidar triedral, A-SC-E 
Fig. 776. ^^^ A-SE-C being right diedrals. 

431. An Isosceles Triedral is one that has two of its facial 
angles equal. An Bquilateral Triedral is one that has all 
three of its facial angles equal. 

432. Two Sj/m/metrical Triedrals are suoh as have the 
facial angles of the one equal to the facial angles of the other, each 
to each; but in which the equal facial angles are not similarly 

cdtnated, and hence the triediala are not necessarily 
i capable of superposition. 

Ill's. — Let the edges of the triedral S-ABC, be pro- 
duced beyond the vertex, formiug a second triedral S-abe; 
then are the two triedrals symmetrical, i. «., the faces 
are equal plane angles, but disposed in a different order. 
Thus, ASB = aSb, ASC = aSc, and BSC = «>Sc; but the 
triedrals cannot be made to coincide. To show this 
fact, conceive the upper triedral detached, and the face 
aSc placed m its equal face ASC, Sa in SA, and Sc in SC. 
Now, the edge Sd, instead of falling in SB will fell on the 
left of the plane ASC. 

Symmetrical solids are of frequent occurrence: the two 
hands form an illustration ; for, though the parts may be 
exactly alike, the hands cannot be placed so that their 
like parts will be similarly situated; in short, the left 
glove will not fit the right hand. 

433. Two triedrals are Supplementary when the edges of 
one are perpendicular to the faces of the other. (See 438a.) 




Fn. S?6. 



PROPOSITION IT. 

434. Theorem. — The sum of any two facial angles of a trU* 
dral 18 greater than the third. 
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Dem. — T.iis proposition needs demonstration only in 
ease of the sum of the two smaller facial angles as com- 
pai-ed with the greatest (?). Let ASB and BSC each be less 
than ASC ; then is ASB + BSC > ASC. For, make the an- 
gle AS6' = ASB, and Sb' = S6, and pass a plane thiough b 
and b\ cntting SA and SC in a and e. The two triangles aSb 
and /xSd' are equal (?), whence €U/ = ab. Now, ab -\- bc> ac 
(f), and subtracting ab firom the first member, and its equal 
ai/ from the second, we have be > b'e. Whence the two tri- 
angles bSc and b'Sc haye two sides equal, but the third side 
be > than the third side b'c, and consequently angle bSc > 
b'Se, Adding ASB to the former, and its equal AS&' to the 
latter, we have ASB + BSC > ASC. q. b. d. 




4:35m Cor. — The difference between any two facial angles of a 
trie'dral is less than the third facial angle (?). 



PBOPOSinON T. 

436m Theorem. — The sum of the facial angles of a triedral 
may he anything between and four right angles. 

DBM.~Let ASB, BSC, and ASC be the facial angles 
enclosing a triedral ; then, as each must have some value, 
the sum is greater than 0, and we have only to show that 
ASB + ASC + BSC < 4 right angles. Produce either 
edge, as AS, to D. Now, in the triedral S-BCD, BSC 
< BSD + CSD. To each member of this inequality add 
ASB + ASC, and we have 

ASB + ASC + BSC < ASB + ASC + BSD + CSD. 
But, ASB + BSD = 2 right angles (?), and ASC + CSD = 
2 right angles; whence ASB + ASC + BSD + CSD = 
4 right angles; and consequently, ASB + ASC + BSC < 
4 right angles, Q. s. D. 
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437. Theorem* — Two triedrals having the facial angles of the 
one equal to the facial angles of the other y each to each, and similurhf 
arranged, are equal. 
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Dem.— In the triedrals S and «, let ASB = asb, BSC = bse, and CSA = csa; 

and let these fl^cial angles occur in the same 
order, then is S-ABC = 8-ubc, 

Take C, any point in SC, and make «c=SC, 
and draw AC and BC perpendiculai- to SC, 
and ac and be perpendicular to sc ; then ACB 
measuves the diedral A-SC-B, and adf the die- 
dral a-8cb. Now the triangles SCB and scb 
are mutually equiangular (?) and have SC = 
9e ; hence SB = «^>, and CB = d>. For a like 
reason AC = ae, and SA = sa. Hence AB = 
db (?), and the triangles ACB and acb are equal (?). Now, since angle ACB, 
measuring the diedral A-SC-B, equals angle acb, measuring the diedral asc-b^ 
these diedrals are equal, and can be applied to each other. Applying these 
diedrals, since angle ASC = aae, and BSC = bsc, the edges AS and as coincide, 
as also do BS and bs, whence the triedrals coincide throughout, and are conse- 
quently equal. Q. B. d. 




FIS.S70. 



PROPOSITION TIL 

438. Theorem* — Of tioo supplementary triedrals^ the facial 
angles of the one are the supplements of the diedrals of the other, 

Dem. — Let S-ABC be any triedral ; if a second triedral be fonned with its 

edges perpendicular to the faces of 
S-ABC, one to each face respect- 
ively, then are the facial angles of 
the one, supplements of the die- 
drals of the other. 

If the vertex of the second trie- 
dral is not at the vertex of the fir^ 
we may conceive a triedral formed 
by drawing three lines through the 
vertex S, as SE, SD, and SF, paral- 
lei to the edges of the given trie- 
dral ; then will these edges be per- 
pendicular to the same planes as 
the edges to which they are paral- 
lel (405), and hence the angle 
thus formed (S-EDf) will be a triedral supplemental to S-ABC {433), and 
the facial angles of the two having their edges parallel will be equal {416), and 
consequently the triedrals equal {437). Now, SE being perpendicular to ASB, 
and SF to ASC, angle ESF is supplemental to the diedral B-SA-C {429.) Li 
like manner, SO being perpendicular to BSC, DSE Is supplemental to A-SB-C» 
and DSF to A-SC-B. 

Thus we have shown that the facial angles of S- EOF are the supplements 
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of the diednds of S-ABC. We are now to show that the facial angles of 
S-ABC are supplements of the diedrals of S-EDF; t. «., that ASB is the sup- 
plement of D-SE-F, BSC of E-SD-F, and ASC of D-SFE. Since SE is by hy- 
Xiothesis perpendicular to ASB, it is perpendicular to AS (387) ; and since SF 
is perpendicular to ASC, it is perpendicular to AS (5^7). Hence AS is per- 
pendicular to the face FSE (?). In like manner we may show that SB is per- 
pendicular to DS^, and SC to DSF ; whence it follows from the preceding part 
of the demonstration, or directly fVom (429)y that angle ASB is the supple- 
ment of D-SE-F, BSC of E-SD-F, and ASC of D-SF-E. 

438a. SCH.— If any edge of S-EDF, as DS, is produced beyond S, another 
triedral is formed which has its edges perpendicular to the faces of S-ABC. 
Thus in all 4 triedrals can be formed with their edges perpendicular to the faces 
of S-ABC ; but the proposition holds only for S.EDF. 



PBOPOSITION Tin. 

439* Theorem. — The sum of the diedrals of a triedral may he 
anything between two and six right angles. 

ThsuL — Each diedral being the supplement of a plane angle of the supple- 
mentary triedral, the sum of the three diedrals is 3 times 2 right angles, or 
6 right angles — ^ sum of the angles of the supplemental^ triedral. But tliis latter 
sum may be anything between and 4 right angles (?). Hence the sum of the 
diedrals may be anything between 2 and 6 right angles, q. B. d. 



PBOPOSITION rx. 

44:0m Theorem. — An isosceles triedral and its sym^ 
metrical triedral are equal 

Dek. — Let S-ABC be an isosceles tiiedral with tlie facial angle 
ASB = BSC ; then is it equal to its symmetrical triedral S-adc. 

For, I'evolve S-abc about S until Sb falls in SB, and bring the 
plane Sba into the plane SBC ; then, since the diedrals C-SB-A and 
arSlHi are opposite, they are equal (425),'* and the plane Sbc will 
fall in SBA. Moreover, Sa wUl fall in SC, since angle BSC = ASB 
(by hypothesis) = bSa (vertical to ASB). In like manner Sc will 
fall in SA, and the triedrals will coincide, and are therefore equal. 

Q.B. D. 

441. ScH.— If angle ASB is not equal to BSC, it is easy to see that the ap 

* Should the pnpil have difflcalty in perceiving thin, let him notice that CSB and cSb art 
parts of one and the same plane ; and ASB and aSb are parts of another. Now bB is tbe inter, 
lecttoii of these planes, and tbe diedrals mentioned are on opposite sides of this line of intevi 
lectton. 
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fdication will fail, notwithstanding the diedrals are equal, and the triedrals 
qrmmetrical. 

442. Cob. 1. — The diedrals opposite the eqtial facial angles of an 
isosceles triedral are equaL 

The diedral hSorC = B-SA-C befaig opposite, and b-Sc^ = B-SC-A as shown 
in the demonstration ; hence B-SA-C = B-SC-A. 

443. Cob. 2. — Conversely, If two diedrals of a triedral are egtuxi, 
the triedral is isosceles. 

Dbm.— If B-SA-C = B-SC'A, S-ABC is isosceles. For, revolving S-abe as be- 
fore till the facial angle aSe falls in its equal (?) ASC, since the diedinl B-SC-A 
= B-SA-C (by hypothesis) and the latter equals its opposite IhSa-c, the plane iSa 
will fall in the plane BSC ; and, for like reasons, the plane bSc will fall in BSA. 
Now, as these planes coincide, theur intersections Sb and SB coincide, and the 
triedrals are equal ; and the facial angle BSC = bSa. But bSa = ASB (?); hence 
ASB = BSC ; ». e., the triedral S-ABC is isosceles. 



PROPOSITION X. 
444. Theorem. — Two symmetrical triedrals are equivalent. 

Dbic^S-ABC is equivalent to its symmetrical 
triedi-al S-o&es. 

For, let dO be so drawn that the angles DSA, 
DSC, and DSB shall be equal, and consequently dSa 
= dSc = dSbf and the latter respectively equal to the 
former. Then the isosceles symmetrical triedral 
S-DCB = S-deb, S-DCA = S-dca, and S-ADB = Snidb. 
Whence the polyedral S-ABCD = S-abed. Now, 
from the former subtracting S-ADB, and from the 
latter S-adb, there remains S-ABC = S'Obc, Q. b. d. 

445. SoH.— If c2D fell within the given triedrals, 
they would be made up of the three equal isosceles 
triedrals, and hence equivalent 




PROPOSITION XL 

446* Theorem. — Two triedrals which have two facial angles 
and the included diedral equal, each to each, are equal, or symmetric 
cal and equivalent 

Dbm.— If the equal faces are on the same sides of the diedral in the two 
triedrals, the one figure can be applied to the other; and if they are on different 
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sides, the edges of one triedral may be produced, forming the symmetrical trl- 
edral, to which the other giyen trieditil may be applied. [Let the student con- 
struct figures, and go through with the application.] 



PROPOSITION xn. 

4:4:7* Theorem. — Two triedraU which huve two diedrals and 
the included facial angle equal, are equal, or symmetrical and equiva- 
lent. 

Dbm.— [Same as in the preceding. Let the student draw figures like those 
for the preceding, and go through with the details of the application.] 

4:4:8* Cor. — It will he observed that in equal or in symmetrical 
triedrals, the equal facial angles are opposite the equal diedrals. 



PBOPOSinoir xra. 

449. Theorem. — Two triedrals which have two facial angles 
of the one equal to two facial angles of the other, each to each, and the 
included diedrals unequal, have the third facial angles unequal, and 
the greater facial angle belongs to the triedral having the greater in* 
eluded diedral. 

Dbm.— Let ASC = asCy and ASB = aa>, 
while the diedral C-SA-B > csa-bi then CSB 

For, make the diedral C-SA-o = e-sa-b : and 
taking ASo = ctab, bisect the diedral o-SA-B with 
the plane ISA. Draw o\ and oC, and conceive 
the planes ^1 and oSC, Now, the triedral 
S-A^ = 6'dl>c, since they have two facial angles 
and the included diedral equal (446), For a 
like reason S-Alo =: S-AIB, and the facial angle 
oS\ = ISB. Again, in the triedral S-loC, oSl-\- 
ISC > oSC (434), and substituting ISB for oS\, we have ISB + ISC (or BSC) > 
oSC, or its equal bse. Q. E. d. 

430. Cob. — Conversely, If the two facial angles are equal, each to 
each, in the two triedrals, and the third facial angles unequal, the 
diedral opposite the greater facial angle is the greater. 

That is, if ASB = asb, and ASC = asCy while BSC > bse, the diedral B-AS-C' 
> b-M-c. For, if B-AS-C = b-as-c, BSC = b8c (446), and if B-AS-C < b-a»-c, 
BSC < bsc, by the proposition. Therefore, as B-AS-C cannot be equal to nor . 
less than b-as-c, it must be greater. 
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PROPOSITION xiy, 

451. Theorem* — Two iriedraU which have the three facial 
angles of the one equal to the three facial angles of the other, each to 
eacJiy are equal, or symmetrical and equivalent. 

Dem.— Let A, B, and C represent the facial angles of one, and a, h, and c the 
correspondmg facial angles of the other. If A = 
a, B =6, and C = <r, the triedrals are equal. For A 
being equal to a, and B to by if, of their included die- 
drals, SM were greater than am, C would be greater 
than c ; and if diedral SM were less than diedral 
»m, C would be less than c, by the last corollary. 
. Hence, as diedral SM can neither be greater nor 
less than diedral <?», it must be equal to it. For like 
- 2g. reasons, diedral SN = diedral «n, and diedral SO 

= diedral w. Therefore, the triedrals are equal, 
or symmetrical, according to the arrangement of the faces. Thus, if SN and sn 
are both considered as lying on the same side of the planes MSO and rmo, the 
tiiedrals are equal ; but, if one lies on one side and the other on the opposite 
side of those planes (SN in front, and «n behind, for example), the diedrals are 
symmetrical, and hence equivalent 




PBOPOsmoir xy. 

45Si* Theorem. — Two triedrals which have the three diedrals 
of the one equal to the three diedrals of the other, each to each, are 
equal, or symmetrical and equivalent. 

Dem. — In the two triedrals supplementary to the given triedrals, the facial 
angles of the one will be equal to the facial angles of the other, each to each, 
since they are supplements of equal diedrals {4S8), Hence, the supplementary 
triedrals are equal or equivalent, by the last proposition. Now, the facial angles 
of the first triedrals are supplements of the diedrals of the supplementary ; 
whence the corresponding facial angles, being the supplements of equal diedrals, 
are equal. Therefore, the proposed triedrals have their facial angles equal, each 
to each, and are consequently equal, or symmetrical and equivalent. Q. B. D. 

453. Cor.— ^M trirectangular triedrals are equal 

454. SCH.— The proof that two forms are equal, includes the fact that cor- 
responding parts are equal. 
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OF POLYEDRALS. 

455. A Convex Polyedral is a polyedral in which none of 
the faces, when produced, can enter the solid angle. A section of 
such a polyedral made by a plane cutting all its edges is a convex 
polygon. [See Fig. 285.] 



PBOPOSITIOir XTL 

4S6. Theorem. — The sum of the facial angles of any convex 
polyedral is less than four right angles. 

Dem. — Let S be the vertex of any convex polyedral. Let the edges of this 
polyedral be cut by any plane, as ABODE, which section 
will be a convex polygon, since the polyedral is convex. 
From any point within this polygon, as O, draw lines to 
its vertices, as OA, OB, OC, etc. There will thus be formed 
two sets of triangles, one with their vertices at S, and 
the other with their vertices at ; and there will be an 
equal number in each set, for the sides of the polygon 
form the bases of both sets. Now, the sum of the angles 
of one set of these triangles is equal to the sum of the 
angles of the other set. But the sum of the angles at the 
bases of the triangles having their vertices at S is greater 
than the sum of the angles at the bases of the triangles 
having their vertices at 0, since SBA + SBC > ABC, 
SCB + SCD > BCD, etc. {4:34). Therefore the sum of the angles at S is less 
than the siun of the angles at 0, i. e., less than 4 right angles. Q. E. D. . 
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EXERCISES. 

1. I have an iron block whose corners 
are all square (edges right diedrals, and 
the vertices trirectangular, or right, trie- 
drals). If I bend a wire square around 
one of its edges, as cS'd, at what angle do 
I bend the wire ? If I bend a wire ob- 
liquely around the edge, as asb, at what 
angle can I bend it? If I bend it ob- 
liquely, as eS'f at what angle can I bend 
it? 
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2. Fig. 286 represents the appearance of a rectangular parallelepi- 
ped, as seen from a certain position. Now, all the angles of such a 
solid are right angles : why is it that they nearly all appear oblique ? 
Can you see a right parallelepiped from such a position that all the 
angles seen shall appear as right angles ? 

3. The diedral angles of crystals are measured with great care, in 
order to determine the substance of which the crystals consist. Sow 
must the measure be taken ? If we measure obliquely around the 
edge, shall we get the true value of the angle ? 

4. Gat out any triedral from a block of wood (or a potato), and 
stick three pins into it, as near the Yei*tex as you can, one in each 
face, and perpendicular to that face. What figure do the three pins 
form ? What relation does the angle included between any two ad- 
jacent pins sustain to one of the diedrals of the block ? Which ones 
are they that sustain this relation ? 

5. Can three planes intersect each other and yet not form a trie- 
dral angle ? In how many ways ? Can they all three have a common 
point, and yet not form a triedral ? 

6. From a piece of pasteboard cut two figures 
of the same size, like ABCDS and abcds. Then 
drawing SB and SC so as to make 1 the largest 
angle and 3 the smallest, cut the pasteboard 
almost through in these lines, so that it will 
readily bend in them. Now fold the edges AS 
and DS together, and a triedral will be formed. 
From the piece heads form a triedral in like 
manner, only let the lines sc and sa be drawn 
so as to make the angles 1, 2, and 3 of the same 
size as before, while they occur in the order 
Pio. 887. given in heads. Now, see if you can slip one 

triedral into the other, so that they will fit What is the diffi- 
culty ? 

7. In the last case, if 1 equals f of a right angle, 2 = ^ of a right 
angle, and 3 = f of a right angle, can you form the triedral ? Why ? 
If you keep increasing the size of 1, 2, and 3, until the sum becomes 
equal to 4 right angles, will it always be possible to form a triedral ? 
How is it when the sum equals 4 right angles ? 
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SECTION III 



OF PRISMS AND CTLINDERa 

4:5^. A Prism is a solid, two of whose faces are equal, parallel 
polygons, while the other faces are parallelograms. The equal par- 
allel polygons are the Bases, and the parallelograms make up the 
Lateral or Convex Surface. Prisms are triangular, quadrangular, 
pentagonal, etc., according to the number of sides of the polygon 
forming a base. 

4S8* A Might Prism is a prism whose lateral edges are per- 
pendicular to its bases. An Obliqtie prism is a prism whose late- 
ral edges are oblique to its bases. 

4S9m A JRegular Prism is a right prism whose bases are 
regular polygons ; whence its faces are equal rectangles. 

460. The Altittide of a prism is the perpendicular distance 
between its bases : the altitude of a right prism is equal to any one 
of its lateral edges. 

461. A Truncated Prism is a portion of a prism cut off by 
a plftne not parallel to its base. A section of a prism made by a plane 
perpendicular to its lateral 
edges is called a Right Section. 

Ill's.— In the figure, (a) 
and (b) are both prisms: 
(a) is obUque and (b) right 
PC represents the altitude 
of (a); and any edge of 
(b\ as dB, is its altitude. 
ABCDEF, and abcdefy are 
lower and upper bases, 
respectively. Either por- 
tion of (6) cut off by an 
obliqae plane, as a'b'c'd^e^, 
is a truncated prism. 

462. A Pa/raUelopiped is a prism whose bases are parallel- 
ograms : its faces, inclusive of the bases, are consequently all parallel- 
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ograms. If its faces are all rectangular, it is a rectattgular parallel- 
opiped, 

463. A Ouhe is a rectangular parallelepiped whose faces are all 
equal squares. 



PBOPOSinON L 

4L64:. Theorem. — Parallel plane sections 
of any prism are equal polygon%. 

Dem.— Let ABODE and abede be parallel sections of 
the prism MN ; then are they equal polygons. 

For, the intersections with the lateral faces, as ab 
and AB, etc., are parallel, since they are intersections 
of parallel planes by a third plane (410). Moreover, 
these intersections are equal, that is, aJ = AB, be = BC, 
ed = CD, etc., since they are parallels included between 
parallels (242)* Again, the corresponding angles of 
these polygons are equal, that is, a = A, d = B, c = C, 
etc., since their sides are parallel and lie in the same 
direction (416), Therefore the polygons ABCDE, and 
abcde, are mutually equilateral and equiangular ; that 
is, they are equal, q. e. d. 

465* Cor. — Any plane section of a prism, parallel to its base, is 
equal to the base ; and all right sections are equal. 
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PROPasrrioN n. 

466* Theorem* — If three faces including a triedral of one prism 
are equal respectively to three faces including a triedral of the other, 
and similarly placed, the prisms are equal, 

Dem.— In the prisms Arf, and k'df, 
let ABCDE equal A'B'C'D'E', AB6a = 
A'B'^a', and BCcb = B'C'&b'; then are 
the prisms equal. 

For, since the facial angles of the 
triedrals B and B' are equal, the ti*ie- 
drals are equal (451)y and being ap- 
plied they will coincide. Now, con- 
ceiving A'df as applied to Ad, with B' 
, in B, since the bases are equal poly- 
gons, they will coincide throughout ; 
and the faces aS and a'B' will also 
coincide. Whence, as a'b' falls in a*, 
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and VC in he, the upper bases, which are equal because equal to the equal lower 
bases, will coincide. Therefore the remaining edges will have two points com- 
mon in each, and will consequently coincide. 

. 467. Cor. 1. — Two right prisms hamng equal bases and equal 
altitudes are equal. 

If the faces are not similarly arranged, one prism can be inverted. 

468. Cor. 2. — The above proposition applies also to truncated 
prisms. 



PROPOSITION m. 

469. Theorem. — Any oblique prism is 
equivalent to a right prism, whose bases are right 
sections of the oblique prism, and whose edge is 
^v^l to the edge of the oblique prism, 

Dbm. — Let LB be an oblique prism, of which abcde and 
fghil are right sections, and ^6 = GB ; then is lb equiva- 
lent to LB. For the truncated prisms 10 and eB have the 
faces including any triedral, as C and B, equal and simi- 
larly placed (?), whence these prisms are equal {4S6). 
Now, from the whole figure, take away prism iC, and 
there remains the oblique prism LB ; also, from the whole 
take away the prism ^B, and there remains the right 
prism Jb. Therefore, the right prism lb is equivalent to 
the oblique prism LB. q. b. d. 




PBOPOsrrioir it. 

470. Theorem. — The opposite faces of a parallelopiped are 
equal and parallel. 

Deal — Let Ao be a parallelopiped, AC and ae being 
its equal bases {462) ; then are its opposite faces equal 
and parallel 

Since tlie bases are parallelograms, AB is equal and 
parallel to DC ; and, since the faces aie parallelogi'ams, 
oA is equal and parallel to dO. . Hence angle aAB = 
<fDC, and their planes are parallel, since their sides are 
parallel and extend in ihe same du*ections. Therefore 
aB and dC are equal (301) and parallel parallelograms. 
In like manner it may be shown that aO is equal and 
parallel to bC. 
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j/ PBOPOsinoir t. 

47 !• Theorem. — The diagonals of a parallelepiped bisect each 
: other. 

Dbh. — ^Pass a plane through two opposite edges, 
as bS and (2D. Since the bases are parallel, bd and 
BD will be parallel {410\ and bSDd will be a paral- 
lelogram. Hence, M) and dB are bisected at o (?). 
For a like reason, passing a plane through de and AB, 
we may show that dB and cA bisect each other, and 
hence that eA passes through the common centre of 
dB and bD, So also aC is bisected by bO, as appears 
from passing a plane through ab and DC. Hence, all 
the diagonals are bisected at o. q. b. d. 

Fio. sm. 
472. CoB^— The diagonals of a rectangular parallelepiped are equal 




PBOPOsrrioN tl 

473. Theorem. — A parallelopiped is divided into two equiva- 
lent triangular prisms by a plane passing through its diagonally 
opposite edges. 

D]BM.*Let H-ABCD be a parallelopiped, diyided 
through its diagonally opposite edges FA and HC; 
then are the triangular prisms H-ABC, and L-ADC 
equivalent 

For this parallelopiped is equiyalent to a riglit 
paraUelopipol haying a right section Med for its base, 
and AF for its edge (469)^ i, «., H-ABCD is equiya- 
lent to h-Abed. For the same reason ^the oblique 
triangular prism H-ABC is equiyalent to the right 
triangular prism h-Abc] and L-ADC is equiyalent 
to l-Ade, But hrAbe ^ is equal to h-Me^ as they 
are right prisms with equal bases (467) and a com- 
mon altitude. Hence, H-ABC is equivalent to L-ADC, 
MB they are equiyalent to two equal prisms, q. s. d. 




Fig. 994. 



FBOFOSmON TIL 

474. Theorem. — Any parallelopiped is equivalent to a redan' 
gular parallelopiped having an equivalent base and the same altitude, 
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Dem.— Let H-ABCD be any parallelopiped 
with all its faces oblique. Ist. By making the 
right section adHe, and completing the paral- 
lelopiped odHebcQf, we have an equivalent right 
parallelopiped (469). 2d. Through the edge 
tf of this right parallelopiped make the right 
section ea'b'f and complete the parallelopiped 
ea'b'fHctc'O, and we have a rectangular paral- 
lelopiped equivalent to the one previously 
formed (469), and hence equivalent to the 
given one. Now, the base of this rectangular 
parallelopiped, t. «., a'h'dd\ is equal to abed (?), 
which in turn is equivalent to ABCD (?). Moreover, the altitude of the- 
rectangular parallelopiped is the same as that of the given one, since their 
bases lie in the same parallel planes Ac' and EC. Therefore, the parallelopiped 
H-ABCD is equivalent to the rectangular parallelopiped W'a'h'dd', which 
has an equivalent base and the same altitude. <2. b. d. 




PROPOSITION ym. 

4!tS. Theorcin* — The area of the lateral surface of a right 
prism is equal to the product of its altitude into the perimeter of 
itriase. 

Dbm. — The iateral faces are all rectangles, having for their common alti- 
tude the altitude of the prism (4SG). Whence the area of any face is the 
product of the altitude into the side of the base which 
forms its base ; and the sum of the areas of the faces 
is the common altitude into the sum of the bases of 
Uie fifccei, that is, into the perimeter of the base of 
the prism, q. s. d. 



476. A Cylindrical Surface is a 

curved sorface traced by a straight line moving 
so as to remain constantly parallel to its first 
position, while any point in it traces some 
curve. The moving line is called the Oener- 
atrix, and the curve traced by a point of the 
line is the Directrix. 

III.— Suppose a line to start from the position AB, and move towards N in 
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Buch a manner as to remain all the time parallel to its first position AB, 

while A traces the curve A123456 M. The surface thus traced is a C^W»« 

drical Surface; AB is the GenercUrix, and the curve ANM the Directrix, 

477^ A Circidar CylindeVy called also a Cylinder of Revolt^' 
tion, is a solid generated by the revolution of a rectangle around one 
of its sides as an axis. 



Jr -J?' 



III.— Let COAB be a rectangle, and conceive it re- 
volved about CO as an axis, taking successively the 
positions COA'B', COA"B", etc. ; the solid generated is a 
Circular Cylinder, or a cylinder of revolution. The re- 
volving side AB is the generatrix of the surface, and 
the circumference OA (or CB) is the directrix. This is 
the only cylinder treated in Elementary Qeometiy, and 
is usually meant when the word Cylinder i^ used without 
specifying the land of tylinder. 

478* The Axis of the cylinder is the fixed 
side of the rectangle. The side of the rectangle 
opposite the axis generates the Co?ivex Surface ; 
while the other sides of the rectangle, as OA and 
CB, generate the Bases, which in the cylinder of 
revolution are circles. Any line of the surface corresponding to 
some position of the generatrix is called an Elefnentof the surface. 
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479. A Might Cylinder is one whose elements are perpen- 
dicular to its base. In sach a cylinder any element is equal to the 
axis. A Cylinder of Revolution {477) is right 

480m A prism is said to be inscribed in a cylinder, when the bases 
of the prism are inscribed in the bases of the cylinder, and the edges 
of the prism coincide with elements of the cylinder. 



PROPOSITION EL 

481* Theorem. — Tlie area of the convex surface of a cylinder 
of revolution is equal to the product of its axis into the circumfcT' 
ence of its base, i. e., 27rRH, H being the axis and E the radius of 
the base. 



OF PRISMS AND GYUNDEBS. 



193 



Dem.— Let a right prism, with any regular polygon for 
its base, be inscribed in the cylinder, as k-ahedef^ in the 
cylinder whose axis is HO. The area of the lateral surface 
of the prism is HO (= hb) into the perimeter of its base, 
t.6., HO X (dft + 6c + «f + dff + tf-^fa). Now, bisect ihe 
arcs ab, be, etc., and inscribe a r^ular polygon of twice the 
number of sides of the preceding, and on this polygon as 
a base construct the right inscribed prism with double the 
number of faces that the first had. The area of the lateral 
surface of this prism is HO x the perimeter of its base. In 
'like manner conceive the operation of inscribing right 
prisms with regular polygonal bases continually repeated; 
it will always be true that the area of the lateral surface 
is equal to HO x t^ perimeter of the base. But the circum- 
ference of the base of the cylinder is the limit toward 
which the perimeters of the inscribed polygons forming the bases of the prisma 
constantly approach, and the conyex surface of the cylinder is tiie limit of the 
lateral surface of the inscribed prism. Therefore, the area of the convex sur- 
face of the cylinder is HO into the circumference of the base. Finally, if R i» 
the radius of the base, 2^R is its circumference. This multiplied by H th» 
altitude, »'. e,, H x 2^R, or 2^H, is the area of the conyex surface of th» 
cylinder. 
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PROPOSITION X. 

482*^ Theorem. — The volume of a rectangular parallelopiped- 
18 eqtcal to the product of the three edges of one of its triedrals. 
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t>Eiif.— Let H-CBFE be a rectangular paral- 
lelepiped. 1st. Suppose the edges commen- 
surable, and let BC be 5 units in length, BA 
4, and BF 7 Now conceive a cube, as d-fbBg^ 
whose edge is one of these linear units. This 
cube may be used as the unit of volume. Con- 
ceive the pamllelopiped 0-caB5, whose length 
is 7, and whose edges ca and cb are 1 (the 
linear unit of measure assumed). This paral- 
lelepiped will contain as many of the units 
of volume as there are linear units in BF: 
we suppose 7. Again, conceive the paral- 
lelepiped whose base is ECBF and altitude PE, one of the linear units. This 
parallelepiped will contain as many of the former as there are linear units in 
BC: we suppose 5. Hence this last volume is 5 x 7 = 35. Finally, there will 

13 
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be as many times this number of units of volume in the whole paralleloptped 
as AB contains linear units, or 4 x 85 = 140. Hence, when the edges are 
commensurable, the volume is the product of the three edges including a 
triedral. 

3nd. When the edges are not commensurable, we reach the same conclusion 
by taking? successively a smaller and smaller linear unit Thus, for a first 
approximation take some aliquot part of one edge, as -Aj of FB. Now, by hypo- 
thesis this is not contained an exact number of times in BC, nor in BA. But 
conceive it as applied to BC as many times as it can be ; the remainder will be 
less than ^ FB. In like manner conceive it applied to AB. The volume of the 
parallelopiped included by these edges will be measured by the product of the 
edges. Now conceive the linear unit smaller. The unmeasured portion will 
be less. Thus, by supposing the linear unit to diminish indefinitely, we see that 
U tnll always remain true that the measure is the product of the three edges 
forming a triedraL 

483* Cor. 1. — The volume of a cube is the third power of its 
edge, 

* 484. SCH.— This fkct gives rise to the term cube, as used in arithmetic and 
algebra, for ** thuxl power." 

4:85m Cob. 2. — The volume of a rectangular parallelopiped is 
equal to the product of its altitude into the area of its base, the linear 
unit being the same for the measure of all the edges, 

486. CoE. 3. — The volume of any parallelopiped is equal to the 
product of its altitude and the area of its base. 

For any parallelopiped is equivalent to a rectangular parallelopiped having 
an equivalent base and the same altitude {474). 

487* Cor. 4. — Parallelepipeds of the same or equivalent hoses are 
4o each other as their altitudes, and those of the same altitudes are to 

• each other as their bases. And, in general, parallelepipeds are to 
each other as the products of their bases and altitudes. 



PROPOSITION XL 

488. Theorem. — The volume of any prism is equal to the pro 
duct of its altitude into its base. 



OF PBISMS AND OTUNBEBS. 



196 



Dem. — Ist. Let E-ABD be a triaogular prism. Com- 
plete the parallelepiped E-ABCD. Then is E-ABD = 
i E-ABCD (473). But the volume of E-ABCD is 
equal to its altitude into its base ; hence the volume 
. of E-ABD is equal to its altitude into i ABCD, or 
ABD. 

dd. Any prism may be divided into partial, tri- 
angular prisms, by passing i^anes through one edge 
and all the other non^adjacent edges, as in the figure. 
Let H be the altitude of the whole prism, then is it 
ahto the common altitude of the partial prisms. Now, 
the volume of each triangular prism is H into its 
base ; hence, the sum of the volumes is H into the 
snm of the bases, i.«., H into the base of the whole 
prism. . 

489* Cob. 1. — The volume of a right prism 
is equal to the product of its edge into its 
base, 

490* Gob. 2. — Prisms of the same altitude 
are to each other as their bases j and prisms 
of the same or equivalent bases are to each 
other as their altitudes; and, in general, 
prisms are to each other as the products of 
their bases and altitudes. 



! ■ / 




PROPOSITION xn. 

49 !• Theorem. — The volume of a cylinder of revolution is 
equal to the product of its base and altitude, i. e., ;rR*H, H being the 
altitude and B the radius of the base. 

Dem. — Inscribe any regular right prism in the cylinder, 
as in (481). The volume of this prism is equal to the 
product of its base and altitude ; and this continues to be 
the fact as the number of sides of the polygon forming the 
base is successively doubled, and the prism approaches 
equality with the cylinder. Hence, as the volume of the 
prism is always equal to the product of its base and alti- 
tude, and as the altitude of the prism remains equal to the 
altitude of the cylinder, this fkct is true when the number 
of the sides of the base of the prism is infinitely multiplied ; 
whence the volume of the cylinder is equal to the product 
of its base and altitude. Now, R being the radius of the 
base, the area of the base is ^R' (?) : hence, the volume of 
the cylinder is equal to ^R'H. 
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492^ Cob. — The volume of any cylinder is equal to (he product 
of its base into its altitude. 

This can be demonstrated in a manner altogether analogous to the case 
given in the proposition. 



493. SitnUar Solids are such as have their correspondiDg 
solid angles equal and their homologous edges proportional. 

494. Similar Cylinders of reyolution are such as have their 
altitudes in the same ratio as the radii of their bases. 

495. Homologtyus Edges of similar solids are such as are 
included between equal plane angles in corresponding faces. 

Ill's.— The idea of sunilarlty in the case of solids b the same as in the 
case of piane^figares, viz., that of Wteness qf form. Thus, one woald not think 
such a cylinder as one joint of stovepipe, similar to another composed of » 
hundred joints of the same pipe. One would be long and tery fHim in proper* 
tion to its length, while the other would not be thought of as dim. But, if we 
have two cylinders the radii of whose bas^ are 2 and 4, and whose lengths are 
respectively 6 and 12, we readily recognize them as of the same shape: they 
are similar. 



PROPOSITION xra. 

496. Theorem. — The lateral surfaces of similar right prisms 
are to each other as the squares of their edges {or altitudes) and as 
the squares of any two homologous sides of their bases, i. e., as the 
squares of any two homologous lilies. 

Dem.— Let Af Bf (7, 2?, and B, be the sides of the base of one right prism 
whose edge (equal to its altitude) is H, and a^ b, e, d, and «, the homologous 
sides of a similar prism whose edge is A. Letting A + S +0 -i- Z>+ E= P^ 
and a + 6 + <J + c?+« = p, we have 

Pip ::A:a ::B:b :: Cie^etcdf). 
But by hypothesis, H :h:: A :a:: S :b, etc. 
Hence, PipiiEih {1\ 

Now, H:h::ff:h(r), 

Whence, P x ff . p x h ::H* :h* {r). 

And as IT* : A* : : -^'^ : a* : : 5« : ft*, etc., 

we have P x Exp x h :: A* : a* ::B^ ;^, etc. 

But P X H is the area of the lateral surface of one prism and p x hot the 
other, whence the truth of the theorem appears. 
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PROPOSITION XIV. 

4:970 Theorem, — The volumes of similar prisma are to each 
other as the cubes of their homologoi^ edges^ and as the cubes of 
their altitudes. 

DsM.— Let H-ABCDE and h-abcde be 
two similar prisms, of which A and a are 
corresponding trledrals. Placing a so that 
it 'will coincide with A, all- the faces and . 
edges of one will be parallel to or ooinci- 
dent with the corresponding parts of the 
other, by definition (493), Let fall the 
perpendicular FP upon the common base, 
or its plane produced, so that FP shall 
equal the altitude of H-ABCDE, and OP, 
intercepted between the planes of the upper 
and lower bases of h-abcde^ shall be its alti- 
tude. Call the former altitude H, and the 
latter h. Since FP and AF are cut by' 
parallel planes, we have 

AF : a/ : : H : A; and AB : a5 : : J3 : A, 
since by definition AF :af :: AS : ah, etc. Pia. 802. 

Call the base of H-ABCDE B, and of 
h-abcde b. Now, as the bases are similar polygons, 
B : b::^ lab^iiWih', 
n:h::AB:ab::K;h, 
B X H :A X A::Al":a6'::H»:A«. 
Now, as B X H and 5 x A are the volumes of the respective prisms, and as 
AB* : od' as the cubes of any other homologous edges are to each other, the 
truth of the theorem is demonstrated. 




Bat 
Hence, 



PROPOSITION XV. 
498. Theorem. — The convex surfaces of similar cylinders of 
revohition are to each other as the squares of their altitudes, and as 
the squares of the radii of their bases. 

Dem.— Let H and h be the altitudes, and R and r the radii of the bases of 
two similar cylinders; the convex surfaces are 2;rRH and 27erh (481). Now. 
3^RH : ^lerh : : RH : rA (?) (1). 



H A ,R r 

r, or ^ = T and ^ = - 



By hypothesis, H : A : : R ; / , v* K ~ r """* H "" A. 

Multiplying the terms of the second couplet of (1) by these equals, we have, 

2;rRH : 2;rrA ::W:h\ 
and 2jrRH : 2;rrA : : R« : r». Q. B. D. 
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PROPOSinO]!! XTL 

499. Theorem. — The volumes of similar cylinders of revolu- 
tion are to each other as the cubes of their altitudes, or as the cubes 
of the radii of their bases. 

Dem. — ^Using the same notation as in the last demonstration, the student 
should be able to give the reasons for the following steps. 

R : r :: H : A (?), whence jtR* : ;rr» : : H* : A* (?). Multiplying the last 
proportion by H : A : : H : A, we have jrR'H : icr^h ; : H» : A", or as R' : r", 
Bince H" : A* : : R' : r* (f). Now, «R^H and itn^h are the volumes of the 
cylinders (?) ; hence the volumes are to each other as the cubes of the altitudes, 
or as the cubes of the radii of the bases, q. e. d. 

8cH.^It is a general truth, that the surfaces of similar solids, ofanyform, are 
to each other as the squares of homologous lines; and their volumes ara as the 
cubes of such lines. 



EXERCISES. 

1. A farmer has two grain bins which are parallelepipeds. The 
front of one bin is a rectangle 6 feet long by 4 high, and the front 
of the other a rectangle 8 feet long by 4 high. They are built 
between parallel walls 5 feet apart The bottom and ends of the 
first, he says, are " square " (he means, it is a rectangular parallele- 
piped), while the bottom and ends of the other slope, i. e., are oblique 
to the front. What are the relative capacities of the bins ? 

2. How many square feet of boards in the walls and bottom of the 
first bin mentioned in Ex. 1? 

3. An average sized honey bee's cell is a right hexagonal prism, 
.8 of an inch long, with faces -^ of an inch* wide. The width of the 
face is always the same, but the length of the cell varies according 
to the space the bee has to fill. Are honey bee's cells similar ? Is a 
honey bee's cell of the dimensions given above, similar to a wasp's 
cell which is 1.6 inches long, and whose face is .3 of an inch wide ? 
How much more honey will the wasp's cell hold than the honey 
bee's ? 

4. How many square inches of sheet-iron does it take to make a 
joint of 7-inch stovepipe 2 feet 4 inches long, allowing an inch and 
a half for making the seam ? 

6. A certain water-pipe is 3 inches in diameter. How much water 
is discharged through it in 24 hours, if the current flows 3 feet per 
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minute ? How much through a pipe of twice as great diameter, at 
the same rate of flow ? 

6. What is the ratio of the length of a hogshead holding 125 gal- 
lons, to the length of a keg of the same shape, holding 8 gallons ? 

7. What are the relative amounts of cloth required to clothe 3 
men of the same form (similar solids), one being 5 feet high, another 
5 feet 9 inches, and the other 6 feet, provided they dress in the same 
style ? If the second of these men weighs 156 lbs., what do the 
others weigh ? 

8. If a man 6^ feet high weighs 160 lbs., and a man 3 inches taller 
weighs 180 lbs., which is the- stouter in proportion to his height? 

9. I have a prismatic piece of timber from which I cut two blocks 
both 5 feet long measured along one edge of the stick; but one 
block is made by cutting the stick square across (a right section), 
and the other by cutting both ends of it obliquely, making an angle 
of 45° with the same face of the timber. Which block is the greater ? 
Which has the greater lateral surface ? 

10. How many cubic feet in a log 12 feet long and 2 feet 6 inches 
in diameter? How many square feet of inch boards can be cut 
from such a log, allowing -J- for waste in slabs and sawing ? 



SECT/ON IV. 

OF PYRAMIDS AND CONES. 



500. A JPyramid is a solid having a polygon for its base, 
and triangles for its lateral faces. If the base is also a triangle, it is 
called a triangular pyramid, or a tetraedron (^. e., a solid with four 
faces). The vertex of the polyedral angle formed by the faces is the 
vertex of the pyramid. 

501. The Altitude of a pyramid is the perpendicular dis- 
tance from its vertex to the plane of its base. 

602. A Right JPyramid is one whose base is a regular 
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polygon, and the perpendicular from whose vertex falls at the middle 
of the base. This perpendicular is called the axis. 

503. A Frvstum of a pyramid is a portion of the pyramid 
intercepted between the base and a plane parallel to the base. If 
the cutting plane is not parallel to the base, the portion intercepted 
is called a Truncated pyramid. 

504. The Slant Height of a right pyramid is the altitude 
of one of the triangles which form its faces. The Slant Height of a 
Frustum of a right pyramid is the portion of the slant height of the 
pyramid intercepted between the bases of the frustum. 






Fia.808. 

Ill'&— The student will be able to fiad iUustratioiis of the defioitions in the 
accompanying figures. 

505. A Conical Surfa^ce is a surface traced by a line which 
passes through a fixed point, while any other point traces a curve. 
The line is the Generatrix^ and the curve the Directrix. The fixed 
point is the Vertex, Any line of the surface corresponding to some 
position of the generatrix is called an Element of the surface. 

506. A Cone of Revolution is a solid generated by the 
revolution of a right angled triangle around one of its sides, called 
the Axis. The hypotenuse describes the Convex Surface of the 
cone, and corresponds to the generatrix in the preceding definition. 
The other side of the triangle describes the Base. This cone is righty 
since the perpendicular (the .axis) falls at the middle of the base. 
The Slant Height is the distance from the vertex to the circumfer- 
ence of the base, and is the same as the hypotenuse of the generating 
triangle. 

507 • The terms Frustum and Truncated are applied to the cone 
in the same manner as to the pyramid. 
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S08% A pyramid is said to he Inscribed in a cone when the base 
of the pyramid is inscribed in the base of the cone, and the edges of 
the pyramid are elements of the surface of the cone. The two solids 
have a common vertex and a common altitude. 

S09. If the generatrix be considered as an indefinite straight 
line passing through a fixed point, the portions of the line on oppo- 
site sides of the point will each describe a conical surface. These 
two surfaces, which in general discussions are considered but one, are 
called Nappes^ The two nappes of the same cone are evidently 
alike. 

Ill's. — ^In the figure, (a) represents a conical surface which has the curve 
ACB for its directiix, and SA for its generati-ix. The figures indicate the suc- 




cessive positions of the point A, as it passes around the cunre, while the point S 
remains fixed. (&) represents a Gone of Bevolution, or a right cone with a cir- 
cular base. It may be considered as generated in the general way, or by the 
right angled tiiangle SOA revolving about SO as an axis. SA describes the 
convex surface, and OA the base. The figure (c) represents the Frustum of a 
cone, the portion above the plane dbc being supposed removed. Figure (d) rep- 
resents the two nappes of an oblique cone. 



PROPOSITION L 

510. Theorem.— Any section of a pyramid made ly a plane 
parallel to its iase is a polygon similar to the iase. 
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Dbm.— The section abede of the pyramid S-ABCDE, made by a plane parallel 
to ABCDE, is similar t6 ABODE. 

Since AB and ab are intersections of two parallel 
planes by a third plane, they are parallel (?). So 
also be is parallel to BC, cc^ to CD, etc. Hence, 
angle 5 = B, c = C, etc% (?X and the polygons are 
mutually equiangular. Again, ab : AB :: Sb : SB, 
and 66 : BC : : 86 : SB (?). Hence, ab : be i: AB 
* BC (?). In like manner, we can show that be : 
ed :: BC : CD, etc Therefore, alfcde and ABCDE 
are mutually equiangular, and have their corre- 
sponding sides proportional, and are consequently 
similar, q. s. d. 




Fio. 305. 



PBOPosmoN n. 

511. Theorem. — If two pyramids of the same aliitude are cut 
by planes equally distant from and parallel to their bases, the sections 

are to each other as the bases. 

Dem.— Let S-ABC and S'-A'B'C'D'E' be 
two pyramids of the same altitude, cut by 
the planes o6c and a'b'c'd'e', parallel to and 
at equal distances from their bases ; then is 
dbc : a'b'e'd:e' : : ABC : A'B'C'D'E'» 

For, conceive the bases in the same 
plane. Let SP = S'P be the common alti- 
tude, and Sp = S'p' the distances of the 
cutting planes from the vertex. We have 

SP* 




Fio. 806. 



ahe 



AB* : ab 

:: S'P^ : Sy* 



Sp (?). 



(?). 



ABC 

Also, A'B'C'D'E' : a'b'e'd'e' : : A3'' :W 
Whence, as SP = S'P', and Sp = S'p' (?), we have 

abc : a'b'e'd'e' : : ABC : A'B'C'D'E' (?). Q. E. D. 

S12. CoE. — If the bases are equivalent^ the sections are also 
equivalent. 



PROPOSITION in. 

513* Theorem. — Tlie area of the lateral surface of a right 
pyramid is equal to the perimeter of the base multiplied by one-half 
the slant height. 

Dem. — The faces of such a pyramid are equal isosceles triangles (?), whose 
common altitude is the slant height of the pyramid (?). Hence, the area of 
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these triangles is the product of one-half the slant height into the sum of their 
bases. But this is the lateral surfisice of the pyramid. (See the third cut in 
Fig. 803.) 

514. CoE. — The area of the lateral surf ace of the 
frustum of a right pyramid is equal to the product 
of its slant height into half the sum of the perimeters 
of its bases. 

The student will be able to give the proof. It is based, 
upon (325) and definitions. Fio. 397. 




PROPOSITION IT. 

515. Theorem. — Tlie area of the convex surface of a cone of 
revolution {a right cone with a circular base) is equal to the product 
of the circumference of its base and one-half its slant height, i. e., 
zrEH', E being the radius of the base, and H' the slant height. 

Dbm. — ^In the circle which forms the base of the cone, conceive a regular 
polygon inscribed, as abcde. Joining the vertices of the 
angles of this polygon with the vertex of the cone, there 
will be constructed a right pyramid inscribed in the cone. 
Now, if the arcs subtended by the sides of this polygon are 
bisected, and these again bisected, etc., and at every step 
a light p3rramid conceived as inscribed, it will altoays 
remain true that the lateral surface of the pyramid is the 
perimeter of its base into half its slant height. But, 
as the number of faces of the pyramid is increased, 
the peruneter of the base approaches the circumference 
of the base of the cone, the slant height of the pyramid 
approaches the slant height of the cone, and the lateral 
surface of the pyramid approaches the convex surface 
of the cone. Hence, at the limit we still have the same expression for the 
area of the convex surface, that is, the circumference of the base multiplied by 
half the slant height. Finally, if R is the radius of the base, its circumference 
is 2;rR, and H' being the slant height, we have for the area of the convex sur- 
face 27rR X jH', or ;rRH'. 

516. Cor. 1. — The area of the convex surface of a cone is also 
equal to the product of the slant height into the circumference of the 
circle parallel to the base, and midway betioeen the base and vertex. 

This follows directly from the fact that the radius of the circle midway 
between the base and vertex is one-half the radius of the base, %. e., ^R, whence 
its circumference is ;rR Kow, icR x H' is the area of the convex surface, by 
the proposition. 
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Sit. Cob, 2.^The area of the convex surface of Ae frustum of a 
cone is equal to the product of its slant height into half the sum of 
the circumferences of its bases; L e., tt (R + r) H', B and r being 
the radii of its bases, and H' its slant height. 

From the corresponding property of the frustum of a pyramid, the student 
will be able to deduce the feet that i {2;rR + 27tr) H', or * (R + r) H', is the 
area of this surface. 

. S18. Cor. 3.— TVte area of the convex surface of the frustum of a 
cone is equal to the product of its slant height into the circumferena 
of the circle midway between the bases. 

The radius of the circle midway between the bases is i (r + R), whence its 
circumference is ^ (r + R). Now, )r (r + R) x H' is the area of the convex 
surfece of the frustum, by the precedmg corollaiy. 



PROPOSITION V. 



519. Theorem. — Two pyramids having equivalent bases and 
the same altitudes are equivalent, i.e^ equai in volume. 

Dkm.— Let S-ABCD and S'-A'B'C'CyE' be two pyramids having the same 

altitudes, and base ABCD equivalent 
to base A'B'C'D'E', t. «., equal in area ; 
then is pyramid S-ABCD equivalent 
to S'-A'B'C'D'E', i, e., equal in voluma 
For, conceive the bases to be in the 
same plane, and a plane to start from 
coincidence with the plane of the 
bases, and move toward the vertices, 
remaining all the time parallel to the 
bases. At every stage of its progress 
the sections are equivalent, and as the 
plane reaches both vertices at the 
same time, by reason of the common altitude, it is evident that the volumes are 
equal. 

Or, if desired, we may consider the two pyramids as divided into an equal 
number of infinitely thin lamina parallel to the bases. Each lamina in one l^as 
its corresponding equivalent lamina in the other ; hence the sum of all the 
lamirKB in one equals the sum of all the lamina in the other ; t*. 6., the pyramids 
are equivalent. 
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PROPOSITION YI. 

S20. Tlieorem. — The volume of a triangular pyramid is equal 
to one-third the product of its base and altitude. 



^.. 



SLA" 




Fio. 810. 



D£h. — ^Let S-ABC be a triangular pyramid, 
whose altitude is H* ; then is the volume equal 
to 4 H X area ABC. 

For, through A and B draw Aa and Bh paral- 
lel to 8C; and through S draw Sa and S( 
parallel to CA and CB, and join a and h\ then 
So^ABC is a prism with its bases equal to the 
base of the pjnramid. Now, the solid added to 
the given pyramid is a quadrangular pyramid 
with odBA as its base, and its vertex at S. Divide 
this into two triangular pyramids by draw- 
ing aB and passing a plane through SB and 
aB. These triangular pyramids are equiva- 
lent, since they have equal bases oAB and abB 

aad a common altitude, the vertices of both being at S. Again, S-dbB may be 
considered as having dbS (equal to ABC) as its base, and the altitude of the first 
pyramid (equal to the altitude of the prism) for its altitude, and hence ag 
equivalent to the given pyramid. Therefore S-ABC is one third of the prism 
Sa5-ABC. But the volume of the prism is H x area ABC. Therefore the 
volume of the pyramid S-ABC is J H x area ABC. q. b. d. 

521. Cob. 1. — Hie volume of any pyramid is equal to one^third 
the product of its base and altitude. 

Dbm. — Since any pyramid can be divided into trian- 
gular pyramids by passing planes through any one edge, 
as SE, and each of the other edges not ^jacent, as SB and 
SCy the volume of the pyramid is equal to the sum of the 
volumes of several triangular pyramids having the same 
altitude as the given pyramid, arid the sum of whose bases 
is the base of the given pyramid. Hence the truth of the 
Corollary. 

522. Cor. 2. — Pyramids having equivalent bases 

are to each other as their altitudes; such as have equal altitudes 
are to each other as their bases; and, in general, pyramids are 
to each other as the products of their bases and altitudes. 




* Kot drawn in the figure, lest it might confoea. 
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PROPOSITION TIL 

S23» Theorem.-— Tlie volume of the frustum of a triangular 
pyramid is equal to the volume of three pyramids of the same 
altitude as thefrustum, and whose loses are the upper base, the lower 
base, and a mean proportional between the two bases of the frustum* 

DEU.~Let ode-ABC be the frustum of a triangu- 
lar pyramid. Tlirough od an d C pass a plane cutting 
off the pyramid O-abc, This has for its base the 
upper base of the frustum, and for its altitude the 
altitude of the frustum. Again, draw Ad, and pass 
a plane through Ad and dC, cutting off the pyramid 
d-ABC, which has the same altitude as the frustum, 
and for its base the lower base of the frustum. 
There now remains a third pyramid, d-ACa, to be ex- 
amined. Through d draw dD parallel to oA, and 
draw DC and aD. The pyramid D-ACa is eqiiiva- 
FxG. 812 lent to d-ACa; since it has the same base and the 

same altitude. But the former may be considered as 
having ADC for its base, and the altitude of the frustum for its altitude, tL d., 
as pyramid o-ADC. We are now to show that ADC is a mean proportional 
between abc and ABC. 

ABC : ode : : "AB* : a? : : Ap" : AO* (?). 
Also, ABC : ADC :: AB : AD (?); 

whence ABC* j ADC* :: AB* : AD* (?). 

By equality of ratios, ABC : ode : : ABC* : ADC*; 

whence ADC* ^ abc x ABC, ». 0., ADC is a mean proportional between tlie 

upper and lower bases of the frustum. 

524. Cob. — The volume of the frustum of any pyramid is 
equal to the volume of three pyramids having the same altitude as 
the frustum, and for bases, the upper base, the lower base, and a 
mean proportional between the bases of the frustum. 

For, the frustum of any pyramid is equivalent to the corresponding frustum 
of a triangular pyramid of the same altitude and an equivalent base (?) ; and 
the bases of the frustum of the triangular pyramid, being both equivalent to 
the corresponding bases of the given frustum, a mean proportional between 
the triangular bases is a mean proportional between their equivalents. 



PROPOSITION Tin. 

S2S» Theorem. — The volume of a cone of revolution is equal to 
one-third the product of its base and altitude; i. e., •|^»'B*H, B being 
the radius of the base and H the altitude. 
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Dem. — ^This follows from the yolume of a pyramid, by a course of reasoning 
precisely the same as in {515). The volume of a pyramid being equal to one- 
third the product of the base and altitude, and the cone being the limit of 
the pyramid, the yolume of the cone is one-third the product of its base and 
altitude. Now, B being the radius of the base of a cone of revolution, the 
base (area of) is nrR', whence i^rR'H is the volume, H being the altitude. 

S26^ Cor. 1. — The volume of any cone is equal to one-third the 
product of its base and altitude. 

S27. Cor. 2. — The volume of the frustum of a cone is equal to 
the volume of three cones having the same altitude as ihe frustum^ 
and for bases, the upper base, the lower base, and a mean propor- 
tional between the two bases of the frustum. 

The truth of this appears fW)m the fact that the frustum of a cone is the 
limit of the frustum of a pyramid. 



PROPOSITION IX. 

S280 Theorem* — The lateral surfaces of similar right pyra^ 
mids are to each other as the squares of their homologous edges, their 
slant heights, and their altitudes ; i. e., as the squares of any two 
homologous dimensions, 

Dbk.— Let A and a be homologous sides of the bases of two similar right 
pyramids, H' and h' their slant heights, H and h then: altitudes, and P and p 
the perimeters of their bases ; then—- 

(1) P : p : : A : a, because the bases are similar polygons; 

(2) A : a : : H' : h\ because the &ces are simihg: triangles ; 
(8) B!xh' iiHih (?). 

^Hience, P : p : : H' : A' ; 

and, as iH':i^':: H': /*', 

aiultiplymg, we have iPxH': ipxA'::H'": A":: A»: a«:: Wi h\ But 

kP X H' and j^p x A' are the areas of the lateral surfaces. 



PROPOSITION X. 

529* Theorem. — The convex surfaces of similar cones of revo- 
lution are to each other as the squares of their slant heights, the radii 
of their bases, and their altitudes ; i. e., as the squares of any two ho- 
mdogous diinensions. 

Dsac^Let H' and h' be the slant heights of two similar cones of revolution, 
R and r the radii of then: bases, and H and A their altitudes; theu* convex 
sur&ces are nBB! and nrh\ Now^slDce thecones are sunilar R : r :: H' : A'. 
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Mnltiplying the terms of this proportion bj the corresponding terms of itW : 
1th' :: H' : h\ we have— 

Hence the convex surfaces are as the squares of the slant heights, and since 
R : r :: H' : A' :: H : h(^), R« : r» : : H'» : A'>::H*: A«; and consequently 
jrRH':irM'::R»:r*::H»:A«, 



PROPOsmoir xl 

SSOm Tfieorem. — The volumes of similar pyramids are to each 
other as the cubes of their homologous dimensions. 

Dbm.— Letting A and a be homologous sides of the bases of two similar 
pyramids, B and h their bases, and H and h their altitudes, the student should 
be able to give the reasons for the following proportions : 

iH:iA::A :a::H :;i. 
Whence 4BH : iM : ; A» : a» : : H» : h*, Q. B. d. 



pROPOsmoir xn. 

531* Theorem* — The volumes of similar cones are to each other 
as the cubes of their altitudes^ or as the cubes of the radii of their 
bases. 

Dem. R and r being the radii of their bases, and H and h their altitudes, 
R« : r« :: H» : V (?), and R» : r» ;: W ih\ 
Also, 4irH i^TthwILxh, 

Multiplying, i^rR'H : ^nr^h : : H» : A^, or as R» : r». Q. B. D. 



EXERCISES. 

1. What is the area of the lateral surface of a right hexagonal 
pyramid whose base is inscribed in a circle whose diameter is 20 feet, 
the altitude of the pyraiiiid being 8 feet ? What is the volume of 
this pyramid ? 

2. What is the area of the lateral surface of a right pentagonal 
pyramid whose base is inscribed in a circle whose radins is 6 yards, 
the slant height of the pyramid being 10 yards ? What is the Tol- 
ume of this pyramid ? 

3. How many quarts will a can contain, whose entire height is 10 
inches, the body being a cylinder 6 inches in diameter and 6^ inches 
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high^ and the top a cone ? How much tin does it take to make such 
a can, allowing nothing for waste and the seams ? 

4. If very fine dry sand is piled upon a smooth horizontal surface, 
without any lateral support, the angle of slope {i. e., the angle of 
inclination of the sloping side of the pile with the plane) is about 31°. 
Suppose two circles be drawn on the floor, one 4 feet in diameter and 
the other 3, and sand piles be made as large as possible on these cir- 
cles as bases, no other support being given. What is the relative 
magnitude of the piles ? 

6. In the case of sand piles, as given in the last example, the ratio 
of the radius of the base to the altitude of the pile is f. How many 
cubic feet in each of the above piles ? 

6. The frustum of a right pyramid was 72 feet square at the lower 
base and 48 at the upper; and its altitude was 60 feet. What was 
the lateral surface ? What the volume ? 



The student should publish a synopsis op each sectiok at 
its close. 



SECTION V. 

OF THE SPHERE * 



S32. A Sphere is a solid bounded by a surface every point in 
which is equally distant from a point within called the Cevire. The 
distance from the centre to the surface is the Radius, and a line 
passing through the centre and limited by the surface is a Diameter. 
The diameter is equal to twice the radius. 



* A epiierical blackboard is almost indiepensable in teaching this section, as well as in 
teaching Spherical Trigonometry. A sphere aboat 3 feet in diameter, mounted on a pedestal, 
and having its sar&ce slated or painted as a blackboard, is what is needed. It can be o5( 
tained of the manW^^toren of school apparatus, or made in any good taming^shop. 
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FBOPOSmON L 

S33. Theorem. — Every section of a sphere, made hy a plane, u 

a circle. 
P 
^ — ^,^^ Dem. — ^Let AFEBD be a section of a sphere 

A^^™3^iis^'^^^'^SB whose centre k 0, made by a plane ; then is it a 

y^<w£j3^ circle. 

/^----^^^^t7^?^*^-<K^ For, let fUl frwn the centre a perpendicular 

qK^ /^^ -^R ^^^ *^® plane AFEBD, as OC, and draw CA, CD, 

\Ss^t^ ■' I _,->^ ^^' ^^' ®*^' ^^^ °^ ^^ plane, from the foot of the 

\ Xjr — "7^ I perpendlculM to any points in which the plane 

\. v. y^ y ^^^ ** surfttce of the sphere. Join these points 

\...^^/V^/ with the centre, 0, of the sphere. Now, OA, OD, 

P' 08, OE, etc., being radii, are equal ; whence, CA, 

Fig. 318. CD, CB, CE^ etc.» are equal ; %. 6., every point in the 

line of intersection of a plane and surface of a 

sphere is equally distant from a point in this plane. Hence, the intersection is 

a circle, q. b. d. 

S34:. Def. — A circle made by a plane not passing through the 
centre is a Small Circle ; one made by a plane passing through the 
centre is a Qreat Circle. 

S3S* Cor. 1. — ^ perpendicular from the centre of a sphere, upon 
any small circle, pierces the circle at its centre; and, conversely, a 
perpendicular to a small circle at its centre passes through the centre 
of the sphere, 

S36m Def. — A diameter perpendicular to any circle of a sphere 
is called the Axis of that circle. The extremities of the axis are 
the Poles of the circle. 

537m Cor. 2. — The pole of a circle is equally distant from every 
point in its circumference. 

The student should be able to give the reason. 

S38* Oqb. 3. — Every circle of a sphere has two poles, which, in 
ease of a great circle, are equally distant from every point in the dr- 
cumference of the circle; but, in case of a small circle, one pole is 
nearer any point in the drcumferenee than the other p<de is. 
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S39» Cor. 4 — A small circle is less as its distance from the cen^ 
ire of the sphere is greater. 

For^its diameter, being a chord of a great circle, is less as it is fiirther iisom 
ttie centre of the ^eat circle, which is also the centre of the sphere. 

S40» Cor. 6. — All great circles of the mvie sphere are equals theii 
radii being the radius of the sphere. 



FBOPOsinoir n. 

S4:lm Thearenif — Any great circle divides the sphere into two 
equal parts ccUled Hemispheres. 

Dbm. — Conceive a sphere as divided by a great circle, i. 0., by a pliEine passing 
through its centre, and let the great circle be considered as the base of each 
portion* These bases being equal, reverse one of the portions and conceive 
its base placed in the base of the other, the convex surfaces being on the same 
side of the common base. Since the bases are equal circles, they will coincide, 
and since every point in the convex surface of each portion is equally ^stant 
from, the centre of the common base, the convex surfaces will coincide. There- 
fore, the portions coincide throughout, and are consequently equal, q. e. d. 



PBaposmon iii# 

542. Theorem* — J^e intersection of any two great circles of a 
sphere is a diameter of the sphere. 

Deic — The intersection of two planes is a straight line; «nd in the case of 
the two great circles, as they both pass through the centre of the sphere, &i» is 
one point of their intersection. Hence, the intersection at two great ciceks of 
a sphere is a straight line which passes throt^h the centre^ %. b. b. 

543. Cor. — The intersections on the surface of a sphere of two 
cireumferences of great circles are a semi-eircumferencCy or 180°, 
aparty since they are at opposite extremities cfa diameter. 



DISTANCES ON THE SURFACE OF A SPHERE. 

544. Distances on the surface of a sphere are always to be under- 
ctood aa measured on the arc of a great circle^ unless it is otherwise 
stated. 
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PROPOSITION IT. 

S4:Sm Theorem. — The distances, measured on the surface of a 
iphercyfrom a pole to all points in the circumference of a circle of 
p which it is the pole, are equal. 

DEM.—Let P be a pole of the small drde AEB ; 
then are the arcs PA, PE, PB, etc., which measure 
the distanees on the surface of the sphere, from P 
to any points in the circumference of circle AEB, 
equal. For, by {537), the straight lines AP, PE, 
PB, etc., are equal, and these equal chords subtend 
equal arcs, as arc PA, arc PE, arc PB, etc., the great 
circles of which these lines are chords and arcs 
P' being equal {540), Thus, for like reasons, arc 

Fio. 814. P'QA = arc P'LE = arc FRB, etc 

S4:6. Cob. — The distance from the pole of a great circle to any 
point in the circumference of the circle is a^quadrant (a quarter of a 
circumference). 

Since the poles are 180° apart (being the extremities of a diameter), PAQP' = 
PELP' = a semicircumference. But, in case of a great circle, chord PL = chord 
P'L (= chord PQ = chord PQ), whence arc PEL = arc PL = arc PAQ = arc 
PQ. Hence, each of these arcs is a quadrant 

547* ScH. — By means of the facts demonstrated in 
this proposition and corollary, we are enabled to draw 
arcs of small and great circles, in the surface of a sphere, 
with nearly the same focility as we draw arcs and 
lines in a plane. Thus, to draw the small circle AEB, 
we take an arc equal to PE, and placing one end of it 
at P, cause a pencil held at the other end to trace the 
arc AEB, etc. To describe the circumference of a great 
circle, a quadrant must be used for the arc. By bend- 
ing a wire into an arc of the circle, and making a loop 

in each end, a wooden pin oan be put through one loop and a crayon through 

the other, and an arc drawn as represented in the figure. 
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PROPOSITION T. 

S48. Problem. — To pass a circumference of a great circU 
through any two points on the surface of a sphere. 
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Solution. — Let A and B be two points on the sur- 
fisice of a sphere, through which it is proposed to pass a 
circumference of a great circle. From B as a pole, with 
an ai'c equal to a quadrant, strike an arc on, as nearly 
•where the pole of the circle passing through A and B 
lies, as may be determined by inspection. Then, from 
A, with the same arc, strike an arc st intensecting on at 
P. - Now, P is the pole of the great circle passing through 
A and B. Hence, from P as a pole, with a quadrant arc 
draw a circle ; it will pass through A and B, and will Fig. 316. 

be a great circle, since its iK)le is a quadrant's distance 

ftom its circumference. [The student should make the construction on the 
spherical blackboard.] 

. S4:9. Cor. 1. — Through any two points on the surface of a sphere^ 
one great drcU^ can always he made to pass, and only one, except 
when the two points are at the extremities of the same diameter, in 
which case an infinite numier of great circles can he passed through 
the two points. 

Since the arcs on and st are arcs of great circles, the circumferences of which 
they form parts will intersect also on the opposite side of the sphere, at a dis- 
tance of a semicircumference from P. But these two points are poles of the 
same great circle. Now, as the two great circles can intersect at no other points, 
there can be only one great circle passed through A and B. But if the two 
given points were at the extremities of the same diameter, as at D and C, the 
arcs 8t and on would coincide, and any point in this circumference being taken 
as a pole, great circles can be drawn through D and C. [The student should 
trace the work on the spherical blackboard.] 

550. ScH.— The truth of the coroUaiy is also evident from the fact that 
three points not in the same straight line determine the position of a plane. 
Thus A, B, and the centre of the sphere, fix the position of one, and only one, 
great circle passing through A and B. Moreover, if the two given points are at 
the extremities of the same diameter, they are in the same straight line 
with the centre of the sphere, whence an infinite number of planes can be 
passed through them and the centre. The meridians on the earth's surface af- 
ford an example, the poles (of the equator) being the given points. 

551. Cor. 2. — If two points in the circumference of a great circk 
of a sphere, not at the extremities of the same diameter, are at a 
quadranfs distance from, a point on the surface, that point is the 
pole of the circle. 

* The word circle may be understood to refer either to the circle proper, or to its clr* 
comference. The word is in constant nse in the higher mathematiCB, in the latter sense. 
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SS2. Theorenim — ITie sharUst dUtance tm the surface of m 
ipherSj between any two points in that surface, is measured on the arc 
Jess than a semidrcumference of the great circle which joins them. 

DsiL— JLet A And B be 9aj two points in the stir- 
hce of a sphere, AB the arc of a great circle joining 
them« and AmCnB any other path in the surface ba- 
tween A and B ; ,then is arc AB less than AmCnB. 

Let C be any pcnnt in AmCnB, and pass the arcs of 
great circles through A and C, and B and C. Join A» 
B, and C with the centre of the sphere. The angles 
AOB, AOC, and COB form the facial angles of a trie- 
dral, of which angles the arcs AB, AC, and CB are the 
measures. Now, angle AOB < AOC + COB (434); 
whence arc AB < arc AC + arc CB, and the path from 
A to B is less on arc AB than on arcs AC, CB. In like manner, joining any point 
in AfnC with A and C by arcs of great circles, their sum would be greater than 
AC. So, also, joinmg any point in C»B with C and B, the sum of the area 
would be greater than CB. As this process is indefinitely repeated, the patb 
from A to B on the arcs of the great circles will continually increase, and also 
oontmually approximate the path A9aC»B. Hence, arc AB is less than the 
path AmCnB. q. ib. D. 

SSS^ Cob. — The least arc of a circle of a sphere joining any 
two points in the surface, is the arc less than 
a semidrcumference of the great circle pass- 
ing through the points ; and the greatest are 
is the circumference minus this least arc. 

Dem. — Let AtnBn be any small circle passmg 
through A and B, and ABDoC the great circle. Aa 
shown above, ApB < AmB. Now, circumference 
ABDoO > circumfo^nce AmBn {5S9y Subtracting 
the former inequality from the latter, we haya 
BD0CA > BnA. Q. B. D. 




Fw. 81& 



PROPOSITION TIL* 

SS40 Theorem. — The shortest path on the surface of a hernia 
sphere, from any point therein to the circumference of the great circle 
forming its base, is the arc less than a quadrant of a great circle per- 
pendicular to the base, and the longest path, on any arc of a greal 
circle, is the supplement of this shortest path. 
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Dbh.— Let P be a point in the surface of the hemi- 
sphei-e whose base is ACBC, and DPmD' an arc of a 
great circle passing through P and perpendicular to 
ADCBC ; then is PD the shortest path on the surface 
from P to circumference ADBC, and PwD' is the 
longest path from P to the circumference, measured 
on the ai-c of a great circle. 

For, the shortest path from P to any point in cir- 
cumference ADBC is measured on the arc of a great 
circle {S52). Now, let PC be any oblique arc of a 
great circle. We will show that arc PD < arc PC. Pro- 
duce PD until DP' = PD ; and pass a great circle through P and C. Draw the 
radii OP, OD, OC, and OP. The triedrals 0-PDC and 0-PDC have the facial angle 
POD = P'OD, they being measured by equal arcs, and the facial angle DOC com- 
mon. Hence, as the included diedrals are equal, both being right, the tiiedrals are 
equal or symmetrical (440). In this case they are symmetrical, and the facial 
Angle POC = P'OC ; whence the arc PC = arc P'C. Finally, since PC + P'C > 
PP, PC, the half of PC + PC, is greater than PD, the half of PP'. 

Secondly, PwD' is the supplement of PD, and we are to show that it is greater 
^lan any other arc of a great circle from P to the circumference ADBC. Let 
PnC be any arc of a great circle oblique to ADCBC. Produce C'nP to C. Now 
CPnC is a semicircumference and consequently equal to DPmD*. But we hare 
before shown that PD < PC, and subtracting these from the equals CPnC and 
DPmD', we have PmD' > PnC\ 

SS5. Cor. — From any point in the surface of a hemisphere there 
are two perpendiculars to the circumference of the great circle which 
forms the base of the hemisphere; one of which perpendiculars 
measures the least distance to that circumference^ and the other the 
greatest y on the arc of any great circle of the sphere. 

Thus PD and PmD' are two perpendiculars from P upon the circumference 
ADBC. 



SPUEBICAL ANGLES, 

SS6. The angle formed by two arcs of 
circles of a sphere is conceived as the same 
as the angle included by the tangents to 
the arcs at the common point. 

lLXi.^Let AB and AC be two arcs of circles of 
the sphere, meeting at A ; then the angle BAC is 
conceived as the same as the angle B'AC, B'A 
being tangent to the circle BADm, and CA to the 
circle CAEti. 
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Via. 821. 



SS7. A Spherical Angle is the 

angle included by two arcs oi great circles. 

III. — BAC, Fig. 831, is a spherical angle, and is 
conceived as the same as the angle B'AC, B'Aand 
C'A being tangents to the grecU circles BADF and 
CAEF. [The student should not confound such au 
angle as BAC, Fig, 320, with a spherical angle.] 




Fi«. 8». 



PROPOSITION TIIL 

SS8» Theorem* — A spherical angle is equal to the measure of 
the diedral included by the great circles whose arcsfomi the sides of 
the angle. 

Dbm.— Let BAC be any spherical angle, and 
BADF and CAEF the great circles whose arcs. B A 
and CA include the angle ; then is BAC equal to 
the measure of the diedral C-AF-B. For, since two 
gi'eat circles intersect in a diameter {542\ AF is 
a diameter. Now B'A is a tangent to the circle 
BADF, that is, it lies in the same plane and is per- 
pendicular to AG at A. In like manner C'A lies 
in the plane CAEF and is perpendicular to AO. 
Hence B'AC is the measure of the diedral C-AF-B 
(425). Therefore the spherical angle BAC, which is the same as the plane angle 
B'AC, is equal to the measure of the diedral C-AF-B. q. s. d. 

SS9. CoE. 1. — If one of two great circles passes through the pole 
of the other, their circumferences intersect at right angles. 

Dem.— Thus, P being the pole of the great circle 
CABm, PC is its axis, and any plane passing thi'ough 
PC is perpendicular to the plane CABi» (427). 
Hence, the diedral B-AO-P is right, and the spheri- 
cal angle PAB, which is equal to the measure of the 
diedral, is also right. 

S60» Cor. 2. — A spherical angle is meas- 
ured by the arc of a great circle intercepted 
between its sides, and at a quadranfs dis- 
tance from its vertex. 
Thus, the spherical angle CPA is measured by CA, PC and PA being quad- 
rants. For, since PC is a quadrant, CO is perpendicular to PC, the edge of the 
diedral C-PO-A, and for a like reason AO is perpendicular to PO. Hence, COA 
is the measure of the diedral, and consequently CA, its measure, is the measure 
of the spherical angle CPA. 
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661. Cor. 3. — The angle included ly two arcs of small circles is 
the same as the angle included by two arcs of great circles passing 
through the vertex and having the same tangents. 

Thus BAC = B"AC". For the angle BAC is, by 
definition, the same as B'AC, B'A and C'A being 
tangents to BA and CA. Now, passing planes 
through C'A, B'A, and the centre of the sphere, 
we have the arcs B"A, C"A, and B'A, C'A tangents 
to them. Hence, B"AC" is the same as B'AC, and 
consequently the same as BAC. 

562. 8cH. — To draw an arc of a great drde 
iohioh shaXl be perpendicular to another; or, what Fig. 324. 

is (he same thing, to construct a right spherical angle. Let it be required to erect 
an arc of a great circle perpendicular to CAB at A, Mg. 323. Lay off from A, on 
the arc CAB, a quadrant's distance, as AP', and from P' as a pole, with a quad- 
rant describe an arc passing through A. This will be the perpendicular required. 

In a similar manner we may let fall a perpendicular from any point in the 
stirface, upon any arc of a great dide. To let fall a perpendicular from P" upon 
Hie arc CAB, from P" as a pole, with a quadrant describe an arc cutting CAB, 
afl at P'. Then from P' as a pole, with a quadrant describe an arc passing 
through P" and cutting CAB, and it will be perpendicular to CAB. [The stu- 
dent should have practice in making these constructions on the sphere.] 




PEOPOSITION IX. 

S63» Prohlem. — To pass the circumference of a small circle 
through any three points on the surface ofja sphere. 

Solution.— Let A, B, and C be the three points in the surface of the sphere 
through which we propose to pass the circumference of 
a circle. Pass arcs of great circles through the points, 
forming the spherical triangle ABC. Thus, to pass an 
arc of a great circle through B and C, from B as a pole, 
with a quadrant strike an arc as near as may be to the 
pole of the requii-ed circle ; and from C as a pole, with 
the quadrant strike an arc intersecting the former, as at 
P ; then is P the pole of a great circle passing through 
B and C (?). Hence, from P as a pole, with a quadrant 
pass an arc through B and C, and it will be the arc re- 
qufred {551). In like manner pass arcs through A and 
C, A and B. Now, bisect two of these arcs, as BC and AC, by arcs of great 




Fig. 825. 
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circles perpendicular to each. [The student will readily perceive how this is 
done.] The intersection of these perpendiculars, o^ will be the pole of the snu^ 
circle required (?). Then from o, as a pole, with an arc o^ draw the circum- 
ference of a small circle : it will pass through A, B, and C (?), and hence is the 
circumference required. 



OF TASGENT FLAITES. 

564:. A Tangent Plane to a curved surface at a given point 
is the plane of two lines respectively tangent to two plane sections 
through the point 

III.— Let P be appoint in the curved 
surface at which we wish a tangent 
plane. Pass any two planes through 
the surface and Uie point P, and let OPQ 
and MPN represent the intersections of 
these planes with the curved surface. 
Draw UV and ST in the planes of the 
sections, and tangent to OPQ and MPN, 
at P. Then is the plane of UV and ST 
the tangent plane at P. 




Fio.326. 



PROPOsmoir x. 

565. Theorem* — A tangent plane to a sphere is perpendicular 
io the radius at the point of tangency, 

Dem.— Let P be any point in the sur&ce 
of a sphere ; pafs two great circles, as PaA, 
etc., and PwiAR, through P, and draw ST 
tangent to the arc mP, and UV tangent to the 
arc aP ; then is the plane SVTU a tangent 
plane at P, and perpendicular to the radius 
OP. For, a tangent (as ST) to the arc mP is 
perpendicular to the radius of the circle, i. 0., 
to OP, and also a tangent (as VU) to the arc aP 
is perpendicular to the radius of iMi circle, 
i, e,y to OP. Hence, OP is perpendicular to 
two lines of the plane SVTU, and conse- 
quently to the plane of tliese lines (?). 

Q. B. D. 

566. Cor. 1. — Every point in a tangent plane to a sphere^ except 
the point of tangency, is without the sphere. 
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For, OP, the perpendicular, is shorter than any line which can be drawn 
from to any other point in the plane (?), hence any other point in the plane 
than P lies farther from the centre of the sphere than the length of the radius, 
and is, therefore, without the sphere. 

567. CoK. 2. — ^A tangent through p to aity circU of the sphere 
passing through this pointy lies in the tangent plane. 

Dbm. — Thus MN, tangent to the small circle PnRft through P, lies in the 
tangent plane. For, conceive the plane of the small circle extended till it in- 
tersects the tangent plane. This intersection is tangent to the small circle, 
Bince it touches it at one point, but cannot cut it ; Otherwise the tangent plane 
would have another point than P common with the surface of the sphere. But 
there can be only one tangent to a circle at a given point Hence this intersec- 
tion is MN, which is consequently in the tangent plane. 
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S68. A Spherical Triangle is a portion of the surface of a 
sphere bounded by three arcs of great circles. In the present treatise 
these arcs will be considered as each less than a semicircumfer- 
ence. 

The terms scalene, isosceles, equilateral, right angled, and oblique 
angled, are applied to spherical triangles in the same manner as to 
plane triangles. 



PROPOSITION XI. 

569* Theorefn.—The sum of any ttvo sides of a spherical tri- 
angle is greater than the third side, and their difference is less titan 
the third side. 

Dbm.— Let ABC be any spherical triangle ; then is 
BC < BA + AC, and BC — AC < BA ; and the same is 
true of the sides in any order. For, join the vertices A, 
B, and C, with the centre of the sphere, by drawing AO, 
BO, and CO. There is thus formed a triedral 0-ABC, 
whose fecial angles are measured by the sides of 
the triangle {208). Now, angle BOC < BOA + AOC 
(434\ whence BC < BA + AC : and subtracting AC 
^m both members, we have BC — AC < BA. Fig. 328. 
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PBOPOSITIOH UL 

B70. Theorefn* — The sum of the sides of a spherical triangle 
may he anything between and a circumference. 

Deh.— The sides of a spherical triangle are measures of the fiicial angles of a 
triedral whose yertex is at the centre of the sphere. Hence their sum may be 
anything between and the measure of 4 right angles, as these are the limits 
of the smn of the facial angles of a triedral {,436). 

S71* ScH. — ^Afl the sides of a spherical triangle are arcs, they can be meas- 
ured in degrees. Hence, we speak of the side of a spherical triangle as 80**, 
ST*", 115° 1(K, etc Li accordance with this, we say that the limit of the sum of 
ihe sides of a spherical triangle is 860°. 



PROPOSITION xra. 

SH^m Theorem,* — The sum of the angles of a spherical triangle 
may he anything between two and six right angles. 

Dbm. — The sum of the angles of a spherical triangle is the same as the sum 
of the measures of the diedrals of a triedral having its yertex at the centre of 
the sphere, as in {569). Now the limits of the sum of the measures of these 
diedrals are 2 and 6 right angles {439). Hence the sum of the angles of any 
spherical triangle may be anything between 2 and 6 right angles. Q. E. D. 

573. ScH. — ^It will be obseryed, that the sum of the angles of a spherical 
triangle is not constant, as is the sum of the angles of a plane triangle. Thus, 
the sum of the angles of a spherical triangle may be 200°, 290% 350°, 500°, any- 
thing between 180° and 540°. 

574. Def. — Spherical JEkccesa is the amount by which the 
sum of the angles of a spherical triangle exceeds the sum of the 
angles of a plane triangle; i. e^ it is the sum of the spherical angles 
-180°, or n. 

III.— It is not difficult to obserye the occasion of this excesB in the case of the 
equilateral spherical triangle. Thus,]et ABC be such a triangle. Conceiye the plane 

triangle formed by the chords AB, AC, and CB. 
The sum of the angles of this plane triangle is 
180°. But each angle of the spherical triangle 
is larger, than the corresponding angle of the 
plane triangle. Thus, the spherical angle BAC iB 
the same as the plane angle CAB', included be' 
tween the tangents C'A and B'A, which are per- 
pendicular to the edge of the diedral C-AO-B, and 
Fia. 839. include its measuring angle. Now, CA and BA 




OF 8FHEBIGAL TBIANGLES. 



221 



being different liner fro«ii C'A and B'A are oblique to the edge AO, and in- 
clude an angle less than its measure, and consequentlj less than CAB. For 
a like reason the plane angle ACB < the spherical angle ACB, and plane angle 
ABC < spherical angle ABC. Moreover, it is easy to see that the inequality 
between any plane angle and the corresponding spherical angle increases as the 
chords BA and CA deviate more from the tangents. Whence we see why the 
sum of the angles of the spherical triangle is not a fixed quantity. 

STS, Cor. — A spherical triangle may have one, two, or even three 
right angles; and, in fact, it may have one, two, or three obtuse 
angles ; since, in the latter case, the sum of the angles will not neces- 
sarily be greater than 540°. , 

St6* Bbf.—A TnirectangtiZar Spherical Triangle is 

a spherical triangle which has three right angles. 



PROPOSITION XIT. 

S77» Theorem. — The trirectangular triangle is one-eighth of 
the surface of a sphere. 

Dem. — ^Pass three planes through the centre of a sphere, respectively per- 
pendicular to each other. They will divide the 
surface into 8 trirectangular triangles, any one of 
which may be applied to any other. Thus, let 
ABA'B', ACA'C, and CBC'B' be the great circles 
formed by the three planes, mutually perpendicu- 
lar to each other. The planes being perpendicular 
p each other the diedrals, as ^-CO-B, C-BO- A, 
C-'AO-B , etc., are right, and hence the angles of 
^Q 8 triangles formed are all right Also, as AOB^ 
^ % right angle/ AB is a quadrant; as BOC is a 
right angle, CB is a quadrant, etc. Hence, each 
side of every triangle is a quadrant Now any one triangle may be applied to 
any other. [Let tlie student make the application.] Hence the trirectangular 
triangle is one-eighth of the surface of a sphere. Q. B. d. 

S78. Gob,.— The trirectangular triangle is equilateral and its 
sides are quadrants. 




PROPOSITION XV. 
S79» Theorem* — Tn an isosceles spherical triangle the angles 
opposite the equal sides are equal ; and, conversely, If two angles of 
a spherical triangle are equal, the triangle is isosceles. 
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DB]r.~Let ABC be an isosceles spherical triangle in which AB = AC ; then 
angle ABC = ACB. For, draw the radii AO, CO, and 
BO, forming the edges of the triedral O-ABC. Now, 
since AB = AC, the fiidal angles AOC and AOB are 
equal, and tlie triedral is isosceles. Hence tiie die- 
drals A-OB-C and A-OC-B are equal (442), and con- 
sequently the spherical angles ABC and ACB are 
equal (558), Again, if angle ABC = angle ACB, side 
AC = side AB. For in the triedral O-ABC, the die- 
drals A-OB-C and A -OC-B are equal, whence the facial 
angles AOB and AOC are equal (443), and conse- 
quently the sides AB and AC which measure these angles. 




Fig. 881. 



S80. Coil — An equilateral spherical trianjfle is also equiangular ; 
and^ conyersely. If the angles of a spherical triangle are equal the 
triangle is equilateral 



h 

- \ PBOPOSinOH XYL 

SSI* Theorem. — On the same or on equal spheres two iseecdes 
triangles having two sides and the included angle of the one equal to 
two sides and the included angle of the other y each to eachy can be 
superimposed, and are consequently equal* 

Dkk.— In the triangles ABC and AB'C, let AB = AC, AB' = AC; and let 
AB = AB\ BC =rB'C', and angle ABC = AB'C; then 
can the triangle AB'C be superimposed upon ABC. 
For, since the triangles are isosceles, we have angle ABG 
= ACB, AB'C = ACB', and, as by hypothesis ABC = 
AB'C, these four angles are equal each to each. For a 
like reason AB = AC = AB' = AC. Now, applying 
AC to its equal AB, the extremity A at A and C at B, 
with the angle Bt on the same side of AB as C, the con- 
^^ ^^ yexities of the arcs AC and AB being the same, and in 

the same direction, the arcs will coincide. Then, as 
angle ACB' = ABC, CB' will talce the direction BC, and since these arcs ai« 
equal by hypothesis, B' ivill Mi at C. Hence B'A will tall in CA, as only one 
arc of a great circle can pass between C and A, and the triangle AB'C is super- 
imposed upon ABC ; wherefore they are equal. [Let the student give the 
application when other parts are assumed equal.] 




S82. Symmetrical Spherical Triangles are such as 
have the parts (sides and angles) of the one respectively equal to the 
parts of the other, but arranged in a different order, so that the tri- 
angles are not capable of superposition. 
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Fw. 333. 



III.— In Fig, 333, ABC and A'B'C represent symmetrical spherical tri- 
angles. In these triangles A = A', B = B', C = C, 
AC = A'C, AB = A'B', and BC = B'C ; neverthe- 
less we cannot conceive one triangle superimposed 
upon the other. Thus, were we to make the at- 
tempt by placing A'B' in its equal AB, A' at A, and 
B' at B, the angle C would fall on the opposite side 
of AB from C. Now, W6 cannot revolve A'C'B' on 
AB (or its chord), and thus make the two comcide, 
for this would bring their ccmvexities together. 
Nor can we make them coincide by reversing A'B'C, 
and placing B' at A, and A' at B. For, although 
these two arcs will thi» coincide, as the angle B' is 
not equal to A, B'C will not foil In AC ; and, again, 
if it did, C would not fall at C, smca B'C and AC are 
not equal. 

But, considering th« triangles ABC and A'B'C in 
Fig. 334, m which A = A', B = B', C ?= C, AC = 
A'C, AB = A'B', and BC = B'C, we can readily 
conceive the latter as superimposed upon the fonner. 
[The student should make the application.] Now, 
the two triangles are equal in each ease, as will 
Bubsequen tly appear of the former. Such triangles as 
those in Fig, 333 are called symmetricaUff equals while 
the latter are said to be equal by superposition. 

Fig* 885 represents the same triangles as Fig. 334, 
and exhilMts a complete projection* of the semicir- 
cumferences of which the sides of the triangles are 
arcs. The student should become perfectly familiar 
with it, and be able to draw it readily. Thus, akSb 
Is the projection of the semicircumference of which l^». 336. 

AB IS an arc, aACc of ^e semicircumference of which AC is an arc, etc., etc. 




Fig. 334. 




PROPOSITION XTH. 

S83* Theorem* — Spnmdrical spherieal triangles are equiva- 
lent. 



* To QBflerBtaiid what is meant by the projection of these lines, conceive a hemisphere 
Irith its base on the paper, and represented by the circle abCt and all the ares raised np frmn tiie 
paper as they wonld be on the snrfitce of snch a hemisphere. Thus, considering the arc aABb^ 
the ends a and b wonld be in the paper just where they are, but the rest of the arc would be 
off the paper, as though yon could take hold of B and raise it from the paper while a and b 
remain fixed. The lines in the figure are representations of lines on the surface of such a 
hemisphere, as they would appear to an eye situated in the axis of the circle abc, and at an 
infinite distance from it; that is, just as if each point in the lines dropped perpendicularly 
down npon the paper. Arcs of great ciMles perpendicular to the base are projected in straight 
lines passing through the centre, and oblique arcs are projected in ellipses. See /Spherical 
Triffommmtrff {97-fOSf)* 



224 



ELEMENTARY SOLID GEOMEXnY. 



Dem.— Let ABC and A'B'C be two symmetrical spherical triangles, with AS 
= A'B', AC = A'C\ BC = B'C, A = A', B = B', and C = C; then are they 
equivalent 

For, pass circumferences of small circles through the 
vertices A, B, C and A', B', C, as abc and a'b'c\ of which 
and o' are the poles. [The student should execute this 
on the spherical blackboard.] Now, by reason of the 
mutual equality of the sides, the chord AC = c?u)rd A'C, 
chord AB = chord A'B', and chord BC = cfiord B'C, and 
as the small circles are circumscribed about the equal 
plane triangles ABC and A'B'C, these circles are equaL 
Hence, <?A = <?'A' = oB = <?'B' = oC = o'C The tri- 
angle AoB is therefore equal to AVB', BoC = BVC, and 
A^ = AVC. [The student shoiild make the application of these equal tri- 
angles.] Hence, ABC is equivalent to A'BX', as the two are composed of equal 
parts. 

If the poles of the small circles fell without the given triangles, ABC would 
be equivalent to the sum of two of the partial triangles mmus the third. 




Fig. 886. 




PROPOSITION XYm. 

384* Theorem. — On the same or equal spheres, two spherical 
triangles having two sides and the included angle 
of the one equal to two sides and the included 
angle of the other, each to each, are equal, or synu 
metrical and equivalent. 

Dem.— Let ABC and A'B'C, Mg. 837, be two spherical 
triangles having AB = A'B', AC = A'C, and A = A'. In 
this case,as the pails are similarly arranged, by placing AC 
in its equal A'C, AB will fall in its equal A'B' (as A = A'), 
and the two triangles will coincide. Hence, they are equal. 
Again, let the two triangles be ABC and A'B'C, Fig, 838, 
in which AB = A'B', AC = A'C, and A = A', the parts 
not being similarly arranged, so that the triangles are 
incapable of superposition. Thus, if AB is placed in its 
equal A'B', A at A^, and B at B', C and C will fall on 
opposite sides of A B. We may, however, construct A BC , 
Fig. 337, symmetrical with A'B'C in this figure, and ap- 
ply ABC of Fig. 388 to it, and find that they coincide. 
Now, ABC, Fig,d37, and A'B'C, Fig. 338, are equivalent, 
(SS:i); hence ABC, Fig. 338, is equivalent to A'B'C, 
J!^. 388. 



Fio. 837. 




Fie. 888. 



585. ScH. — This proposition is virtually the same as {446) concerning trie- 
drala. Thus, m Fig. 337, drawing the radii AG, BO, CO, A'O, B'O, and CO, two 
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triedrals are formed, having the facial angle AOB = A'OB , AOC = A'OC, 
the included diedrals equal, and the parts similarly disposed, whence the trie- 
drals are equal. In like manner the triedral 0-ABC, Fig. 338, is symmetrical 
and equivalent to O-A'B'C, Fig, 338. Hence, in either case, all the parts of 
one Bpherical triangle are equal to all the parts of the other, each to each. 



PROPOSITION XEL 

S86* Theorem. — On the same, or on equal spheres, two sphere'*- 
cal triangles having two angles and the included side of the one equal 
to two angles and the included side of the other, each to each, are 
equal, or symmetrical and equivalent. 

Dbm. — Using the same triangles as in the preceding proposition, the student 
should be able to make the application directly, when the parts are similarly 
disposed ; and when not similarly disposed, he should be able to show that 
ABC, of Fig, 338, can be applied to ABC, Fig, 337, symmetrical with A'B*C',. 
^.888. 

587. ScH.— This proposition is also virtually the same as (^7) concerning, 
triedrals. Let the student point out the identity. 



PROPOSITION XX. 

S88. Theorem. — On the same, or on equal spheres^ if two- 
spherical triangles have two sides of the one equal to two sides of 
the other, each to each, and the iticluded angles unequal,, the third 
sides are unequal, and the greater third side belongs to the triangle 
having the greater included angle. Conversely, If the two sides are 
equal, each to each, and the third sides unequal, the angles included 
iy the equal sides are unequal, and the greater belongs to the triangle 
having the greater third side. 

Dbm.— In the triangles ABC and A'B'C; let AB = A'B% 
AC = A'C, and A > A' ; then is BC > B'C. For, join the 
vertices with the centre, forming the two triedrals 0-ABC 
and O-A'B'C. In these triedrals AOB = A'OB', AOC 
= A'OC, being measured by equal arcs ; and C-AO-B 
> C'-A'O-fl', having the same measures as A and A' (S5S). 
Hence COB > COB' (449). Therefore CB, the measure 
of COB, is greater than C'B', the measure of COB'. 

In like manner, the same i^des of the triangles, and con- Fie. 339. 

sequently the same &cial angles of the triedrals, being: granted equal, and. 

15 
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BC > B'C, A > A'. For, BC being greater than B'C, COB > COB' ; whence 
B-AO-C > B'-A'O-C {450), or A is greater than A'. 



^. 



PROPOSITION XXL 

S89* Theorem. — On the same, or on equal spheres, two spheri- 
eal triangles having the sides of the one respectively-equal to the sides 
of the other, or the angles of the one respectively equal to the angles 
of the other, are equal, or symmetrical and equivalent. 

Dbm.— The sides of the triangles being equal, the facial angles of the triedral* 
at the centre are equal, whence the triedrals are equal or symmetrical (451). 
Consequently the angles of the triangles are equal, and the triangles are equal, 
or symmetrical and equivalent 

Again, the triangles being mutually equiangular, the triedrals have their 
diedrals mutually equal ; whence the triedrals are equal or symmetrical (4S2). 
Therefore, the sides of the triangles are mutually equal, and the triangles are 
equal, or symmetrical and equivalent (See Figs. 838, 884) 



PROPOSITION xxn. 

S90. Theorem. — On spheres of different radii, mutually equi- 
.angular triangles are similar (not equal). 

Dem. — Let be the common centre of two un- 
equal spheres ; and let ABC be a spherical triangle 
on the surface of the outer. Draw the radii AO, BO, 
and CO, constructing the triedral 0-ABC. Now, 
the intersections of these &ces with the surface of 
the inner sphere will constitute a triangle which is 
mutually equiangular with ABC. Thus, A = a, 
B = 6, and C = c, since in each case the correspon- 
ding diedrals are the same. From the similar sec- 
tors aOb, AOB, we have od : AB : : aO : AO ; and. 
Fie. 340. in like manner, ae : AOi: aO : AO. Whence, ab : 

AB : : ae : AC. 8o, also, ab : M :: bO : BO, and 
ftc : BC : : bOiBO; whence, ab : AB :: be: BC. Thus we see that ABC and 
abe, havmg their angles equal each to each, have also their sides proportional: 
.therefore they are similar. 




POLAR OR SUPPLEMENTAL TRUNOLES. 

S9 1. One triangle is polar to another wheu the verticeB of one 
we the poles of the sides of the other. Such triangles are also 
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called supplemental, since the angles of one are the supplements of 
the sides opposite in the other, as will appear hereafter. 



PROPOSITION xxra. 

592* Problem^ — Having a spherical 
triangle given, to draw its polar. 

Solution. — Let ABC be the given triangle.* From 
A as a pole, with a quadrant strike an arc, as C'B^ 
Froqi B as a pole, with a quadrant strike the arc 
C'A' ; and from C, the arc A'B'. Then is A'B'C 
polar to ABC. 

S930 Cor. — If one triangle is polar to 
another, conversely, the latter is polar to the 
former ; i. e., the relation is reciprocal. 




Fio. 341. 



Thus, A'B'C bemg polar to ABC ; reciprocally, ABC is polar to A'B'C ; that 
Is, A' is the pole of CB, B' of AC, and C of AB. For every point in A'B' is 
at a quadrant's distance from C, and every point in A'C is at a quadrant's dis- 
tance from B. Hence, A' is at a quadrant's distance from the two points C and 
B of CB, and is therefore its pole. [In like manner the student should slu^w 
<hat B' is the pole of AC, and C of AB.] 



^94. ScH.— By producing each of the arcs 
struck from the vertices of the given triangles 
8ufGlciently,/(mr new triangles will be formed, viz., 
A'B'C, QCB', PCA', and RA'B'. Only the tlret 
of these is called polar to the given triangle. 
It is easy to observe the relation of any of the 
parts of any one of the other three triangles to 
the parts of the polar. Thus, QC = 180* - b', 
QB' = 180* - c', QCB' = 180" - B'C'A', QB'C 
= 180* - CB'A', and Q = A' = 180* - «, as will 
appear hereafter. 



* This Bhonld be ezecated on a sphere. Few students get clear ideas of polar triangles 
withont it Care slioald be taken to constract a variety of triangles as the given triangle, 
since the polar triangle does not always lie in the position indicated in the figure here given. 
Let the given triangle have one side considerably greater than 90*^, another somewhat less, 
and the third qaite small. Also, let each of the sides of the given triangle be greater 
than 90<>. 
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PBOPOSITIOX XXIV. 

695. Theorem. — Any angle of a spherical triangle is ihi 
supplement of the side opposite in its polar triangle ; and any side 
is the supplement of the angle opposite in the polar triangle. 

Dbm.— Let ABC and A'B'C be two spherical tri- 
anglea polar to each other ; and let the sides of 
each' be designated as a, b, c, a\ h\ c\ a being 
opposite A, a! opposite A', h opposite B, etc. Then 
A = 180' - a', B = 180* -y, C = 180' - c*, a = 
ISO'* - A', 6 = 180' - B', and c = 180' - C. 

For, Join the rertices of the triangles with the 
centre of the sphere, thus forming the triedrals 
0-ABC, and O-A'B'C. These triedrals are sup- 
plemental ; for, A being the pole of C'B', AO is the 
axis of the great circle of which C'B' is an arc (?), 
hence is perpendicular to the plane COB', and 
consequently to OB' and OC (?). Li like manner, 
BO is perpendicular to the plane A'OC, and hence to OA' and OC. So, also, 
CO is perpendicular to OA' and OB'. Now, these triedrals being supplement- 
ai7,thediedral B-AO-C is the supplement of the &cial angle COB' (dsS)\ or, 
since the diedral B-AO-C is the same as the spherical angle A; and the fiu;ial 
angle COB' is measured by a', A* is the supplement of a', tl «., A = 180' — a'. 
For like reasons, B = 180' — h\ and C = 180' — d, [Let the student give them 
in full] Agam, the diedral B'-A'O-C is the supplement of the facial angle 
COB {,4:39) ; whence A' = 180' - a. In like manner B' = 180' — h, and C = 
180' - «. 

Second Demonstration.— Let ABC and A'B'C be two 
polar triangles. Let CB, CA, and AB be represented by a, 
ft, and c respectively, and CB', CA', and A'B' by a', V, and €. 
To show that A = 180' ~ a', produce h and e, if necessary, till 
they meet the side a', of the triangle polar to ABC, in e and 
d Now A is measured by ed (560). But, since 'C'd= 90', 
and B'd = 90', Cd + B'«, or C'B' + ed = 180' ; whence trans- 
posing, and putting of for C'B', we have «? = A = 180' — a'. 
In like manner C'g + A'/= CA' +/^ = 180' ; whence /j/ = B = 180' - CA', 
or 180' - y. So, also, C = 180' - &, To show that A' = 180' - a, consider 
that A' being the pole of CB^ fi is the measure of A'. Now B/= 90' (?), and 
C» = 90' ; whence B/ + Ct = 180'. But B/ + Ct =fi + a, wherefore fi+ a=: 
180', and transposing, and putting A' for^', we have A' = 180' - «. In like man- 
ner we may show that B' = 180' - 6, and C = 180' - e. [The student should 
give the details.] 
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QUABBATUBE OF BUBFAGB OF SFHBBE. ^9 

qUADRlTUBE OF THE SURFACE OF THE siPHEBE. 

S9S. The Quadrature * of a surface is the same as finding its 
area. The term is applied under the conception that the process 
consists in finding a square which is equivalent to the given surface. 



FBOPOSinOX XXY, 

S97* JLem/ma. — The surface generated hy the revolution of a 
regular semi-polygon of an even number of sides, about the diameter 
of the circumscribed circle a^ an axis, is equivalent to the circum- 
ference of the inscribed circle multiplied by the axis. 

Dem. — ^Let ABCDE be one half of a regular octagon, AE 
being the diameter of the circumscribing circle. If the semi- 
perimeter ABCDE be revolved about AE as an axis, the surface 
generated will be2ffr x AE,r being the radius of the inscribed 
circle, as aO, or dO. 

This surface is comi)Osed of the convex surfaces of cones 
and frustums of cones. Thus AB generates the surface of a 
cone, BC the frustum of a cone, etc. Let a and h be the mid- 
dle points of AB and BC, and draw am. Be, ^, and CO per- 
pendicular to the axis, and Be? parallel to it Also draw the 
radii of the inscribed circle, aO and dO. Indicate the sur- 
feces generated by the sides, as Surf, AB, Barf, BC, etc. 
The areas of these surfaces are : 

Bu.rf, AB = 2?r X aw X AB {fiie\ (1) 

Q^irf, BC = 27r X hn x BC (5.1S), etc (2) 

Now, from the similar triangles 0am and BA<;, 
We have aO : AB :: aw : Ac, or 7,tc x aO : AB ;: 2^ x am : Ac ; 
Whence 2?r x am ^ AB = 2;rr x Ac, putting r for aO. 

Also, fh>m the similar triangles Oh% and CBe2, 
We have 60 : BC : : d» : Bd (= cO), or 21? x 50 :,BC : : 2« x i» : «0 ; 
Whence 2jr x 6» x BC = 2arr x cO, putting r for 60. 

Substituting these values in (1) and (2), we obtain 

Barf, AB = 2nr x Ac, 

Bwrf, BC = 23rr x cO, 

And, in like manner, Bwrf, CD = 27rr x Ojo, 

Amd, Barf, DE = %icr x pE. 




Adding, Barf, ABCDE = %Ttr (Ac + cO + Op + pE) = 2jrr x AE. 

Finally, since the same course of reasoning is applicable to the semi-polygons 
of 16, 32, 64, etc., sides, the truth of the proposition is established. 

* Latin quadroAw^ eqaared. 
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S98m ScH.— Thi» proposition is only a particular case of surfaces generated 
by anif broken line revolying about an axis ; and the general proposition can be 
established in a manner altogether similar to the method given above. But thi^ 
case is all that we need for our present purpose. 



PROPOSITION XXYL 

SOO* Theorem* — The surface of a sphere is equivalent to four 
great circles ; that is, to 4;rE*, E being the radius of the sphere. 

Dem. — ^Let the semicircumference ABODE revolve upon 
the diameter AE, and thus generate the surface of a sphere. 
Conceive the half of a regular octagon inscribed in the 
semicircle. Call the radius of the inscribed circle, as aO, r, 
and let AO = R The surface generated by the broken Ime 
ABODE is, by the last proposition, 2^r x 2 R = 4jrrR Now, 
conceive the arcs AB, BO, etc., bisected, and the chords drawn, 
and let r' be the radius of the circle inscribed in the regular 
polygon thus formed. The surface generated by this semi- 
polygon will be 4«'r'R. By repeating the bisections, the 
broken line approximates to tlie semicircumference, the radius 
of the inscribed circle to R, and the surface generated to the surface of the 
sphere, the three quantities reaching their limits at the same time. Hence ai 
the limit we have 

8uff, of sphere = 2arR x 2R = 4;rR". q. b. D. 

600* Cob. 1. — The area of the surface of a sphere i$ equivalent to 
the circumference of a great circle multiplied by the diameter y that isy 
2;rR X 2R, as above. 

601. Cor. 2. — The surfaces of spheres are to each other as the 
squares of their radii. 

Thus, if R and R' are the radii of two spheres, the surfEices are 4^R* and 
4;rR'«. Now,4flrR« : 4«R'» :: R« : R'». 




602* Def. — A Zone is the iwrtion of the surface of a sphere 
included between the circumferences of two parallel circles of a 
sphere. The altitude of a zone is the distance between the parallel 
circles forming its bases. 

III. — The surface generated by arc CB, or any arc of the circle ABODE, 
Fig. 346, in its revolution, conforms to the definition, and is a zone. Such. a 
portion of the surface as is generated by A B is called a zone with one base, the 
circle whose circumference would form the upper base having become tangent 
to the sphere. 



OF LUNES. 
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PROPOSITION XSYTL 

603. Theorem* — The area of a zone is to the area of the surface 
of the sphere as the altitude of the zone is to the diameter of the 
sphere; which gives for the area of a zone 2;raE, a being the altitude 
of the zone, and E the radius of the sphere. 

Dbm. — It is evident that in passing to the limit the surface generated by such 
a portion of the broken line as would lie between C and B, tig, 346, would 
be measured by the circumference of the inscnbed circle multiplied by cO. 
Hence, at the limit, the zone generated by arc BC is measured by 2;rR x cO, that 
is, it is such a part of the surface of the sphere as cQ is of AE, or 2R. Letting a 

represent the altitude cO, the fraction ^^ represents the part of the surface of 
the sphere constituting the area of the zone. Hence, 4;rR* x ~ which equals 

2Ii 

SflfaR, is the ai*ea of the zone. 



604. CoK. — On the same or on 
other as their altitudes. 



equal spheres, zones are to each 



k 



OF LUNES, 



60S* A I/une is a portion of the surface of a sphere included 
by two semicircumferences of great circles. 

The sui-face kmBn is a lune. 

606. The Angle of the Lune is the angle in- 
cluded by the arcs which form its sides ; or, what 
is the same thing, the measure of the diedral in- 
cluded between the great circles. 

Thus, the spherical angle mkn, or the measure of the 
diedral m-AB-7^, is the angle of the lune A^Bt^. 




PBOPOsmox xxvm. 

607* Theorem* — The area of a lune is to the area of the surface 
of the sphere on which it is situated, as the angle of the lune is to 
four right angles, 

Dem.-— Let ACEB be a mne whose angle is the spherical angle CAB, or what 
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is the same thing, the plane angle BOC measured 
by the arc CB, of which A is the pole ; then is 

luns ACEB : aurface of sphere : : CAB : 4 right angles. 

For, suppose the arc CB commensurable with the 
circumference BOmDn, and suppose that they are 
to each other as 5 : 24. Dividing BC into 5 equal 
arcs, and the entire circumference BOmDn into 24 
arcs of the same length, and passing arcs of great 
circles through A and these points of division, the 
liyie will be divided into 5 equal lunes, and the 
entire surface into 24 equal lunes of the same size. 
That these lunes are equal to each other is evident from the fact that they are 
composed of equal isosceles triangles. Hence, 

luns ACEB : surface of sphere : : 5 : 24. 
Now, angle BOC : 4 rigU angles : : BC (= 6) : BCmD;i (= 24). 

Therefore, lune kZEB : surf ace of sphere :: BOC (or CAB) : ^ right angles^ 
since the circumference measures 4 right angles. 

If BC has no finite common measure with the circumference, we may divide 
it into any number of equal arcs, bisect these arcs, then bisect the last formed, 
and continue the process of bisection (in conception) to any required extent ; 
and as, when any one of the arcs thus obtained is applied to the circumference, 
if it is not an exact measure, the remainder is less than the arc, we can continue 
the subdivision of BC (in conception) until this remainder is less than any 
assignable quantity. Hence, we may always consider the arc BC as com- 
mensurable with the circumference by making the measure infinitesimal. 

S08* Cob. — The sum of several lunes on the same sphere is equal 
to a lune whose angle is the sum of the angles of the luiies ; and the 
difference of two lunes is a lune whose angle is the difference of their 
afigles, 

609m ScH. 1. — The case in which the arc measuring the angle of the lune 
Is incommensurable with the circumference, may be treated as in (206)y by the 
method of reasoning called the Beductio ad absurdum, %. e., by showing a thing 
to be true, since it would be absurd to suppose it untrue. 

Thus, there is some arc to which the circum- 
ference bears the same ratio as the surface of 'the 
sphere does to the surface of the lune. If that arc 
be not BC let it be BL, an arc less than BC, so that 

surface of sphere : lune ACEB : : BCmDn : BL. (1) 

Conceive the circumference BCmDn divided into 
equal parts, each of which is less than CL, the as- 
sumed difference between BC and BL. Then con- 
ceive one of these equal parts applied to BC as a 
measure, beginning at'B. Since the measure is les8 




Fio. 349. 
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than LCy one point of division, at least, will fall between L and C. Let I be 

such a point, and pass the arc of a great circle through A and I. 

Now, mrfaee of spJiere : hineMEB :: BCmDn : Bl, (2) 

since the arc Bl is commensurable with the circumference. In (1) and (3), the 

antecedents being equal, the consequents should be proportional, hence we 

should have ' 

lune MEB : lune MEB : : BL : Bl. 

But this is absurd, since lune AC.EB > lune AIEB, whereas BL < Bl. In 
a similar manner we can show that 

iuffaee qf^pTiere is not to hine ACEB : : BCmDfL : any arc greater than BC. 

Hence, as the fourth term can neither be less nor greater than BC, it must 
be equal to BC, and we have 

mrf ace of sphere : lune ^CEB :: BCmDn : BC, 
t. 0., as 4 right angles, to the angle of the lune. 

610. ScH. 2. — To obtain the ctrea of a lune tohose angle ie known^ on a git^n 
aphere^ find the area of the sphere, and multiply it by the ratio of the angle 
of the lune (in degrees) to 860*. Thus, R being the radius of the sphere, 
4ieR^ is the surface of the sphere ; and the lune whose angle is SO"* is -ifis or 
-^ the surface of the sphere, tl «., iV of 4flrR' = i;rR*. 



PROPOSITION XXIX. 

611. Theorem. — If two semicircumferences of great circles 
intersect on the surface of a hemisphere, the sum of the two opposite 
triangles thus formed is equivalent to a lune whose angle is that 
included by the semicircumferences. 

Dbh.'— Let the semicircumferences CEB and 
DEA intersect at E on the surface of the hemi- 
sphere whose base is CABD; then the sum of the 
triangles CED and AEB is equivalent to a lune 
whose angle is AEB. 

For, let the semicircumferences CEB and DEA 
be produced around the sphere, intersecting on 
the opposite hemisphere, at the extremity F ot 
the diameter through E. Now, FBEA is a lune 
whose angle is AEB. Moreover, the triangle AFB 
is equivalent to the triangle DEC: since angle p^^ ^so 

AFB = AEB =; DEC, side AF = side ED, each bemg 

the supplement of AE; and BF = CE, each being the supplement of EB. 
Hence, the sum of the triangles CED and AEB is equivalent to the lune FBEA. 

Q. B. D. 
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PROPOSITION XXX. 

612. Theorem. — The area of a spherical triangle is to the area 
of the surface of the hemisphere in which it is situated, as its spheri- 
cal excess is to four right angles^ or 360^ 

Dbm. — Let ABC be a spherical triangle whose angles are represented by A, 
B, and C ; then is 

area ABC : suff, q^ hemisphere : : A + B + C — 180° : 4 right angles, or 360°. 
Let lune A represent the lune whose angle is the an- 
gle A of the triangle, i. e.y angle CAB, and in like man- 
ner understand lune B and lune C. 

Now, triangle AHC+ AED = lune A (611), 
BHI + BEF = lune B, 
CGF + CDI = lune C . 
Adding, 2ABC + hemisphere = lune {A + B + C)*, (1) 
since the six triangles AHC^ AED, BHI, BEF, CGF, and 
CDI, make the whole hemisphere and 2ABC be- 
sides, ABC being reckoned three times. From (1), we 
have by transposing and remembering that a hemi< 
sphere is a lune whose angle is 180°, and dividing 
by 2, 

ABC = 4Z«n« (A + B + C -»180°). 
But, by (60n 

ilune(A + B + C — 180°) : surf, of hemisph, : : A + B +C — 180° : 4 ^igUangles, 
Therefore, ABC : mrf, of hemisph. : : A + B + C — 180° : 4 right angles, 

BIS. ScH. 1. — To find the area of a spherical triangle on a given sphere, 
the angles of the triangle being given, we have simply to multiply the 
area of the hemisphere, t. 0., 29rR', by the ratio of the spherical excess 
to 360°. Thus, if the angles are A = 110°, B = 80°, and C = 50°, we have 

area ABC = 2*^' x ^^^^^^~^^' = 2*R« x ^ = itrR'. 

614. ScH. 2.— This proposition is usually stated thus: The area of a 
spherical triangle is equal to its spherical excess multiplied by the trireetangvlar 
triangle. When so stated the spherical excess is to be estimated in terms of 
the right angle ; t. «., having subtracted 180° from the sum of its angles, we are 
to divide the remainder by 90°, thus getting the spherical excess in right angles. 
Li the example in the preceding scholium, the spherical excess estimated in this 




way would be 



110° + 80° + 50° ~ 180° 
90° 



= f ; and the area of the triangle would 



* This »lgfiiifle« the Inne whoee angle iB A + B -*- C« which is of coarse the sum of tlie 
three lanes whose angles are At Bi And C* 
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be f of the trii'ectangular triangle. Now, the trh'ectangular triangle being i of 
the surface of the sphere (577) is i of 4?rR'*, or i;rR*. This multiplied by | 
gives i;rR", the same as above. 
The proportion, 

ABC : mrf, of hemisph: : : A + B + C — 180° : 360% 
is readily put into a form which agrees with the enunciation as given in this 
scholium. Thus, mrf, of hemisph. = 3;rR', whence 

ABC = 2;rR« ^^Ml^^n}^ = i^R» ^ A ^-B +C -180' 



90° 
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PROPOSITION XXXL 

6 IS. Theorem* — The volume of a sphere is equal to the area 
of its surface multiplied by ^ of the radius, that is, ^TtW, R being 
the radius. 

Dbm.— Let OL=R be the radius of a sphere. 
Conceive a circumscribed cube, that is, a cube whose 
faces are tangent plames to the sphere. Draw lines 
from the vertices of each of the polyedral angles of 
the cube, to the centre of the sphere, as BO, CO, DO, 
AO, etc. These lines are the edges of six pyramids, 
having for their bases the faces of the cube, and for 
a common altitude the radius of the sphere (?). 
Hence the volume of the circumscribed cube is 
equal to its surface multiplied by 4R. 

Again, conceive each of the polyedral angles of 
the cube ti-uncated by planes tangent to the sphei^e. A new circumscribed solid 
will thus be formed, whose volume will be nearer that of the spbere than is that 
of the circumscribed cube. Let aJt>G represent one of these tangent planes. Draw 
fi-om the polyedral angles of this new solid, lines to the centre of the sphere, as 
«0, 50, and cO, etc. ; these lines will form the edges of a set of pyramids whose 
bases constitute the smface of the solid, and whose common altitude is the 
radius of the sphere (?). Hence tbe volume of this solid is equal to the product 
of its surface (the sum of the bases of tiie pyramids) into ^R. 

Now, this process of truncating the angles by tangent planes may be con- 
ceived as continued indefinitely ; and, to whatever extent it is carried, it will 
always be time that the volume of the solid is equal to its surface multiplied by 
i R Therefore, as the sphere is the limit of this circumscribed solid, we have 
the volume of the sphere equal to the surface of the sphere, which is 4;rR*, 
multiplied by 4R, i. e,, to ^;rR». q. b. d. 



Fig. 353. 
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616b Cob. — 77*0 surface of the sphere may be conceived as con- 
sisting of an infinite number of infinitely sfnall plane faces, and the 
volume as composed of an infinite number of pyramids having these 
faces for their bases, and their vertices at the centre of the sphere, the 
common altitude of the pyramids bein^ the radius of the sphere. 

617m A Spherical Sector is a portion of a sphere generated 
by the revolution of a circular sector about the diameter around 
which the semicircle which generates the sphere is conceived to 
revolve. It has a zone for its base ; and it may have as its other sur- 
faces one, or two, conical surfaces, or one conical and one plane 
surface. 

III. — ^Thus let a5 be the diameter around which 
the semicircle aCh revolves to generate the sphere. 
The solid generated by the circular sector AOa will 
be a spherical sector having a zone (AB) for its base ; 
and for its other surface, the conical surface gene- 
rated by AO. The spherical sector generated by 
COD, has the zone generated by CD for its base ; and 
for its other surfaces, the concave conical surface 
generated by DO, and the convex conical surface 
generated by CO. The spherical sector generated 
by EOF, has the zone generated by EF for its base, 

the plane generated by EO for one surface, and the concave conical soi&ce 

generated by FO for the other. 

618. A Spherictd Segment is a portion of the sphere in- 
cluded by two parallel planes, it being understood that one of the 
planes may become a tangent plane. In the latter case, the seg- 
ment has but one base; in other cases, it has two. A spherical 
segment is bounded by a zone and one, or two, plane surfiAces. 




^, 



PBOPOSmON XXXIL 

619» Theorem. — The volume of a spherical sector is equal to 
the product of the zone which forms its base i^ito one-third the radius • 
Qf the sphere. 

Dbh. — A spherical sector, like the sphere itself, may be conceived as con- 
sisting of an infinite number of pyramids whose bases make up its surface, and 
whose common altitude is the radius of the sphere. Hence, the volume of the 
sector 1b equal to the sum of the bases of these pyramids, that \b, the spheiioal 
surface of the sector, multiplied by one-third their common altitude, which to 
one-third the radius of the sphere. <^ B. D. 
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620* Cor. — The volumes of spherical sectors of the same or equal 
spheres are to each other as the zones which form their bases ; andy 
since these zones are to each other as their altitudes (604), the sec- 
tors are to each other as the altitudes of the zones which form their 
bases. 



PROPOSITION XXXni; 

621b Theorem^ — The volume of a spherical segment of one base 
is 7tAl{R — |A), A being the altitude of the segment y and'R the ra- 
dius of the sphere, 

DEM.^Let CO = R, and CD = A ; then is the Tolun^e of the spherical seg- 
ment generated by the revolution of CAD about CO 
equal to ;rA'(R - iA). 

For, the volume of the spherical sector generated 
by AOC is the zone generated by AC, multiplied by 
iR, or 2;rAR x JR = l?rAR*. From this we must 
subtract the ccme, the radius of whose base is AD, and 
whose altitude is DO. To obtfun this, we have DO 
=s R ^ A : whence, from the right angled ti'iangle 

ADO, AD = v^R* - (R - A)« = y'SAR - A*. Now, 
the volume of this cone is 

40D X jtAD", or \i^ - A) (2AR - A«) = i7r(2AR« - 8A«R + A»). 
Subtracting this from the volume of the spherical sec- 
tor, we have 

ijrAR* - i«(3AR« - 3A«R + A') = ^^ ^ 

3r(A«R - iA') = *A«(R - 4A). q.b.d. 

622^ ScH.— The volume of a spherical segment 
with two bases is readily obtained by taking the 
difference between two segments of one base each. 
Thus, to obtain the volumes of the segment generated 
by the revolution of dCAc about aO, take the differ- 
ence of the segments whose altitudes are ac and db. 




Fio. 364. 




Fio. 855. 



EXERCISES. 

1. What is the circumference of a small circle of a sphere whose 
diameter is 10, the circle being at 3 from the centre ? . - ' 

Ans.y 25.1328. 

2. Construct on the spherical blackboard a spherical angle of 60°, 
Of45^ Of 90°. Of 120% Of250% 
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Bug's.— Let P be the point where the vertex of tlie required, angle is to be 
situated. With a quadrant strike an arc from P, which shall represent one side 
of the required angle. From P as a pole, with a quadrant, strlise an arc from 
the side before drawn, which shall measure the required angle. On this last arc 
lay off from the firet side the measure of the required angle,* as 00°, 45**, etc. 
Through the extremity of this arc and P pass a great circle (548). [The stu- 
dent should not fail to give the reasons, as well as do the work.] 

3. On the spherical blackboard construct a spherical triangle ABG, 
having ab = 100°, AC = 80% and A = 58°, 

4. Construct as above a spherical triangle ABC, having AB = 75°, 
A = 110°, and B = 87°. 

5. Construct as above, having AB = 150°, BC = 80°, and AC = 100°- 
Also having AB = 160°, AC = 50°, and BC = 85*. 

6. Construct as above, having A = 52°, AC = 47°, and CB = 40°. 

Bug's.— Construct the angle A as before taught, and lay off AC from A equal 
to 47', with the tape. This determines the vertex C. Prom C, as a pole, with 
an arc of 40°, describe an arc of a small circle ; in this case this arc will cut the 
opposite side of the angle A in two places. Call these pomts B and B'. Pass 
circumferences of great cuxsles through C, and B, and B'. There are two tri- 
angles, ACB and ACB'. 

NoTB.— The teacher can multiply examples like the three preceding at pleas- 
ure. This exercise should be continued till the pupil can draw a spherical tri- 
angle as readily as a plane triangle. 

7. What is the area of a spherical triangle on the surface of a 
sphere whose radius is 10, the angles of the triangle being 85°, 
120°, and 150°? Ana., 305.4 +. 

8. What is the area of a spherical triangle on a sphere whose 
diameter is 12, the angles of the triangle being 82°, 98°, and 100° ? 

^ 9. A sphere is cut by 5 parallel planes at 7 from each other. What 
are the relative areas of the zones ? What of the segments ? 
- 10. Considering the earth as a sphere, its radius would be 3958 
miles, and the altitudes of the zones. North torrid = 1578, North 
temperate = 2052, and North frigid = 328 miles. What are the 
relative areas of the several zones ? 

Bug.— The student should be careful to discriminate between ^e width of a. 
zone, and its altitude. The altitudes are found fit)m their widths, as usually 
given in degrees, by means of trigonometry. 

* For thie purpose a tape equal in leng^th to a BemlcircQmference of a great circle of the 
sphere u^ed, and marked off into 180 eqnal parts, will be convenient. A strip of paper maj^ 
be Qijted. 
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11. The earth being regarded as a sphere whose radius is 3958 
miles, what is the area of a spherical triangle on its surface, the 
angles being 120°, 130°, and 150° ? What is the area of a trirectan- 
gular triangle on the earth's surface ? 

12. Construct on the spherical blackboard a spherical triangle 
ABC, having A = 59°, AC = 120°, and AB = 88°. Then construct the 
triangle polar to ABC. 

13. Construct triangles polar to each of those in Examples 3, 4, 
and 5. 

14. In the spherical triangle ABC given A = 58°, B = 67°, and 
AC = 81° ; what can you aflSrm of the polar triangle ? 

15. What is the volume of a globe which is 2 feet in diameter ? What ' 
of a segment of the same globe included by two parallel planes, one 
at 3 and the other at 9 inches from the centre ? 

16. Compare the convex surfaces of a sphere and its cii^cumscribed 
cylinder and cone, the vertical angle of the cone being 60°, 

17. Compare the volumes of a sphere and its circumscribed cube, 
cylinder, and cone, the vertical angle of the cone being 60°. » 

18. If a and i represent the distances from the centre of a sphere 
whose radius is r, to the bases of a spherical segment, show that the 
volume of the segment is n\f (J — tf) — j(y — a*)]. See (6J?i, 
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